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PREFACE TO THE SECOND EDITION 


The present work is an endeavour to give as complete 
an account of the properties of cubic and quartic curves 
as could be compressed within the limits of a single volume 
of moderate size. It is a revised edition of my Lectures 
on the Theory of Plane Curves, Part II, which was published 
sometime ago, the revision having been undertaken with 
the object of bringing the contents of the previous work 
up to date as far as practicable. The necessity for the 
revision arose partly from the advancing requirements of 
the class of students for which the book was originally 
written and partly from the suggestions of teachers that 
its scope and usefulness might be extended by incorporating 
materials necessary for a systematic study of the subject. 
The entire book has accordingly been rewritten, new 
materials incorporated and the articles re-numbered and 
the present work is published as a separate companion 
volume to my Theory of Plane Curves, Vol. I, applying in 
its construction the theory developed in that book to the 
study of the curves of certain orders, particularly cubics 
and quartics. The subject covers so extensive a field that 
a word is necessary to explain the plan adopted, which, I 
trust, will facilitate to some extent the study of a variety 
of algebraic and other curves. 

In the first place, the subject has been presented in 
clear and concise form to students commencing a systematic 
study of the higher curves, indicating at the same time, 
references, as far as practicable, to original sources in order 
to enable the senior student to consult them. Secondly, a 
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large number of examples have been given by way of 
illustration and as exercises for practice. Analysis has 
not been exclusively used, and where simplicity could 
be gained, geometrical processes have not been neglected. 

Properties of cubic curves have been studied in 
Chapters I to III with special reference to their mode of 
generation, singularities, inflexions, harmonic polars, etc., 
and for this purpose canonical forms, which have often been 
found useful, are dealt with in Chapter II. The theory 
of elliptic integrals has been applied to discuss certain 
properties of non-singular cubics in Chapter HI. But a 
fuller treatment was neither possible nor desirable within 
the narrow limits of the present work. As rightly 
remarked by Salmon such a treatment in order to have 
any pretensions to completeness ought to contain an 
account of the application, made by Clebsch in continua- 
tion of Riemann^s researches on elliptic and Abelian 
integrals, to the theory of curves.'^ Chapter IV deals with 
some special cubics of historic importance, care being 
taken not to embarrass the student with materials of a 
complex nature. Only general characteristics have been 
dealt with in the hope that they will afford sufficient 
materials for independent thinking in more advanced stages 
and in more complicated cases. Chapter V treats of 
Invariants and Covariants of cubic curves, but no attempt 
has been made to give a complete system of invariants 
and covariants to classify cubic curves by means of them, 
nor has the interesting subject of Apolarity been dealt 
with. 

The subject of quartic curves is too extensive to be 
adequately considered in a small work like this. The 
discussion has, therefore, been chiefly confined in Chapters 
VI and VII, to the prominent characteristics of these 
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curves, with special reference to their mode of 'generation, 
singularities, bitangents, etc. Chapter VIII has been 
entirely allotted to unicursal quartics and the whole of Chap* 
ter IX to the consideration of binodal and bicircular 
quartics. Circular cubics have also been studied in Chapter 
X degenerate bicircular quartics. In Chapter XI some 
well-known curves of order four possessing interesting 
properties have been discussed. The last Chapter is 
taken up with the discussion of Roulettes, Cycloids, 
Spirals, etc. 

Appendix I contains a note on the sextactic points on 
cubics, based on Cayley’s well-known paper — On the conic 
of five-pointic contact at any point of a plane curve [Phil, 
Trans., Vol. CXLIX (1859). Vol. IV, pages SJ07.39 of the 
collected works]. But it may be added that sextactic points 
are best dealt with by means of the famous Theorem of Abel 
in Elliptic Integrals, as related to points on a plane cubic. 
Appendix II gives some properties of bicircular quartics 
based on Prof. Casey’s interesting paper published in 
the Transactions, Vol. U, of the Royal Irish Academy 
(1869), 

In the preparation of the book 1 have freely consulted 
the works of Salmon, Clebsch, Wielitner, Basset, Pascal, 
Hilton, Loria, Teixeira, etc., and the several papei-s of 
Zeuthen and Noether, published in journals and periodicals. 
References were traced fnainTy from Pascal’s Repertorium 
and Prof. Hilton’s Plane Algebraic Curves was very 
useful in the selection of appropriate examples for illustra- 
tion. Much interesting and important information with 
regard to special curves was gathered from Loria’s and 
Teixeira’s books. My indebtedness to these authors is 
hereby gratefully acknowledged, and it is impossible to 
record in detail how much help I have derived from their 
classical works. 
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In concluding this preface, I desire to say that in 
addition to the works of authors mentioned above, I have 
consulted with much advantage some notes on cubics 
and quartics by my colleague Dr. Haridas Bagchi, 
Ph.D., and I am indebted for useful hints and 
suggestions to Mr. A. C. Bose, M.A,, Controller of Exa- 
minations, University of Calcutta. Once more I register 
here my deep indebtedness to the late lamented Sir Asutosh 
Mookerjee, Kt., but for whose kindness in encouraging me 
to revise the original lecture notes for the press and his 
subsequent suggestion for a revised second edition, the 
present work could not have been an accomplished fact. 
The volume is dedicated to his sacred and revered 
memory. 

I need hardly say that I shall be very grateful for any 
corrections or suggestions for the improvement of the work 
which I may receive from teachers or s tudents who may 
use it. 


University of Calcutta : 


S. M. G. 



CONTENTS 

CHAPTER I 

CifRVES OP THE Third Order 
Section 1 — General Properties 

PAGE 

General equation of cubic curves ... ... 1 

Classification of cubic curves ... ... 1 

Newton’s method of classification ... ... % 

Chasles’ classification ... ... 4 

Classification based on deficiency ... ... 5 

Particular forms of equations ... ... 6 

Cubics through nine points ... ... 6 

The tangential of a point ... ... 8 

The satellite of a right line ... ... 8 

Satellite of the line at infinity ... ... 9 

Three collinear inflexions . . ... 9 

Cubic has three real in flexions ... ... 10 

Steiner’s Polygon ... ... 

Hexagon inscribed in a cubic ... .. 18 

Intersections of a conic with a cubic ... 14 

Pencil of conics through four points on a cubic ... 16 

Sextactic points on a cubic ... ... 17 

Chasles’ method of generation of cubic curves ... 20 

Qrassmann’s construction ... ... 21 



CONTENTS 


xii 


Section II — Harmonic Propertieft 

PAGE 

Polar conic and polar line ... ... * 23 

Four poles of a right line ... ... 24 

Harmonic polar of a point of inflexion .. .. 26 

Maclaurin’s Theorem ... ... 27 

Theorem on nodal cubic ... ... 29 

Properties of the harmonic polars ... ... 30 

Inflexional triangles ... ... 32 

Configuration of the harmonic polars ... ... 33 


CHAPTER II 
Canonical Forms 

Reduction of the general equation ... ... 35 

Geometrical relation of the curve with the new 

triangle of reference ... ... ... 86 

Co-ordinates of the nine inflexions ... ... 37 

Configuration of the inflexions ... ... 38 

Transformation of canonical forms ... .. 39 

Equation of the harmonic polars ... ... 40 

Hesse’s Theorem ... ... 41 

Another canonical form . . ... 42 

A third canonical form ... ... 42 

The canonical form of a nodal cubic ... ... 43 

Other forms of a nodal cubic ... ... 44 

Canonical form of a cuspidal cubic ... ... 46 

Collinear points on a cubic ... 47 

The co-ordinates of the tangential point ... 49 

Pencil of tangents ... ... Sq 



C0NTEOT8 Xlll 

PAGE 

Analytical proof ... ... ... 50 

Cross-ratio in terms of the parameters ... 51 

tlarmonie and equian harmonic cubics ... 53 

Conjugate Poles ... ... ... 54» 

Net of polar conies ... ... ... 55 

A theorem on conjugate poles ... ... 58 

Schroter's method of construction of the cubic ... 59 

The Cayley an ... ... ... 61 

Harmonic polars are cuspidal tangents to the Cayleyan 
Order of the Cayleyan ... ... ... 64 

Pole conic of a given line ... ... ... 65 

Properties of the pole conic ... ... 66 

Intersections of a line with its pole conic ..r 67 

Points of contact of the Cayleyan with the Hessian 69 


CHAPTER III 
Rational Cubics 


General properties ... ... ... 71 

Inflexions and double points ... ... 7*2 

Application to canonical forms ... ... 74 

Unipartite cubics ... ... ... 76 

Bipartite curves ... ... ... 77 

Collinear points ... ... 78 

Nodal cubics ... ... ... ... 80 

Cuspidal cubics ... ... ... 81 

Intersections with an ^-ic ... .. 82 

Cubics with unit deficiency or non-singular cubics ... 83 

Applications ... ... ... ... 85 

Particular eases ... ... ... 88 

Use of Weierstrass’^*^ function ... ... 88 

Steiner's Polygon ... ... ... ‘89 



XIV 


CONTBNIS 


CHAPTER IV 

ClRCaLAR CUBICS 





. PAGE 

Circular cubic 

. . . 

• •• 

93 

The equation of a circular curve 

. . . 

. • • 

93 

Circular cubics as inverses 



94 

Special cases ... 

. . . 


96 

The logocyclic curve 

... 


97 

Projection of a nodal cubic 

... 


98 

Geometrical construction ... 

. . . 

• • • 

98 

Symmetrical cubics 


• • • 

99 

The Trisectrix of Maclaurin 

. . • 

• • f 

100 

Geometrical construction ... 

. . • 

• • • 

102 

The Folium of Descartes . . . 

... 

f • • 

103 

Geometrical construction ... 


• • • 

105 

The Cissoid 

. . . 


106 

Geometrical construction ... 



108 

Newton^s method 


• • t 

109 

The cubical parabola 

••• 

• • • 

110 

The semicubical parabola . . . 

... 

t • • 

111 

Foci of circular cubics 

. . . 


112 


CHAPTER V 

Invariants and Covariants of Cubic Curves 


The cubic curve can have only two independent 


invariants ... 


... 118 

The Invariant S 


... 114 

The Invariant T 


... 116 

The Discriminant 


... 118 

The sextic covariant of cubics 


... 119 

Other CO variants 


... 121 

Contravariants of cubics ... 


... M2 



CONTENTS 


XV 


CHAPTER VI 

Quartic Curves — General Properties 

PAGE 

The general equation of quartic curves ... 1^5 

Homogeneous Forms ... ... ... 125 

Classification of quartic curves ... ... 126 

Classifieition based on the nature of the points at 

infinity ... ... ... ... 127 

Zeuthen’s classification ... ... 128 

Classification based on deficiency ... ... 129 

Generation of quartic curves ... ... 180 

Generation by two projective pencils of conics ... 180 

Complex singularities ... ... ... 183 

Tacnode ... ... ... ... 133 

Rhamphoid cusp ... ... ... 184 

Oscnode ... ... .. ... 135 

Tacnode-cusp ... ... ... 185 

Triple point ... ... ... ... 135 

Flecnode and biflecnode ... ... ... 136 

Undulation ... ... ... 137 

Harmonic property ... ... ... 139 

Tri-bifleenodal quartic ... ... ... 141 

Harmonic property of a biflecnode ... ... 142 

System of generating conics ... ... 145 

System of generating cubies ... ... 147 

Circuits of a quartic ... ... 148 

CHAPTER VII 
Theory of Bitangents 

Points of contact of four bi tangents lie on a conic 149 
Configuration of the bitangents ... ... 150 

Salmon's Theorem ... ... ... 151 

Steiner-Pliicker^s method ... ... 163 



XVI 


CONl:ifiNfS 


PAGE 

On the form a/c£Z 4- V'e/ ... ... 151 

Properties’ of a Steiner’s Group ... ... 155 

Hesse’s method ... ... ... 156 

Application of Hesse’s notation ... ... 158 

Pontene’s method ... ... ... 159 

Geiser’s method ... ... .... 161 

Aronhold’s method ... ... 161 

Linear construction of bitangents ... ... 163 

Method of characteristics ... ... 164 

Investigation by Kummer’s conhguration ... 164 

The real hi tangents ... ... 166 

Ileal inflexions and undulations ... ,, 168 

chapter VIII 

UniCURSAL Q' ARTICS 

national quartics ... ... ... 169 

Trinodal quartics ... ... ... 171 

The equation Vp + -fv'r +Vs =0 ... 173 

Application of quadric inversion ... ... 174 

Conics associated with a trinodal quartic ... 175 

Tricuspidal quartics ... ... ... 186 

Quartics with a node and two cusps ... ... 189 

Quartics with complex singularities equivalent to 

three double points ... ... .. 192 

Quartics with an oscnode ... ... ... 194 

Quartics with a triple point ... ... 194 

Unicursal quartics with flecnodes and biflecnodes ... 196 

CHAPTER IX 

Binoda'L and. Bioiecular Quartics 
Quartics with deficiency one or two ... ... 199 

Equation of a bicircular quartic ... ... 200 

Other forms of the equation ... ... 201 



CONTEN'tS Xvil 

PAGE 

GeneratioQ of binodal and bicircular quartics 202 

The converse theorem ... ... ... 205 

Circles of inversion and focal conics ... ... 207 

Focal conics ... ... ... ... 209 

A theorem on binodal quartics ... ... 209 

Four mutually orthogonal circles of inversion ... 212 

The four centres of inversion ... ... 213 

The bitangents of a binodal quartic ... ... 217 

Proper bitangents of bicircular quartics ... 219 

Cyclic points ... ... ... ... 221 

Singular foci ... ... ... ... 222 

The inverse of a bicireular quartic ... ... 223 

Inverses of the foci ... ... ... 224 

The four centres of inversion ... ... 225 

Circles of inversion mutually orthogonal ... 226 

Inverses of cyclic points ... ... ... 227 

Bicircular quartic with three given foci ... 227 

The fourth focus of the concyclic group ... 228 

A theorem on confocal bicireular quartics ... 229 

Bicircular quartics with a third double point ... 232 

The pedal of a conic ... ... 233 

Bicireular quartic with a pair of flecnodes ... 235 

Bicuspidal quartic ... ... ... 237 


CHAPTER X 

Circular Cubios as Degenerate Bicircular Quartics 


The circular cubic 239 

The asymptote ... ... ... 240 

Self-inverse circular cubic... ... ... 241 

Real circles of inversion ... ... 242 

Foci of circular cubics ... ... ... 244 



xviii 


CONTENTS 



PAGE 

T?he singular focus 

... 245 

Circular cubics with given foci 

... -247 

Intersections with a circle ... 

... 247 

The inverse of a circular cubic 

... 250 

Points of inflexion on a circular cubic ... 

... 25S 


CHAPTER XI 

Special Curves of Order Four 


Special quartics 

... 255 

The Cassinian... 

... 255 

Other forms of equation of the Cassinian 

... 258 

Foci of the Cassinian 

... 259 

Construction of the Cassinian 

... 260 

The tangent and the normal 

... 262 

Points of inflexion 

... 264 

The Cartesian Ovals 

... 266 

Newton’s method of generation 

... 267 

Other forms of the Cartesian 

... 269 

Salmon’s method 

... 270 

Casey’s method 

... 27) 

Foci of Cartesians 

... 271 

Equation referred to the triple focus ... 

... 274 

Position of the foci relative to the curve 

... 276 

The inverse of a Cartesian... 

... 278 

The tangent and the normal at any point 

... 278 

Points of inflexion 

... 280 

The Lemniscate of Bernoulli 

... 281 

The normal ... 

... 288 

Pedal form and radius of curvature 

... 288 

Parametric form 

... 284 

The Lima^on ... 

... 288 



CONTBN’rS 


XIX 



PAGE 

The Cartesian equation 

oo 

Points of inflexion 

... 290 

Parametric form 

... 292 

Construction of the lima^on 

... 292 

A second method 

.. 293 

The pedal equation 

... 294 

The foci of the lima^on 

... 295 

The centre of inversion 

... 297 

The Cardioid ... 

... 800 

Parametric form 

... 300 

Collinear points 

... 302 

Reciprocal polar of the Cardioid 

... 305 

The conchoid of Nicomedes 

... 307 

Trisection of an angle 

... 308 

Points of inflexion 

... 309 

Parametric form 

... 310 

The Conchale ... 

... 311 

Orthogonal trajectories 

... 313 

The virtual parabola 

... 313 

Construction of the virtual parabola ... 

... 316 

Points of inflexion 

... 317 

The Lemniscate of Gerono 

... 817 

Construction of the Lemniscate 

... 819 

A second method 

o 

CO 


CHAPTER XII 
Transcendental Curves 


Roulettes ... ... ... ... 321 

The cycloid ... ... ... ... 32 1 

The tangent and the normal to cycloid ... 323 

The radius of curvature and evolute ... ... 324 

Trochoids ... ... ... ... 327 



CONTENTS 


PAGE 

Epicycloid and hypocycloid ... ... 328 

Double generation of Epi- and hypo-cycloid ... 330 

Particular eases ... ... . 332 

Radius of curvature ... ... ... 333 

The evolute of an epicycloid ... ... 334 

The reciprocal of an epicycloid ... ... 336 

Epitroehoid and hypo trochoid ... ... 337 

The three-eusped hypoeycloid ... ... 339 

The tangent to a three-eusped hypoeycloid ... 341 

The converse theorem ... ... ... 343 

The envelope of the pedal line ... ... 344 

A theorem ... ... ... ... 346 

The four-cusped hypoeycloid ... ... 346 

The Catenary ... ... ... ... 348 

Construction of the tang^ent to the Catenary ... 349 

The Tractrix ... ... ... ... 352 

The involute of a circle ... ... ... 353 

The curve of sines, harmonic curve, companion to 

the cycloid ... ... ... 855 

The logarithmic curve ... ... ... 356 

The equiangular spiral ... ... ... 357 

Properties of the logarithmic spiral ... ... 358 

The parabolic spiral ... ... ... 360 

The spiral of Archimedes ... ... ... 363 

The Hyperbolic spiral ... ... ... 364 

The Lituus ... ... ... ... 365 

Appendix I : 

Notes on Sextactic Points ... ... 367 

Appendix II : 

Notes on Bicircular Quartics ... ... 375 

Index of authors quoted ... ... ... 381 

General Index ... ... ... 383 



CHAPTER I 


CmivEs OF THE Third Order 
Section I. General Properties, 

1. The Oereral Equation of Odbic Curves .* 

The general equation of a curve of tlie third order 
involves ten arbitrary constants, and consequently, tlie 
number of disposable constants in the equation is ntne, and 
a cubic can be made to pass through any nine points. 

The general equation of a cubic curve in homogeneous 
co-ordinates, arranged in powers of can be written in the 
symbolic form as — 

where Uq is a constant and are homogeneous 

expressions of the first, second and third orders respectively 
in X and y. The equation contains nine disposable constants 
and therefore determines a general curve of the third order. 

2. Classification of Cubic Curves: 

In the classification of curves those distinctive properties 
are regarded as fundamental which are unaffected by pro- 
jection, and for purposes of classifying cubic curves, the 
properties of the configuration of the inflexions and the 
constant cross-ratio properties’*^ of any four tangents drawn 
from any point on the cubic have generally been used. 
Newton, t basing his classification on the nature of the 
infinite branches, divided the cubics into fourteen genera, 

* Salmon, ThSorems sur les courhes du troisUme degrS, Orelle, 
Bd. 42 (1851). 

t Newton, ^umeratio linearum tertii or dims {1706) • 
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containing 72 species to which six others were added, four 
by Stirling and two by Cramer, making in all 78 species. 
Pliicker * * * § likewise established 61 divisions called groups^ and 
based his classification of cubics on the nature of the points 
at infinity, and obtained 219 different species. Prof. Cayley t 
re-examined this division into groups and compared them 
with I^ewton’s species. Salmon t gave as many as thirty 
species and his classification proceeds almost on the lines 
..of Newton. MObius, § however, investigated a projective 
classification of cubics, based on the properties of cubic 
cones, and obtained 7 classes of curves. Finally, Wiener || 
gave 13^ different species of cubic curves, by using a canonical 
form, 

® +y ® +«* d“6X,/ =0 

of which ten are non-singular and three with double points. 

3. Newton’s Method of Classification*. 

Newton’s method of classification of cubic curves de- 
pends upon reducing the equation of the curve to the form — 

y* =aaj® -f Cic + d 

or y® = £i(.<;—a)(.jj— /?)(.< — y) ... (1) 

where a, /?, y are the roots of the right-hand side expression 
equated to zero. Newton calls this a divergent parabola^ 
and established the theorem that every cubic may be 

* Pliicker, System der Analytische Qeometrie (1836). 

t Cayley, On the Classification of Cubic Curves, Transactions of 
the Cambridge Philosophical Society, Vol. II (1866), Part I, pp. 81-128, 
Coll. Works, Vol. V, pp. 354-399. 

t Salmon, H. P. Curves §§202-209. 

§ Mdbius, Leipzig Abhandlungen, Vol I (1852), p. I. 

II Wiener, Die einleitung der eb, Kurven, etc. (1901). 

% Rouse Ball, On Newton Classification of Cubic Curves, Proc. Loud. 
mth, Soo., Vol. 22 (1891), p. 140. 
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projected into one of the five divergent parabolas given by 
the equation (1), according to the nature of a, p, y. Since 
a real cubic has at least one real point of inflexion, the 
transformation can be effected by taking for z the tangent 
at the real inflexion, and for y the harmonic polar, and then 
projecting the inflexional tangent to infinity, so that the 
harmonic polar now becomes a diameter of the cubic. 

Case J, When a, y are all real and distinct. The 
curve consists of an oval and an infinite branch, and is 
called by Newton Parabola compani formis cum ovali, 
Cayley calls it a com pier, ^ 

Case II, If a is real, but and y conjugate imagi- 
naries : 

The equation can be written in the form — 
y^=za(x—a) {(aJ— i?)* } 

It is seen that real points will be obtained only when 
a'>a, whence it follows that the curve has only an infinite 
branch, and is called Parabola pur a (Cayley’s simpler). 

The classes (I) and (II) have no singular points and are 
the typical fundamental forms of all non-singular curves 
of the third order, whose discriminant does not vanish. 

If the curve is given in any system of co-ordinates, to 
determine its nature we have to ascertain whether it can be 
brought to the above two forms ; and if the discriminant is 
positive, it is a complex^ and if negative, a simplex,'^ 

Case III, If a=)3 and y real, the equation takes the form 
2/«=a(aj— a)*(»—y) 

and shows that when a<y, the oval shrinks into an isolated 
point (acnode), and the curve consists of an infinite branch 

* Cayley, On the inflesoions of the cubical divergent parabolas — Quart. 
Journal of Math., Vol. 6 (1864), or Coll. Works, Vol. V, pp, 284-288. 

t Cremona, Consider azioni suite curve piane del terz* ordi^e — Qiorn 
di Mat., Vol. 2(1) (1864), p. 78. 
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and a conjugate point, and is called Piarabola ^punctata 
(0lcyley*s amodal cafeic). 

Case IV* When a is real and Then from the 

equation y*=a(a?— a)(aj— /?)j* it is seen that (/3, 0) is a 
double point, and real points are obtained for aj^^a. The 
curve is called tke Pam&oZo nodata (Cayley’s crunodal cubic). 

Case V* If a, y are all real and equal, the equation 
becomes 

y*=a(a5— a)® 

The curve possesses a cusp and is called Parabola 
cuspidata (Cayley’s cuspidal cubic). 

4. Chasles’ Classification : 

ChasJes * established a supplement of Newton’s theorem 
namely, every curve of the third order can be projected into one 
of five central cubics^ given by — 

4-36aj*y-f -f-cZy* 

=a(x’-ay){x—fiy){x—yy) ... ( 2 ) 

This form i^ obtained by projecting the harmonic polar, 
instead of the inflexional tangent, to infinity. The inflexion 
then becomes a centre and every chord through it is 
bisected. Proceeding as before, it is found that the corres- 
ponding curve belongs to one of five different categories.t 
It is not considered necessary to enter into further details 
of the theory in the present work, but the reader is referred 
to G. Loria — Spezielle Algebraische und Transzendente ehene 
Wurvm^ Vol. I (1910), pp. 14-25, where a complete list of 
references and enumeration of the different species of 
Newton are to be found. 

•Ohasles, Aper9u historiqae (Bruxelles, 1837), Note XX. 

J. G. Telxeira calls them “ Chasles* oubics *’ — Tratado de las 
Qurvas especiales notables (Madrid, 1905). 
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5. Classiticatior based on Depiciency: 

A curve of the third order can have at most one double 
point, and no other multiple point. Hence, according to 
their deficiencies, cubic curves may be divided into the two 
following fundamental classes : 

(1) Nori’singular or anautotomic cuhics, which have no 
double points, and the deficiency is unity. 

(2) Singular or autotomic cuhics^ which have a double 
point, and the deficiency is zero. 

Singular cubics can again be subdivided into three 
species according to the nature of the double point : 

(1) Nodal cubics — in which the double point is a node, 

with two distinct tangents (real). 

(2) Cuspidal cubics — in which the double point is a 

cusp with coincident tangents. 

(3) Acnodal cubics — in which the double point is a con- 

jugate point with imaginary tangents. 

The characteristics of these three classes of cubics, 
calculated by means of Pliicker's formulae, are * : — 



n 

$ 

K 

m 

T 

1 

P 

Non -singular 

3 

0 

0 

6 

0 

9 

1 

Nodal or 
Acnodal 

3 

1 

0 

4 

0 

i 

3 

1 

0 

Cuspidal ... 

3 

0 

1 

3 

0 

1 

0 


♦ Theory of Plane Ctnres, Vbl. I, § 146. 
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6. Particular Forms op Equations: 

The homogeneous equation of a cubic passing through 
the vertex A of the triangle of reference is — 

... (3) 

% 

where are functions of y, 2 , of orders 1, 2 and 3, 

and represents the tangent at the vertex. 

If, however, the vertex A is a double point on the curve, 
the equation should contain no a:*, and consequently, it 
takes the form where and w 3 are homo- 

geneous functions of the second and third orders respec- 
tively in y and z, and 4 ^ 3=0 is the equation of the tangents 
at A. Hence, the point A will be a node, a cusp, or a 
conjugate point on the curve, according as represents 
two real and distinct^ coincident^ or imaginary right lines. 

If the vertex A is a point of inflexion on the curve, 
the tangent at A meets it in three consecutive points. 
Hence, if y be eliminated between Wj=0 and the equation 
( 3 ), the resulting equation should have 2 * as a factor, 
which requires that the co-efficient of ic should vanish, 
i.e,, should contain as a factor. Thus, the equation 
of a cubic having a point of inflexion at A is — 

x^u^+xu^Vi+u^=0 ... (4) 

The equation of a cubic circumscribing the triangle of 
reference is of the form 

x^u+y^v+z*w+kxyz=LO ... (5) 

where V, are linear expressions in yt z\ 2 , tC and x^y 
respectively. 

7. CuBics through N’ine Points; 

Let w=0 and «;=0 be the equations of any two cubic 
curves. Then, u=:hv represents a cubic curve passing 
thxfeugh the nine intersections of the curves u and v. 
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If, however, u and v are degenerate, consisting each of 
three right lines, the equation of a cubic may be written in 
the form 

uvw^hu%*w' ... ( 6 ) 

This shows that the cubic passes through all the nine 
intersections of the straight lines w, v, w, v\ w\ ^.e., through 
the points a, 6, c, a', h\ c', a", c", as in the figure. 



That the equation of all cubics can be put into the form 
(6) can be shown as follows : — 

The equation of a cubic circumscribing the triangle of 
reference is of the form — 

nz) 

+u^^lyz) + yz(lx + my’^nz)^0 

where I is at our disposal. If now we determine I so that 
the discriminant of xu^<\-u^-—lyz vanishes, the equation of 
the cubic reduces to the desired form. 

We may state the folloviring theorem : 

If the three points of intersection of a line with a cubic are 
joined to those of another line, the joining lines meet the cubic 
again in three collinear points. 
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8. T«he Tangenipul op a Point : 

Definition : The point where the tangent at a given 
point on a cubic meets the curve again is called the 
tangential of the point of contact. 

If in the equation (6,) we put if th^ lines 

A and B coincide, the equation takes the form 

U ^ W =: lcuVw ' ... ... (7) 

which shows that u\ vJ are tangents, the points of contact 
lying on the line u. 

The same equation further shows that the three other 
points where these tangents meet the cubic again lie on the 
line w. 

Hence we obtain the theorem t : 

If a right line meets a cubic in three points^ the tangents at 
those points meet the cubic again in three other collinear points, 
or in other words, the tangentials of three collinear points are 
collinear. 

It is to be noted that if the tangential coincides with 
the point, the tangent has a contact of the second order, and 
the point is an inflexion on the cubic. 

9. The Satellite op a Right LiNEi 

Definition : The line on which lie the tangentials of three 
collinear points is called the satellite of the line of 
collinearity. 

Thus, in the preceding article, the line w is the satellite 
of the line u. 


* This point is also .called the satellite point of the tangent — sOayley, 
Ooll. Works, Vol. H, p. 409. 

t This theorem is due to Maolaurin. See Jonquieres, Milanges de 
geometric (1866), p. 223. 
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If in the equation (7), we suppose the line u to move to 
infinity, the lines u\v',w' become tangents whose points of 
contact are at infinity, z.e., the lines u\v\w' are asymptotes of 
the cubic. We thus obtain the theorem* : 

The three ^points in which a cubic intersects its asymptotes 
lie on a right line^ which is called the satellite of the line at 
infinity. 

The equation (7) now takes the form — 

... ... ( 8 ) 

where 1=0 is the line at infinity. Remembering that the 
quantities u\v\w* and w are proportional to the lengths of 
the perpendiculars drawn from a point on the curve to 
those lines, the equation (8) admits of the following 
geometrical interpretation : 

The product of the perpendiculars drawn from any point 
on the cubic to its asymptotes is in a constant ratio to the 
perpendicular drawn from the same point to the satellite of 
the line at infinity. 

10. Theorem : 

If two of the points of intersection of a line with a cubic he 
points of inflexion, the third must also he a point of inflexion. 

The tangent at a point of inflexion has three-pointic 
contact with the curve. Consequently the tangential of a 
point of inflexion coincides with the point itself. Thus, if 
the points a and h are points of inflexion, their tangentials 
respectively coincide with them, i.e., the satellite coincides 
with the line ah itself. Hence, the tangential of the third 
point c, where ah meets the cubic, coincides with c, i.e., c is a 
point of inflexion. 


% 


* Foncelet, Crelle, Bd, 8 (1832) p. 130» 
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If in the equation (6), tt'ssv' the equation takes the 
form uvw^siku'^, which shows that w, u, w are the inflexional 
tangents, their points of contact lying on Thus, 

If a cubic has three real inflexions, they lie on a riaht line. 


11. Theorem : 

A curve of the third order cannot have more than three real 
joints of inflexion,* 

If the vertices B and C of the triangle of reference are 
two real points of inflexion on the curve, the third real 
point of inflexion must lie on the line BO (aj=0). Hence 
the equation of the cnbio can be put into the form 

(aj+n2?)(aj+W2/)(aj+/i.y+v2)=\aj* ... (9) 


If, again, the vertex A be a real point of inflexion on 
the curve, the co-efficient of aj® should be wanting in the 
equation (9) and the co-efficient of x should contain that of 
X* as a factor, which requires that \=1, and 

(m+ fi)(n+v)(fin’{-vm+mn) 


= (m+/x)*wv ,,, (10) 

Now, putting ma=jut and the second condition 

reduces to (l+a)*-b(l-f^)*=(l-|.a)(l-|-)8), which is a 


quadratic in , with complex roots. Hence it is not 

possible to assign real values to m, n, which will satisfy (10). 
Therefore, the vertex A cannot be a real point of inflexion. 


12. From what has been said in Art. 8, it follows that 
if tangents be drawn from three collinear points a,6,c, on a 
cubic, then the line joining the point of contact of any 
one of the tangents from a to that of any one of the tangents 
from b passes through the point of contact of one of the 
tangents from c. But from each of the points a, b, c, 
four tangents can be drawn to the cubic. 


This proof is taken from Basset’s Cubic and Quartic Curves, 
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Consequently, the points of contact of those tangents lie 
on sixteen dilEerent lines which have the line ahc for satellite. 
Hence, we obtain the theorem* : 

A given line has only one satellite^ hut is itself the satellite 
of sixteen different lines. 

It is to be noted that the twelve points of contact lie on 
sixteen different lines, three on each, and the sixteen lines 
pass through the twelve points, four through each.t 

13 . Theorem : 

The four 'points of contact of tangents drawn from any 
point on a cubic are the vertices of a quadrilateral whose 
diagonal points have the same tangential as the given point. J 

Let and be the points 

of contact of tangents drawn from three collinear points 
A,B,C respectively. These points lie on sixteen lines. 
Suppose A and B coincide. Then, this coincident point 
must be one of the four points 01,04,03,0^,, say (c^). The 
sixteen lines now reduce to the six sides of the quadrilateral 
a^a^a^a^^f each taken twice and the tangents at the vertices 
Hence the intersection of a pair of opposite 
sides is one of the three points 04,03,04., and the tangents at 
the vertices meet the cubic in the same point A, ^.e., 04,03,04 
are the diagonal points of the quadrilateral a^a^a^^a^. 

Gor. The following theorem is easily deduced : 

Two tangents being drawn from any point on a cubic, 
the tangent at the third point, where the chord of contact 
meets the curve, meets the tangent at the given point at a 
point on the curve, 

* Dumont, Introduction b, la giomitrie des courhes du troisikme ordre 
(1904), p. 73. 

t Hesse, Orelle, Bd. 36 (1848) p. 143. 

t Oremona, Introduzioni ad una teoria geometrica delle curve plane 
(1861), §146. For other similar properties, see Mangeot^ Bull. Boo. 
Math, de France, t. 21 (1893), p. 44. 
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JE9, 1. Two cubios with the same asymptotes intersect in three 
finite oollinear points, 

2. If six of the intersections of two cubics lie on a conic, the 
other three are collinear. 

JEa, 3. Every curve of the n-th degree which passes through 
371^ 1 fixed points on a cubic passes through one other fixed point on 
the curve. 

JEx, 4. Discuss the case when n—1 or 2. 

Ex, 6. Three cubics pass through seven points. Prove that the 
line joining the remaining intersections of the cubics taken in pairs 
form a triangle whose vertices lie one on each of the cubios. [Apply 
the principles of residuation.] 

14 . Steiner’s Polygon : 

Let P and Q be any two fixed points on a cubic. Join 
a third point on the cubic with P, and let PA^ meet the 
cubic in a third point A,. Join A^Q and let A,Q meet 
the curve in A3. Join A3P and let A^ be the point where 
AgP meets the curve, and so on. In this way we obtain a 

polygon Aj A, A, A4 inscribed in the cubic such that the 

sides ultimately pass through two fixed fundamental points. 

There are then two cases possible : — either the series is 
not closed, when the construction can be further continued 
or it is always closed by the same even number 2 n of 
sides. The figure thus obtained is called a Steiner's polygon, 
and P and Q are said to form a Steiner's pair of order n.^ 

If P, Q are Steiner’s pair of order n, and R is the point 
where PQ meets the cubic and S the point of contact of 
one of the tangents from R, then PS and QS are Steiner’s 
pairs of order 2n.t 

If the tangentials of two points are a Steiner’s pair of 
order n, the points themselves form a Steiner’s pair of 
order 2n.t 

• Steiner, Grelle, Bd. 32 (1846), p. 182. 

t Olebsch, Orelle, Bd. 63 (1864), p. 94, and Gruber, Grelle, 
Bd. 114 (1894), p.812. 
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If a Sfceiner’s pair is projected from any point of a cubic, 
the projections form a Steiner’s pair of the same order. 

The same process can be applied in constructing a 
polygon inscribed in a binodal quartic, taking those 
nodes for the fixed fundamental points. Prof. Steiner 
enunciated these propositions and a number of others in 
his paper Oeometrische Lehrsat^e — Orelle, Bd. 32 (1846), 
pp. 182-184, without proof, but these were proved by using 
elliptic functions by Clebsch — Ueber einen Satz Von Steiner 
und einige Punkte der Theorie der Curven dritter Ordnung — 
Crelle, Bd. 63 (1864), pp. 106-121. 

They were considered geometrically by P. H. Schoute 
— Die Steinerschen Polygone — Crelle, Bd. 95 (1883), pp. 
105-119. For further information on Steiner’s polygon and 
other polygons connected with a cubic curve, the student is 
referred to Clebsch’s paper cited above, and also the paper 
by H, S. White — Annals of Mathematics (Cambridge) 
Vol. 7 (2) (1906) p. 172. 


15. Theorem : 


If two pairs of o'pposite sides of a hexagon inscribed in a 
cubic meet in points on the cubiCy the third pair also intersects 
on the curve. 

Let the first, third and fifth sides of the hexagon be 
denoted by P, Q, R and the second, fourth and sixth sides 
by P', Q', R' respectively. Let P, P' intersect at A, and 
Q, Q' at B on the cubic. Then the third pair R, R' must 
intersect at a point on the curve. 


For, consider the following cubics through eight points, 
i,e,y the six vertices of the hexagon and the two points 
A, B 


(1) the given cubic, 


(2) the cubic consisting of the lines P, Q, R, 

(3) „ „ „ „ „ F,Q',B'. 


9) 
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Therefore they must pass through a ninth* common 
point, i.e,, R and B' intersect the cubic at the same point 
0 on the curve. 

Cor, If R and R' are tangents to the cubic, the 
theorem becomes : — 

If the opposite sides of a quadrilateral inscnoea in a 
cubic intersect on the curve^ the tangents at the opposite 
vertices meet at the same point on the cubic ^ ^.e., the opposite 
vertices have the same tangential points 

It may be shown further that the tangentials of three 
pairs of opposite vertices are collinear.t 

16. Intersections op a conic with a cubic : 

Let a conic meet a cubic in six points A, B, C, D, E, F, 
and let AB, CD and EF meet the cubic again at the points 
P, Q, R. Then P, Q, R are collinear. 

Consider the three cubics through eight points, 
ABCDEFPQ. 

(1) The given cubic, 

(2) The lines AB, CD, BP, 

(3) The conic and the line PQ. 

They must then pass through a ninth common point, 
namely, the point R, which must be on PQ, since it cannot 
lie on the conic. 

If, however, A, C, E, respectively coincide with B, D, P, 
the conic has simple contact with the cubic at A, C, E, and 
P, Q, R become the tangentials of these points. Hence 
we obtain the theorem : X 

The tangentials of the three points^ at which a conic has 
simple contact with a cubic curve^ are collinear, 

* Theory of Plane Onrves, Vol. I, § 28. 

t Cayley, **Meinoire $ur les courhes du troisieme ordre” Coll. 
Papers, Vol. I, p. 184. 

t Dar4ge, Die ehenen Kturven dritter Ordnung (1871), p. 186. 
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Ex, 1. The tangentialg of six points of intersection of a conic 
with a cubic lie on a conic. (Cremona § 146). [Apply residuation]. 

Ex, 2. A triangle is inscribed in a cubic. If the tangentials of 
two vertices lie on the opposite sides, shew that the tangential of the 
third vertex also lies on the opposite side. (Dur6ge). 

[Consider the three cubics — the given cubic, the three sides and 
the three tangents at the vertices. They pass through nine common 
points.] 


17. This theorem enables us to construct E, when A and C are 
given, by a simple process : 

Draw the tangents to the cubic at the points A and C, and let these 
tangents intersect the curve again in A' and C' respectively. The 
line A'O' intersects the cubic again at a point E'. The points of 
contact of the tangents drawn from E' are the required points E. But, 
in general, four tangents can be drawn from B' to the curve^ and the 
point of contact of any one of these tangents will be the required 
point E. But only three of these points will give the solution of the 
problem j for AC intersects the cubic at a third point D, the tangent 
at which also passes through E'. In fact, the line AC taken twice may 
be regarded as a conic having simple contact with the cubic at the 
points A, C and D. Consequently, there are three different systems 
of doubly infinite number of conics which have simple contact with the 
curve at three different points. 


18. If two of the points A, 0, E (say A, C) coincide, the conic 
has a four-pointio contact at A and a simple contact at E. In con- 
sequence, the points A' and C' coincide, and E' is the tangential of the 
point A', or as we say, E' is the second tangential of A, 

Hence to construct a conic having a four-pointic contact at A and 
a simple contact elsewhere, we proceed as follows : — 

Draw the tangent at A to the cubic, and let A' be the tangential of 
A, and E' the tangential of A', f.e., the second tangential of A. 
Then the four points of contact of the tangents drawn from E' to the 
curve will be the required points E. But one of these points is A', 
which is the tangential of A. Hence, the other three points of contact 
will give the solution of the problem. 

Thus, three conics can be drawn having a four-pointic contact at 
any given point of a cubic and a simple contact elsewhere. 
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Ex. A conic has a fonr-pointic contact with a c ubic at A and 
meets the curve again at E and F. EF meets the cubic at the second 
tangential of A. 

19. Pencil op conics through pour points on a 

CUBIC ; 

A cubic is described through four fixed •pmnts on a cubic. 
The chord joining the two remaining intersections of the cmic 
with the cubic passes through a fixed point on the curve. 

Let A, B, 0, D be four given points on a cubic and let 
the sides AB, BO, CD, DA respectively be denoted by x, y, 
z and w. 

Then the equation of the cubic is xzu=iywVy where u and 
V are linear functions of the variables, and the equation of 
the conic may be written as xz^kyw. 

Combining these two equations, we obtain v^ku, which 
is the equation of the line through the two remaining 
intersections of the cubic and the conic, and for all values 
of k, this line always passes through the fixed point. 
u=v=:0 on the cubic. This point is co-residual of the 
four given points A, B, 0, D, 

If A, B, 0, D are the points of contact of the tangents 
drawn from any point P, then from the preceding article it 
follows that the fixed point 0 is the tangential of P.* ** 
The points P, 0,^A, B, 0, D and the diagonal points of the 
quadrilateral ABCD form nine associated points, 

20. Theorem : 

If a conic osculates a cubic at two distinct points, the chord 
of contact intersects the curve again in a point of infiexion. 

Consider a conic which has a contact of the second 
order with a cubic at the two points A and B. The conic 

* SohrCter, Die Theorie der ehenen Kurven 3 Ordnung (1888), 

p. 108. 
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passes through three consecutive points at A and at B 
Let A'B' and A"B" be two other lines consecutive to AB, 
such that they pass through these consecutive points at A 
and B. These lines intersect the cubic in three other 
consecutive points 0, O', C". 

Consider the following three cubics passing through tbe 
eight points A, A', A" ; B, B', B" ; C, C' 

(1) The given cubic, 

(2) The cubic consisting of the three lines A'B^ 
AB, A"B", 

(3) The conic and the line OC'. 

Therefore they must pass through a ninth common 
point 0," the line CC' must pass through 0". Thus 
three consecutive points C, O', C'' are collinear, or, in other 
words, the point C in which the line AB cuts the cubic 
again is a point of inflexion on the cubic. 

The theorem of this article may be stated in a diifferent 
form : — 

Every chord drawn through a point of inflexion intersects 
a cubic in two other points such that a conic can he desarihed 
having a three-pointic contact with the curve at those points. 

Again, since a cubic has nine points of inflexion, there 
are nine different systems of conics which have a contact 
of the second order at two points of a cubic curve. 

21. Sextactic points on a cubic : 

Definition ; A sextactic point on a curve is a point, the 
osculating conic at which has six-pointic contact with the 
curve at that point. 

From what has been said in the preceding article, it 
follows that when the points A and B coincide, the conic 
has six-pointic contact with the cubic at A, which now 
becomes the point of contact of a tangent drawn from a 
point of inflexion. 

3 



18 


THEORY OF PLANE CURVES 


Hence, the points of contact of tangents drawn from a 
point of inflexion are sextactic points on the cubic.* 

Since there are nine points of inflexion on a non- 
singular cubic and from each point of inflexion only three 
tangents can be drawn to the curve, it follows that fhere 
are twenty -seven sextactic points on a cubic curve. 

Hence we may state the following theorem : — 

The foints of contact of tangents drawn from the 'points of 
inflexion are sextactic points^ and there are twenty-seven such 
points on a non-singular cubic curve. 

If, however, the cubic has a node, there are only three 
points of inflexion and from each point only one tangent 
can be drawn. 

Thus, there are oyily three sextactic points on a nodal cubic. 

It will be noticed that there can be no such point on a 
cuspidal cubic. 

Halphen considered the case of coincidence of 3m points 
of intersection of an m-ic with a cubic, ^.e., of 3m-pointic 
contact. For m=l, we get the nine inflexions, for m=:2, 
we get the 27 sextactic points, and when m=3, Halphen 
calls the point “ coincidence point — Math. Ann., Vol. 15 
(1879). 

The above theorem may very easily be proved by 
applying the principles of residuation. 

Let P be a point of inflexion and A the point of contact 
of a tangent drawn from P. 

Then [3P]=0 and fP-f2A]=0, or, [3P+6A]=0. 


* Cayley — “ On the conic of five^pointic contact at any point of a plane 
cuive Phil. Trans., Vol. 49 (1859), pp. 371-400. The theory of 
sextactic points on any cnrve has been discussed by Cayley in 
bis paper — On the sextactic points of a plane curve — Phil Trans. 
Yol. 165 (1866), pp. 646-678. 
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Hence by the subtraction theorem, [6A]=0, or, A is a 
se.ctactic point. 

It will be shown hereafter that the points of contact of 
tangents drawn from an inflexion are collinear. Therefore 
the sextactic points lie by three on nine right lines. 

Ex. 1. Prove that the points whore the harmonic polars intersect 
the cubic are the sextactic points. 

Ex. 2. Shew that of the sextactic points nine are real and 18 
imaginary. 


22. Theorem : 

If a conic osculates a cubic at two distinct points, oym of 
which is a se.r.tactic point, then the other point must also be a 
sextactic point. 

This is easily proved by residuation as follows : 

Let P and Q be the two points of osculation. Then we 
have 

[8P+3Q]=0 

But, P being a sextactic point, [6PJ=:0. 

Therefore, by the theorems of multiplication and subtrac- 
tion, we obtain [6Q]=0, which shows that six consecutive 
points at Q are the complete intersections of the cubic with 
acurve, which is evidently a conic. 

The properties established in this and the preceding 
articles can easily be obtained by expressing the co-ordinates 
of a point on the curve in terms of elliptic functions, as will 
be shown in a subsequent Chapter. 

Ex, 1. Through four given points on a cubic, four conics can be 
drawn touching the curve elsewhere. 

Ex. 2. Shew that the tangents at the four points of contact in 
Ex. 1. meet the cubic at the same point. 
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28, OhASLBS’ method of generation of cubic CURVES: 

The theorem of § 19 suggests a method of generating 
the cubic curve by points. 

The conics through A B C D and the lines through O 
form two projective pencils, which generate the cubic curve. 

Let A, B, C be three fixed points and O any other point 
on the cubic. Then any line through 0 meets the cubic in 
two other points E, F, and the conic ABOBF meets the 
cubic again in a fixed point D, and the line OEF and the 
conic ABODEF have a one-to-one correspondence. 

From this theorem of Cremona, Chasles gave a method 
of constructing a cubic through nine given points.^ 

Let L4*A.M=0 be a pencil of lines, whose vertex is the 
point L=M=:0. a pencil of conics, projectively related 
with it, is If we eliminate \ between these two 

equations, we obtain 

/sLi/r— M<^=0 

which evidently represents a cubic curv'e passing 
through nine points, namely, the four points of intersection 
of ^ and the points where L intersects <^, and M inter- 
sects iff, and the point L=M=0. 

It will be noticed that the point L=0, M=0 is the 
coresidual of the system of four points common to and iff, 
and is called the point opposite to the four points. 

Hence we obtain the following : — 

If four points on a cubic he taken as the base of a pencil 
of conics, the opposite point is the verte c of a pencil of lines, 
projective with the pencil of conics, the two pencils together 
generate the curve. 


* Chasles— Con«#ruch‘on de la courhe du troisieme ordre determined 
par neaf points — Comp, rend., Vol. 36 (1863), p. 943. 

Chasles gave another construction in Comp rendus, Vol. 37 (1863), 

p. 276. 
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24. Grassmahn’s Construction ; 

The locus of a pointy such that the lines joining it to three 
fi t ed points intersect three fixed lines in three collinear points^ 
is a curve of the third order,^ 

Let P(a!, y, z) be the variable point, and a(a,, a,, a,), 
6(6i, fcg, 63) and c(ci, c,, C3) be three fixed points, with 
reference to the three fixed lines as the sides of the triangle 



of reference, then the equation of the line Pa is — 

... ( 1 ) 

This meets the side L (X= 0 ), 


where ?= — X — = ... (2) 

0 xa^’-ya^ za^-^xa^ 

Similarly, the other two points of intersection are given 


by 

X 

_ Y 


... ( 3 ) 

xb^—ybi 

0 

yh^—zh. 

and 

X 

-Y 

_ Z 

... ( 4 ) 


yc,— «c. 

0 


* Grassmann— Orelle, Bd. 31 (1846), p. Ill, Bd. 36 (1848), p. 117, etc. 
For different methods of construction, see Cayley — Journal de 
Math, pures et appliques t. 9(1). (1844) p. 287, SchrOter—Math, 
Ann , Bd. 6 (1872), p. 60. Hurwite—Orelle, Bd. 107 (1891), p 141. 
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If these three points are colli near, we must have 


0 




— (zai— atta) 


=0 ... (5) 


0 —yh^ — zh^) 

—(yc^—zc^) 0 


From equation (5) it follows that the locus is of order 
three and passes through the points a, b and c, and through 
the vertices of the triangle of reference. It can be shown 
that the curve passes also through the points where the 
lines be, ca, ab respectively meet the sides. 

Hence the cubic is determined by these nine points. It 
can further be shown that all curves of the third order may 
be generated in this manner. Of the nine points, a, b, c and 
the vertices of the triangle of reference form two triangles, 
whose vertices are situated on the curve and whose sides 
respectively meet in three points on the curve. If now we 
consider these last three points as arbitrarily given on the 
curve, it can be shown that there are four triangles, of 
which the vertices a, b, c are situated on the curve of the 
third order, and whose sides pass separately through three 
given points on the curve. 

For further information on the generation of cubic 
curves, the student should consult the papers cited before. 
The converse theorem that every cubic can be constructed 
by this method has been proved by Clebsch — Math. Ann., 
Bd, 5 (1872), p. 425. 


Ex, 1. Indicate the method how a onbic can be generated by 
means of nine given points. 

Ex. 2. Given nine points, construct by ruler the intersection of 
the cubic through them with the line through two of the points, or 
the conic through -five. 

Ex. 3. Shew that a cubic with a double point can be generated 
by means of two projective pencils of lines and conics, such that the 
vertex of the pencil of lines is a base-point of the pencil of conics. 
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Section IJ : Harmoyiic Properties. 

25. PoLAK Conic and Polar Line: 

Every point has a polar conic and a polar line with 
respect to a cnbic. The polar conic is the first polar which, 
therefore, pavsses through the points of contact of the 
tangents drawn from the point to the curve. 

The equation of the polar conic of a point y\ z') is 




% 9 : 


and that of the polar line is — 


,K+y^ +.%=0. 

8 *' ^ 9 -' 


The equation of the polar conic in the expanded form 
may be written as — 

+c'2* ’^2fyz + 2g^zT + 2h/xy=:0y 

where, a', h\c\,. represent the second differential co-efficients 
in which (a?', y', z') liave been substituted for (aj, y, z). 

The first polar of any point is a conic which meets the 
cubic in six points, which are the points of contact of the 
tangents that can be drawn from the point to the cubic. 
Thus the class of a non-singular cubic is six. If, however, 
the cubic has a node, the class reduces to four only, and the 
class of a cuspidal cubic is only one.* 


Ex. 1. The tangentials of the six points of contact of the tangents 
drawn from any point to a cubic lie on a conic having double contact 
with the first polar of the point. 

Ex, 2. Show that the points of contact of the two conics in Ex. 1. 
are the points where the polar line of the point meets it. [Milinowski — 
Orelle, Bd. 89 (1880), p. 146]. 


* Theory of Plane Curves, Vol. I, §§ 120.121. 
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26. Four Poles op a right line*. 

If A and B be any two points on the line, their first 
polars pass through the poles, and since the first polars are 
conics, they intersect in four points, which are the pole^ of 
the line AB. 

It is evident that the polar conics of points on a right line 
form a pencil of conics through the four poles of the line. 

Conversely, any conic through the four poles of a line 
is the polar conic of some point on the line. 

If, however, the cubic has a node, all the polar conics 
pass through the node, and therefore the polar conics of 
A and B intersect in only three other points, which are the 
poles of the line. 

In the case of a cuspidal cubic, the polar conics pass 
through the cusp and touch the cuspidal tangent. There- 
fore they intersect in two other points only, which are the 
poles of the line. 

If the cubic reduces to three right lines, all polar conics 
pass through the vertices of the triangle formed by them, 
and every right line has only one pole. 

In this case the point and the line are called respectively 
the pole and polar w.r,t. the triangle. 

27. The three pairs of right lines through the four 
poles of a line with respect to a non-singular cubic are the 
polar conics of three points L, M, N on the line. These 
three points must therefore lie on the Hessian of the cubic. 
Hence L, M, N are the points in which the line intersects 
the Hessain, which is therefore a curve of the third order. 

Let the four poles of the line AB be P, Q, R and S, and 
let the pairs of lines PQ, SR ; PS, QR, and PR, QS, 
which constitute the polar conics of the three points 
L, M, N on AB, intersect in the points E, P, 0 respectively. 
Then the polar conics of O, E, P break up into pairs of 
right lines intersecting at L> M, N respectively. 
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Suppose the two poles S and R coincide. Then 0 and F 
coincide with R and therefore the corresponding points 
M and N must coincide. 



Thus the line LMN becomes a tangent to the Hessian 
at the point M, corresponding to O or F. The point L 
corresponds to E. Hence, if a line touches the Hessian, 
two of the points O, E, P coincide at one of the poles, which 
corresponds to the point of contact. This is true for every 
tangent to the Hessian, and we obtain the theorem ; 

The Hessian is the envelope of a line two of whose poles 
coincide. 

The four poles of a tangent to the Hessian are the points 
R counted twice and the points P and Q. But P and Q 
become the points of contact of PF and QF with their 
envelope, which is the Gayleyan.^ 

We may deduce the following as a particular case : — 
The polar line of any point on the Hessian with respect 
to the cubic is the tangent to the Hessian at the corresponding 
point. This will be directly proved in a subsequent article. 

* Theory of Plane Curves, Vol I, § 100, 
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28. Theorem : 

The points of contact of the tangents, dratvn to a cubic from 
a point of infle.tion^ lie on a right line. 

The equation of a cubic having the vertex A of ^the 
triangle of reference as a point of inflexion is — 

fsx*u^ +^ 3 = 0 . 

The first polar or the polar conic of A is — 

the polar conic breaks up into two 
O* 

right lines, one of which is the tangent at A, and 

the other line 2.i?4-«^i=0 passes through the points of 
contact of the tangents drawn from A, 

Definition: The line 2aj+Vi=0, which passes through 
the points of contact of the tangents drawn from a point 
of inflexion, is called the Harmonic Polar of the point 
of inflexion.* 

29. Theorem : 

The chords of contact of tangents drawn from any point of 
a cubic are harmonic conjugates of the tangent at their inter- 
section and the line joining the intersection with the point. 

Let L, M, L', M' be the four tangents drawn from A, 
whose chords of contact are respectively P,Q, intersecting 
at the diagonal point c, (§, 13), where N is the tangent. 
Then the equation of the cubic can be written in either 
of the forms — 

LM]Sr-P»R=0, L'M'N-Q»R=0, 

where R is the tangent at A. 


^ This line is called the harmonic polar simply to distinguish it from 
the ordinary polar line of the point A, which, in the present case, is the 
inflexional tangent at A. Jonqui^res — Mel de geomitrie pure. p. 228. 
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We have then the identity — 

]Sr(LM-.L'MOs(P»-Q») R, 

the right-hand side of which represents three right lines. 

Consequently the left-hand side will also represent three 
right lines. Evidently, N is one of P+Q, and R is a factor 
of (LM— L'M'). Hence the other factor of LM — L'M' 
must be one of P + Q-, the line Ac,. But the four lines 
P, Q, P+Q form a harmonic pencil, which proves the 
proposition. 

30. Maclaurin’s Theorem : 

Any line drawn through a point of a cubic is cut harmonically by the 
curve and the chords of contact of tangents drawn from the point 

Let the line through A meet the cubic in two other points P and Q 
and the chords of contact of tangents drawn from A at the points 
L and M respectively. Then, if the chords intersect at the point 0 and 
the line APQ meets the tangent at O in R, then ALRM is a harmonic 
range, so that 

LA LR LM 

By another theorem of Maolaurin,* since the line APLMQ through 
L meets the cubic in A,P,Q and the tangents at three points 
(collinear with L) in A, R, we have — 

I , I . 1 _ I , I . L 

LP LA LQ LA LA LR 

1 1 _ 1 I _ 2 

LP LQ LA LR LM 

t.e.f PQLM is a harmonic range. 

The theorem still holds, if the cubic has a double point, 
and consequently, when only two tangents] can be drawn, 
In this case the line joining the double point to the point 
where the chord of contact meets the curve again is to 
be taken as the second chord. 

* Theory of Plane Curves, Vol. I. § 70. 
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31, Theorem : 

Every chord drawn through a point on a cubic is cut 
harmonically by the curve and the polar conic of the point. 

Let fsbx+cy + dx^+ejcy-\-fy^+gj[i^ + .,. =0 

be the equation of the curve referred to the point 0 as 
origin. 

Then the polar conic of 0 is given by — 

^^2(hx-^cy)^dx^ +exy+fy^ =0 
02 

Let the line ft =zM^=zr intersect the cubic in P and Q 
I m 

and the polar conic in R. 

Then, from the equation of the cubic, we obtain — 

OP+OQ_ 1,1 dZ®+e^m+/m* 

OP . OQ“”‘OP OQ“ 6Z+cm 

and from the equation of the polar conic, we have — 

OR=— 2(6Z+cm) 

dZ* H-eZm+/m* 

112 

whence, qP OQ “ OR ’ Points 0, P, R, Q 

form a harmonic range. 

If, however, the point 0 is a point of inflexion on the 
curve, the polar conic consists of the inflexional tangent and 
the harmonic polar, and we obtain the theorem. — 

Every chord drawn through a point of inflexion on a curve 
is divided harmonically by the curve and the harmonic polar ; 
or in other words, 

If radii vectored be drawn through a point of inflexion, the 
locus of the harmonic means will he a right line (the harmonic 
polar).* 

* This theorem is due to Maclaurin — Die Linearum Qeometricarum. 
Proprietalibus Qeneralibus,, Seo. Ill, Prop. 0. 
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1. Find the harmonic polar of ( — 1, 1, 0) for the cubic 
{a ■¥ y + zY •¥ 6mxyz—0 

E», 2. Two chords OPQR and OP'Q'R' meet the cubic in 
P»Q ; P^Q' and the polar conic of O in R, R^ Shew that the lines 
PP') QQ', RR' meet at the same point. Shew also that the tangents at 
P,Q,R» are concurrent. 

E»» 3 Shew that the harmonic polar of the point (0, — 1, 1) for 
the cubics of the system aj® +t/® +z^ + Qm»yz^0 is the same. 


32. Theorem : 


The node of a nodal cubic is the pole of the line joining 
its three points of inflexion. 

Taking the inflexional tangents as the sides of the 
triangle of reference, the equation of the cubic can be 
written as 

xyz^(lxi^my‘\^nz)^ 

If this has a double point (a?', y\ z'), the first differential 
co-efficients must vanish at that point, i.e, , we must have 

y'z^z=:3lu'^ , x'y'rzSnu'^t 

where t^'=Zaj'+my'+W 2 ;'. 

lx':=imy'=^nz^ (1) 

The polar line of any point (x\ y\ «') is — 

3nw'*)=0 ... (2) 

If this is to be the same line as Z.c + my + W2;=0, we must 
have 

2/'^' — 3Zm'* _^ x'y^ ’•^3nu^^ 

I m n 


or. 


y'J _ 

I m n 


^.e., Ix^ z=.my* r=LnJ 


Therefore, from equations (1), the pole (a?', y', 2 ;') of 
Zaj+wy+w 2 f =0 is the double point, which proves the 
proposition. 



THBOJjy OB PLANE CURVES 




33. Properties op the Harmonic Polars : 

A point of inflexion on a cubic possesses, with regard to 
its harmonic polar, properties analogous to those of poles 
and polars in conic sections. 

Theorem : If two chords he drawn through a point of 
injle cion to meet a cubic in four points and the ertremities 
he joined directly and transversely y the two points of inter- 
section lie on the harmonic polar. 

This follows immediately from the harmonic properties 
of a quadrilateral. For, let A be a point of inflexion, and 
let AB and AO meet the cubic in B, D and 0, E respect- 
tively. Let BE and CD meet in G and BO, DE intersect 
at H. Then GH is the harmonic polar of A. 

For, if GH meets AB and AO in L and M respectively, 
(A B L D) and (AC ME) are harmonic. Hence, GH is 
the locus of harmonic means between AB and AD. 



We may easily deduce the following : — If a line 
intersects a cubic in three points A, B, 0, the lines 
joining A, B, 0 to a point of inflexion 0 meet the cubic 
again in three collinear points A', B', O', and the two 
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lines ABC, A'B'C' meet the harmonic polar in the same 
point. 

If, however, A, B, C coincide, then A', B', C' also coincide, 
and it follows that the three points of inflexion 0, A, A' are 
collinear, and the tangents at A and A' meet on the harmo- 
nic polar of O, t.e., 

The inflexional tangents at two of three collinear joints of 
infle.iion meet on the harmonic polar of the third. 

This theorem may be analytically proved as follows : — 

Taking the equation of the cubic in the form 
osyz = (ZiB + niy + nz) ® , 

we see that x, y, z are the inflexional tangents, and the 
point (0, — w, m) is an inflexion on aj=0, whose harmonic 
polar is the line my— and this evidently passes 
through the intersection of the other inflexional tangents 
y and z. 

As a particular case of the above theorem, we may 
deduce the following : — Tangents at the extremities of any 
chord drawn through a point of inflexion intersect on the 
harmonic polar. 

This follows by considering that the lines AB and AO 
coincide, when BC and DE become tangents at B and D. 

Again, if we consider that B and D coincide, ^.e., AB 
becomes a tangent, then the harmonic polar passes through 
the point of contact of AB, For, (ABLD) is harmonic, and 
when B coincides with D, it must coincide with L. 

Hence we obtain the theorem that the harmonic polar 
passes through the paints of contact of the tangents drawn 
from the point of inflexion. 

Now, since the harmonic polar intersects the cubic in 
three points, three tangents can be drawn from a point 
of inflexion, and their points of contact lie on a right 
line. 
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34. Theorem : 

The harmonic polars of three points of infle cion lohich lie 
on a right line pass through the pole of the line with regard to 
the traingle formed by the inflexional tangents^ 

Taking the equation of the cubic in the form 
xyz^(lx-\-my^nzY ssw® 

the harmonic polars of the three points of inflexion are 
respectively 

my^nz=^0^ nz — Zaj=0, lx — my=0, 

which evidently meet at the point lx^my:=:nz, ^.e., at the 
point (1/Z, 1/m, Ifn) which is the pole of the line 

Za5+my+n2;=0 

with regard to the triangle of reference.* 

When the curve is a nodal cubic, the three harmonic polars 
pass through the node. 

For the harmonic polars meet at the point lx^my=.nz 
which is the node (§ 32). 

Since only one tangent can be drawn from a point of 
inflexion to a nodal cubic, the harmonic polar is the line 
joining the node to the point of contact of the tangent. 
When the curve has a cusp, the harmonic polar is the 
cuspidal tangent. 

35, Inflexional triangles : 

A non-singular cubic has nine points of inflexion, which 
have definite positions relative to one another, namely, the 
line joining any two passes through a third. Hence , it 
follows that through each point there pass four lines, each 
of which passes through two of the remaining eight points 
of inflexion. These lines are called inflexional lines. 


* Soott — loc, cit, § 23 . 
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In actual arrangement, each line is counted thrice, and 
consequently, there exist only ^.9.4= 12 such lines. Denot- 
ing the points by the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, and 
the inflexional line through three points z, y, k by the symbol 
Lf for example, Lias denoting the line through 1, 2, 3, 
we see that the three lines are such that 

they contain all the nine points of inflexion. They form a 
triangle called an inflexional triangle. 

There are four such triangles, whose sides pass through 
all the nine points of inflexion. Thus we obtain the 
following theorem* : — 

The nine 'points of infie non lie^ three hy three, on twelve 
lines and these lines can be grouped, three by three, to form 
four inflexional triangles such that each group contains all the 
nine points of inflexion. 

Ea. 1. Show that there is only one real inflexional trianf?le. 

Ex. 2. Shew that a pencil of cubic s pass through the nine 
inflexions of a cubic. 

36. Configuration of the harmonic poLARst; 

The nine harmonic polars are the same for all curves of 
the pencil passing through the nine points of inflexion. We 
shall therefore obtain polars of the points of inflexion with 
respect to all these curves, if we consider an inflexional 
triangle as the primitive curve and construct the polar conic 
of a point of inflexion with respect to this triangle. The 
polar conic in question consists of the side of the triangle 
which passes through the point, and of the polar line of the 
point of inflexion with respect to two other sides of the 
triangle. If, therefore, we join the point to the vertex of 
one of the four inflexional triangles, opposite to the side on 
which it lies, and find the fourth harmonic to this line 

* Olebsoh— Crelle, Bd. 63 (1864), p. 120. 

t Hesse— Orelle, Bd. 28 (1844) p. 97 and Bd. 38 (1849) p. 257. 

5 
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and the two sides of the triangle, this last line is the 
harmonic polar. 

It follows, therefore, that the liai'monic polars of 
three colliiiear points of inflexion are concurrent in the 
vertex opposite to the inflexional line. Thus, through a 
vertex of each inflexional triangle, there pass three harmonic 
polars, and consequently each harmonic polar passes through 
one vertex of each of the four inflexional triangles. We 
thus obtain the theorem ; 

The twelve vertices of the inflexional triangles are situated^ 
four hy four, on the nine harmonic 'polars. The harmonic 
polars of three points of indexion intersect at a vertex of the 
triangle corresponding to the inflexional line ; to the sides of a 
tri, angle there correspond the opposite vertices. 

Thus we see that the nine harmonic polars form a dual 
system to the nine points of inflexion. They determine 
four triangles, through the vertices of each passing all the 
nine harmonic polars. These triangles are identical with 
the inflexional triangles, and each harmonic polar passes 
through one vertex of each of these triangles. In fact, 
to the pencil of order-cubics through the points of inflexion 
there corresponds, by the principle of duality, a system of 
class-cubics * with these nine harmonic polars as common 
cuspidal tangents. This system of class-cubics, as we shall 
see later, is the system of Oayleyan curves of the cubics of 
the pencil, 


* A class-cubic' is a curve of the third class, but not necessarily of 
the third order. Vide C. A. Scott, Modern Ana. Geo., § 67. 
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Canonical Forms 

37 . Reduction of the general equation : 

The general equation of a ternary cubic contains ten 
ai bitrary constants, six of which can be made to vanish by a 
pi'oper choice of the triangle of reference. Thus the equation 
of a certain class of cubic curves can be put into the form 

Then, by a linear transformation of the type 

X = atT, Y=hiy, Z=c^z, 

the e(|uati()n reduces to the form — 

Xa+Y» + Z» + AXYZ=:0. 

This is called a canonical form of the equation and is due 
to Hesse. 

This transformation is possible only in the case of a 
cubic whose discriminant does not vanish, i,e., in the case 
of a non singular cubic. It is, Iiowever, proved in works on 
Algebra* that tl»e equation of such a cubic can be reduced to 
the form 

.1 ^ -f 2 :^ +t)ma;y2:=0 ... (1) 

where y^ z are linear functions of the variables and may be 
regarded as the co-ordinates of a point referred to a new 
triangle whose sides, refei'red to the original triangle, are 

,f=0, 2/=0, 2=0. 

The iminber of independent constants involved in this 
equation is 3x3-fl = 10, and therefore, is the same as that 
of the co-efficients in the general equation. Tims we have an 
a 'priori indication of the possibility of such a transformation. 


* E. B. Elliot, Algebra of (^uantios, § 29. 
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38. G ROMETRICAL RELATION OF THE CURVE WITH THE 
NEW TRIANGLE OP REFERENCE I 

The equation £c* +2/* +2® 4“6m2JV2=0 can be written as 

y3 ^^3 — SijtSaS— — 2w2f)= — (l + 8m®)c® ; 

or, (aj-hy — 2m;) — 2tmz) ((o®ri’4-o>^ — 2m2) 

= — (l4*8m*)2;®, 

where o> is an imaginary cube root of unity. 

Now, if l4-8m^:^0, the equation can be put into the 
symbolic form P.Q.R=2?^, where P, Q, R are linear functions 
of the variables and are evidently the inflexional tangents 
at the three points where 2=0 cuts the curve. Hence ::=0 
meets the curve in three of its points of inflexion. Similarly, 
since the equation is symmetrical in a?, y and 0, the sides 
aj=0 and y=0 also meet the curve each in three points of 
inflexion. 

Thus the sides of the new triangle of reference are the 
three lines on which the nine points of inflexion lie, three 
by three. 

Hence, in order to reduce the equation of a non-singular 
cubic to its canonical form, an inflexional triangle is taken 
as the triangle of reference. 

The inflexions on aj=0 are determined by the equations 
aj=0 and y*+2;®=0 
(2/ + 2) (2/ + W2) (y + (o* 2)=0 

Since these co-ordinates are independent of m, it follows 
that all cubics included in the canonical form for different 
values of m meet the three sides of the triangle of 
reference in the same nine points, which are inflexions on all, 
provided 

l + 8m*=jfs0. 

When l4’8m’'=0, m=— i and the cubic reduces 
to three right lines. Again, if m=:l, it is seen that the 
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three real inflexional tangents are concurrent. Hence 
the equation represents a non-singular cubic, except when 
m=l or — 

Ex. 1. The polar line of a point P w.r.t. the polar conic of Q is the 
same as the polar line of Q w.r.t. the polar conic of P. 

Ejc. 2. Obtain the equation of a non^singular cubic, not having the 
real inflexional tangents concurrent, in the form 

»• + 1 /® + + 

Ex. 3. Shew that there are twelve points in the plane such that the 
polar line of each is the same w.r.t. all oubics of the system. [These 
points are called the critic centres of the system, [c/. Vol. I, Oh. XIV, 
§ 292]. 


89. Co-ORDINATKS OF THK NINE INFLEXIONS: 

The equation of the cubic can be written in the three 
following forms ; — 

( — 2ma! + y + 2) ( ““ 2m.c + a)*y -b ca2;)( — + (oy 4* w* a) 

= — (l + 8m*)^* 

(a"— 2wt2/-|-2?)(a)«— 27wy-|- 2my-h<o«)== — (1 +8w*)y* 

a)^y--2m2:)(oi*aj-|-(uy— 2w«) = — (l + 8m*)2® 

The co-ordinates of the nine points of inflexion are 
therefore obtained as follow : — 

( 0 . 1 , - 1 ) (- 1 , 0 , 1 ) ( 1 , ^ 1 , 0 ) 

(0,0), -1) (-1,0,0)) (O), -1,0) 

(0,0)%-!) (-1,0.0,*) (o)»,-l, 0 ) 

The nine linear factors on the left-hand sides give the 
inflexional tangents. 

It appears, therefore, that of these nine points of 
inflexion only three are real, each lying on a side of the 
triangle of reference. 
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40, Configuration of the inflexions: 

The equation of the curve can also be written in the 
form — 

/= , ® 3iuy.4-3(2m-f l).«2/2r=0 w(l) 


and consequently, in the three following forms : — 

( <’4*y4'2!)(.r + wy + + 3(2m + l)iC2/^=0 

( woj + y + 2 ) ( .c -f 2/ + ) ( CO * a j + 2/ + <0 * 0 ) + 3 ( 2 w + 0) J a = 0 

(aj*ir + 2/H-2?)(»4-w‘‘*y + j2)(<*)*» + <oy + a) -f 3(27/^t + «»>*) ^i?2/s^=:0 
or in the abridged forms : 


^(2) 


616363 +/Aa;y0=O I ... ... (8) 




Hence we see that the inflexions lie on the twelve lines 


(0 y, z, {ii) 

{Hi) 61,63,63, {Iv) Ci,C3,C3. 


The four groups of three lines each form four 
triangles which are called Inflexional triangles. We may 
express the grouping of these nine points by the following 


scheme ; — 



ttj a. 


3— aj 

... (4) 

9— a 

I 

®5 


•wl^ere the nine inflexions are designated by the numbers 

1, 2, 3, ... 9. 
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Tlie four inflexional triangles are eacli formed by the 
three lines which pass through 

(I) the three points in each horizontal line, 

(IT ) the three points in each vertical line, 

(III) the three points which give a positive term in (4 

considered as a determinant, 

(IV) the three points which give a negative term in the 

same determinant. 

For instance, on 6 ^ lie the three points 1,5,9; on 63 
lie 2, 6 , 7 ; on 6 g lie 3, 4, 8 , and so on. 

Ea. 1. The twelve inflexional linos intersect in the nine inflexions 
and the twelve critic centres of the system of cnbics. 

Eao. 2. Find the co-ordinates of these critic centres. 

Ex. 3. Shew that a quartic through the critic centres of a cubic 
has an inflexion at each of the critic centres. 

Ea. 4. Shew that the lines joining an inflexion with the remaining 
eight inflexions form an equianharmonic pencil. 

Ex. 5. The intersection of an inflexional tangent with the corres- 
ponding harmonicj polar lies on the Hessian. 


41. Transformation of canonical forms : 

+ 6mxyz=0 

IS the equation of the cubic, referred to the triangle whose 
sides are 

ic=0, .v=0, s=0. 

To obtain its equation with reference to another inflexional 
triangle, we put 

X UJ d" 2/ “h ^ Ys.cd" wy d"C)*2r 

Zsa?d-w®yd-w2 

Let and, ij/mxyz. 
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Then, + Y« -f-Z* =3(.f,» 4*2/« +z^) + 18a;y.r=3<^+ 18i/r. 

t/''sXYZ=(a5* -f 2*)+3(co+w*) c!y0=<^— 3^. 

whence 9</>=(^'+6^') and 27i/r= 3^'j. 

But the equation of the curve is — 

<^+0mi/r=O, or, 90+54mi/fs=O 

which gives ^'+6i/r'+2m(<^'— 3i/r')=0 
or, (l4-2m)^' + 6(l— m)i/r'=0 

^.e., (l+2m) (X»+Y*+Z3)+6(l-m)XYZ=0. 

Ex, The four inflexional lines through an inflexion are equian- 
harmonic. 


42. Equations of the harmonic polars : 

The polar conic of the inflexion (0, 1,-1) on the side 
iB=0 is 

(y® +2m»«)— (2*-h2wa5y)=0 

i.e., (y— «) (y+z~-2mis)=z0. 

Therefore, y — z=0 is the harmonic polar and y + z — 2mx=0 
is the corresponding inflexional tangent. Similarly, the 
harmonic polars of the other two points of inflexion on the 
side 

ic=:0 are y—m^O and y— w* 2 =: 0 . 

Thus the nine harmonic polars are — 

2— aj=0 a‘--y=0 

y — tdZ’=iO 2;~a>aJ=:0 U3 — a)y=0 

y— <i)*2:=0 (i>*aj=0 X — co*y=0 

whence it follows at once that the harmonic polars of 
three collinear points of inflexion meet in a point. 
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43. Hesse’s Theorkm* : 

All cubics described through the nine points of infieonoti 
on a non-singular cubic will have these points for points of 
inflexion. 

The equation t of the Hessian of the cubic 

... ... ( 1 ) 

is at once found to be 

Hsm*(aj*4-y*4'«*) — (l4-2m®)ajyaf=0 ... (2) 

Since the points of in flexion on a curve are its intersec- 
tions with the Hessian, the equation of a curve passing 
through the points of inflexion is of the form — 

F + XHrrO 

where A is a parameter, i,e,^ the equation of the system of 
cubics passing through the points of inflexion is — 

F4’AH = (1+Am*)(aj* -f-y® -|--5*) + A — 2\m^)xyz^0 


which is of the form 


where 




6A;s 


6m — A — 2Am* 
l+Am* 


Therefore, the pencil of cubics, to which also belongs the 
Hessian, has the same inflexions. The system of cubics (1) 
for different values of m is called a family of syzygetic cubics. 


* Hesse. Crelle, Bd. 28 (1844), pp. 89-107. 

t The form of this equation shows that it belongs to the same system 
of oubios as are given by (1), where m is considered as a parameter. 
Since the equation of the Hessian involves m in the third degree, 
there are three different curves of the system (1) for which H»0 is 
the Hessian. 


6 
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Edi. 1. A cubic through eight inflexions of a cubic passes also 
through the ninth. 

Ex. 2. The intersection of an inflexional line with the correspond- 
ing harmonic polar forms an involution with those inflexions. 

Ex. 3. The four lines joining an inflexion with the remaining 
eight inflexions form an equianharraonic pencil. 


44. Another canonical form : 

It has been proved that a non -singular cubic has three 
collinear real Inflexions and three real inflexional tangents. 
Choosing the inflexional tangents as the sides of the 
triangle of reference and the line a; + 2 / + 2=0 as the 
inflexional line, the equation of a cubic can be put into the 
form 

(i»+y+2)’ +6A;aJ2/2;=0 ... (1) 

It is to be noticed that this can be effected by a real 
choice of co-ordinates and that the inflexional tangents are 
not concurrent. 


Ex. 1 . Shew that the equation of an acnodal cubic takes the form 
{X’i-y + zy^2Txyz, 


Ex. 2. Shew that the equation of an acnodal cubic can be reduced 
to the form 


gf'S M'S + = 


Ex. 3. Find the cubic whose inflexional triangle is self-con ju- 
gate w.r.t. to the polar conic of the point (1,1,1). 


45. A THIRD CANONICAL FORM OF A NON-SINGULAR CUBIC : 

Another important canonical form of a non-singular 
cubic, using the notation of the theory of elliptic functions, 
is obtained in the form 

y*2=4.T;»— 


where are any constants. 
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Since a non-singular cubic has always a real point of 
inflexion, we take the inflexion at B with the inflexional 
tangent as the side ;5=0 of the triangle of reference, and 
the harmonic polar as the side 2 /= 0 , while the polar line of 
the intersection of the inflexional tangent and the harmonic 
polar as the side ic=0. Thus the equation of a non-singular 
cubic is obtained in the form 

a.c^ '\-hy^z-\-cjcz^ = 0 . 

Now, making the substitution — 

( — 46/a)*.i; fora; and ~ =gr,, 
we obtain t/®^=4aj® — gr,aj 2 * — 

The harmonic polar 2/=0 meets the cubic in points 
given by 

which are all real or one real, according as the discriminant 
is negative or positive. 

If the cubic has a double point, we must have 

<- 27,:=0 

and the co-ordinates of the double point are 
X : y : z = ~g^ : 0 : 2. 

3 

It is easy to see that the double point is a node, cusp 
or a conjugate point, according as g ^ is negative, zero or 
positive.' 

46 . The canonical form op a nodal cubic: 

Since a nodal cubic has only three collinear points of 
inflexion, choosing the nodal tangents and the inflexional 
line as the sides of the triangle of reference, the equation of 
a crunodal cubic can be put into the form 


X 


( 1 ) 
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For, the equation of a cubic having a node at C with 
‘x=:0\ t/rr 0 as nodal tangents can be written as — 

w 3 + Jcxyz +3bx^y+Scxy^ + kxyz =0 ... (2) 

Since 2 ; =0 is to pass through the inflexions, it must meet 
the cubic (2) and its Hessian 

kxyz^S(ax^ -^hx^y—cxy^ +dy^)=0 ... (3) 

in the same points, *.e., the equations obtained by putting 
z=z0 in (2) and (3), namely 

ax^ +Shx^y + 3cjcy^ +dy^ =0 

and ax^—hx^y — cxy^ +dy^ ^0 

must be the same, which requires that either a=::c^=0, or 
6=c=0, 

Excluding the case a=c^=0, when the cubic reduces 
to three right lines, we have 6=c=0, and the cubic becomes 

ax^ +dy^ + kxyz=:0 

Now put 

X.=a^Xj Y=:d^y and 7j=z^ 
and the equation takes the form— 

X® +Y® 4'6mXyZ=:0, where 

47. Other forms op a nodal cubic : 

The equation of a cubic having a node at C can be 
written as 

u^z+u^^{y^mx)(y + m'x)z 

+Sbx^y + 3cxy^ +dy^)=0 

where y^mx and y+m^x are the nodal tangents. Next 
suppose that the vertex B is a point of inflexion, with 
2=0 as the inflexional tangent. Then the co-efficient of 
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2/* vanishes, and those of y* and y should have the common 
factor z. This requires that d=0, and 0=6=0. 

Thus, the equation reduces to the form — 

(y-^mx)(y + m'x)z + a»^ =0 

If now the nodal tangents are taken as the harmonic 
conjugates of a}=0and m=— m^, and the equation 

becomes 

(y + mx)(y^mx)z+ax^ =0 
which may be written in the form — 

( 2 /^ — a?* =0. 

The equation will represent a cubic, having a node, 
a cusp, or a conjugate point at C, according SiS h ^ 0.* 


Eso. 1. Shew that by a proper choice of homogeneous co-ordinates 
the equation of a nodal cubic can be reduced to the form 

z{x^ = +y^). 

Ex. 2. Show how you can transform the equation of a nodal cubic 
into the form 

«3 +y^z=:Sxyz. 

Ex. 3. Shew that a nodal cubic and its Hessian are in plane 
perspective, the node being the vertex and the inflexional line as 
the axis of perspective. 

Ex. 4. A chord of x^ +y^ = Sf>xy subtends a right angle at the 
node. Shew that the chord meets the cubic again at a fixed point. 

Ex. 6. Shew that the tangents at two inflexions of a nodal cubic 
meet on the harmonic polar of the third inflexion. 


* See H. Dur^ge — “ Ueber fortgesetztes Tantentenziehen an Kurven 
3 Ordnung mit einem Doppel or Rflckkehrpunkte.” — Math. Ann. 
Bd. 1, (1869), pp. 609-532. 
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48. The canonical form of a cuspidal cubic : 

In the case of a cuspidal cubic, there is only one point 
of inflexion. Let the vertex A be the inflexion with y=:0 
as the inflexional tangent. Then the equation of the 

cubic can be written as — 

+ ... ( 1 ) 

If the vertex B is a cusp, the equation should not 
contain y® and y* ; and if .x’=:0 is the cuspidal tangent, the 
co-efficient of y should be and the equation reduces to the 
form 

ajii'^y’\-hz^ =: 0 . 

j. 

Now, put X=^, Y=ay and Z =— and the equation 
becomes 

X*Y=Z® ... (2) 

Thus we see that every cuspidal cubic can be reduced 
to the form the cuspidal tangent and the in- 

flexional tangent being taken as two sides and the line 
joining the cusp to the point of inflexion as the third side of 
the triangle of reference. 

It is to be noticed that the Hessian of the euspidal cubic 

is composed of three right lines, of which two coincide 
with the cuspidal tangent. 

1. Show that a cuspidal cubic can be projected into a semi* 
cubical parabola. 

Ex» 2. A conic osculates a cubic at two points. Shew that the 
chord of contact passes through the inflexion. 

A«». 3. The tangents from any point P to a caspidal cubic meet the 
curve again in three points. Shew that the tangents at these points 
are concurrent. 

4. If the point P describes a line, the point of concurrence 
moves along a line. 
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49 . COLLINEAK POINTS ON A CUBIC : * 

The points where the line 

intersects the cubic 

are determined by eliminating 2; between their equations, 
by the equation 

fxyY + ^mxy{-~\x— yiy)v^ -=0 ; 

Z.C., (v® — A.® )'— — 3(A*/A-|-2mAv*)*^ — 3(A/i,® 

y 

+ ... ... ( 1 ) 

If (^iiyi^Zi)i and 

be the co-ordinates of the three points of intersection, 
we must have 

*. ‘ v»-.As ... (2) 

Similarly, by eliminating x between the same equations 
we obtain 

^12^2^3 : ••• ( 3 ) 

whence 

«i‘^ 2'^3 • 2/12/22/3 • A» : A»—/i* 

x^x^x^-\-y^y^y^ + z^z^Zs=0 ... ... ( 4 ) 

is a necessary condition that the three points 

('^"1 5 2/1 ’ ^ 1 (**^25 2/2^ ^2) B'Ud ('^S)2 /s>^ 3) 
on a cubic should lie on a right line. 

Again, since the three points are collinear, we may take 

aj3=AaJi-f/x^2, y3=-^2/i+/^^2 5 -f / as:, 

* These theorems on the intersections of a cubio and a line are taken 
from Cayley — “ A memoir on curves of the third order ** — Phil. Trans, 
of the R. Soc. of London, Vol. CXLVII (1857). Coll. Papers, Vol. II 
No. 146, §§ 29-31. 
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and substituting these values in the equation of the cubic, 
we obtain 

(^2/i +/^2/a +H'Zg,)=zO 

or, 3\ixS,x^x^(\x^ +fxx^) + Sm\fii(\x^ 

whence +t /2 2 !i )=0 

and consequently, by the preceding condition, we obtain 

*s(yi«»+y>2i)+ys(«'i*«+«s’i)+2s(*i2/!i + *ii2/i)=0 ... (5) 

Thus the necessary conditions for collinearity of three points 
on a cubic are given by (4) and (5). 

These conditions can also be shown to be sufficient : 
^.e., the three points satisfying the conditions (4) and (5) are 
collinear. 

For, if not, let the line joining the two points 

*i). 

meet the cubic in the point 

Then, =0 

which shows that and are points 

on the line 

... ... ( 6 ) 

Similarly, from (5) the two points are found to lie on 
the line 

(2/i2'»+2/a«i>+(2'i^a+39»i)y + (»iya+‘^a2/i)^=0 - (7) 

whence the two points (x^,y^,z^) and (x^\y^\z^') 

coincide at the intersection of (6) and (7), which proves the 
proposition. 

Thus the necessary and sufficient conditions that the 
three points on the cubic are collinear are — 

«,»,»s+yiy,y»+2iz,*,=0 

(2/i*i +yi*i)»s + (*i»» +«*»i)3's + (*1^1 +»syi )*» =0 
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50 . The co-ordinates of the tangential point : 

Let any two, namely A and B, of the three points 

coincide. 

ITien we have 

... ( 1 ) 

Now, if the equation of the tangent to the cubic at A is 

then : yi^y^ : : v®— A* : A®— /a®; 

Also A : /X ; v’=^x^^ ’■\‘ 2 my^z^ : y ^^ : Zy^^^ 2 mXiy^ 
Thus we have — 

/X® — V® =k(yi ® (2/1 * +^i * — 8 m®aJi *) 

=— /;(l 4 - 8 m®) 

since i^nynSSy) is a point on the cubic. 

Hence finally, 

«3i*«5s • ^1*2/3 • 2 i®2?3=/x®— V® : V®— A®:A»— /X® 

^.e., the co-ordinates of the tangential are proportional to 

• 2^1 («?!"•“ 2 /x*)- 

If all the three points A, B, C coincide, we have 
+2?i®=o 

and consequently -r 1 2/ 1 1 = 0 . 

Therefore, at a point of inflexion, we must have 

It is to be noticed that 

7 
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51. Pencil of tangents : 

Theorem : The four tangents which can he drawn from any 
'point of a cubic form a pencil of constant cross-ratio.^ 

This theorem is due to Salmon and the following 
geometrical proof is given by him. 

The polar conic of a point 0 on the cubic passes through 
the points of contact A, B, C, D of the tangents drawn from 
0, and it touches the cubic at the point O, ^.e„ the polar conic 
of O passes through a consecutive point O', and the points 
of contact A, B, C, D. 

Again, the four tangents from O' are indefinitely near 
to OA, OB, OC, OD, and intersect them at their points of 
contact A, B, C, D. But, the six points 0, O', A, B, C, D lie 
on a conic, and therefore 0(ABCD)=:0'(ABCD). Thus we 
see that this ratio remains the same as we pass from any 
point of the curve to the consecutive one. Hence it is 
constant for all points of the cubic. 

52. Analytical proof t : 

Let the tangents at any two points A and B on the cubic 
intersect at C. Taking ABC for the triangle of reference, 
the equation of the curve can be put into the form : 

2 ® -f -3 ^ {ax, + 6t/) 4- xyilx + m?/ + =0 

The line y=Xz meets the cubic, where 

2!®(1 + &A) + (mX^ +nX'{'a)zx + lXti^ =0 

Hence, it is a tangent, i.e,, meets the curve in two consecu- 
tive points, if 

* Salmon, Crelle, Bd. 42 (1351), p. 274. 

t This proof is taken from Prof. Hilton’s Plane Algebraic Curves, 
Chap. XIV, §4. An elementary proof was given by W. P. Milne, 
Quarterly' Journal of Math., Vol. 42 (1911), p. 251 and a projective proof, 
considering the cubic as the projection of the curve of intersection of 
two conicoids, was given by Prof. A. C. Dixon, Messenger of Math,, 
Vol. 26 (2) (1896-97), p. 53. 
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whence the equation of the tangents from A is — 

(my^ ’^nyz + az^)*^4ilyz^{z-{‘hy) ... ( 1 ) 

Now, the cross-ratio of this pencil is given by 

l3(o-hl)*(^“2)Hcr-i)*=27J*(o-*-cr-M)3* 
where I and J are the two invariants of the quartic (1) and 
can be calculated in terms of the co-efficients in (1). 

Since the expressions for I and J are found to be symme- 
trical in a, 6, and Z, m, it follows that the tangents from B 
have the same cross-ratio, which establishes the theorem. 

Prom known properties of cross-ratio of a pencil, it is 
easily established that the sixteen points of intersection of 
two pencils of four tangents, which can be drawn from two 
points of a cubic lie, four by four, on four conics, which 
pass through the vertices of the pencils.t This is known 
as Hart’s Theorem. 

For a real curve, the cross-ratio is real, if the four 
tangents are all real, or all imaginary (conjugate in pairs). 
It will be a complex quantity of modulus 1, or the I’eal 
quantity — 1, if of the four tangents two are real and two 
conjugate imaginary. 

53. Cross-ratio in terms of the parameter: 

From what has been said above it is evident that each 
cubic is characterised by a definite value of this cross-ratio, 
which is an absolute invariant for any projective transforma- 
tion, and this is the single absolute invariant of the curve. J 

If the cubic be given in the canonical form 
a, 3 ^Qmxyz^O 

the cross-ratio must be a definite function of the parameter m, 

* Burnside and Panton, Theory of Equations, Vol. I, Ex. 16, p. 148-50 
t Salmon, Orelle, Bd. 42 (1851), p. 276. 

X J. Thomse, Uber orthogonal© Invariaiiten der Kurven dritter 
Ordnung (Leipziger, Ber. 51, 1899). 
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Now, the. equation of the four tangents drawn from^J^iy 
pioint of the cubic 

+z^^^6mxyz=:0 

can be easily obtained. Thus the equation of the four 
taqgents drawn from the point (0, 1,-1) is given by * 

Ps(A/)^-4/.a7'=0, 

where A/=^ ^ ^ +y^ +6mi!eyz) 

=3(y— 2;)(iy-|- 2 ;— 2maj) 
and A7=3(t/ + 2 — 

Ps{3(^-2;)(y + 2: — maj)}*— 4 . 3 ( 5 ^ +i2—'2mii5) x/ 
^S(y+z--2mx){S(y—z)^(y-\‘Z--2mx) 

— 4(a}^ 4*2® +67nyy2;)}=:0. 

To determine the cross-ratio of this pencil, consider 
the section by the line 2 .=0. 

Then (2m^— y)(4.t;® -fy® )=0 

^.e. 4«*y-bl2m*aj^t/® — — y*=0 ... (3) 

whence I=8m(— 1)— 4(— 1)(— m) + 3(2m^)® 

^I2m(m®— 1) 

and J=8w. 2m®. (— 1)+2(— l)(2m®)(— m) 
-8m(-m)*-(-l)(-l)®-(2m®)» 

= —8m® —20m* -f 1 

Thus the equation giving the cross •ratio becomes 

16m*(m*— 1)* _ (<7*— cr+l)* ..x 

(8m® +20m*--l) ® "" (a-H-l)®((r-2)»(2<r -!)• ^ ^ 

This gives twelve values of m for a given value of a, and 
consequently in the system of cubics, there are twelve curves 
which have a given cross-ratio <r. 

* Theory of Plane Curves, Vol. I, § 67. 
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54. Habmonic and EQUIANHAEMONIC CDBICS:* 

If cr is a root of or*— <r+l=0, z.e,, when cr is equal to ■— w 
or —< 0 *, where w and w® are the imaginary cube roots of 
unity, the ratios become equal, three by three, and are said 
to be equianharmonic. They give four values of m and 
the four curves corresponding to these values are said to be 
eqidanharmonic. 

If O' is a root of any one of the equations o- 4-1=0, 
0 -— 2=0, 2o-— 1=0, there are only six different values 
of m, and the curves coincide two at a time; i.e,^ if o'= — 1, 
or l/o'= — 1, then the remaining four values become res- 
pectively equal to 2 and two by two. This ratio is said 
to be harmonic and the curves corresponding to the six 
values of m are said to be harmonic. 

Thus, corresponding to each value of cr, there are twelve 
different cuhics, and of these six are harmonic and four 
equianharmonic. 

For all equianharmonic curves, (r®—a- -4-1=0, and conse- 
quently 1=0, and this gives two real values of m. 

For all harmonic curves J =0, and there are only two 
real values of m. 

If O' =1, 0 or oo, then the six ratios coincide in pairs and 
they are respectively equal to 1, 0, oo. If the curve has a 
double point, two of ^the four tangents must coincide and 
the discriminant of the equation (3) must vanish. This 
requires that I®— 27J*=0. The expression for this in 
terms of m is (l-f-8m®)* =0. 

Hence the condition for a double point is l-f8ui*=0. 

We obtain the degenerate cubic consisting of the sides 
of the fundamental triangle, when m=oo. 

It can be easily seen that a harmonic cubic is the 
Hessian of its Hessian, and the Hessian of an equian- 
harmonic cubic degenerates. 

* Aronhold, Crell, Bd. 39 (1850), p. 163. 
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Ex. 1. Find the cross-ratio of the pencil of tangents drawn from 
any point on the cubic 

(» + y -h z)^ ^Tcxyz, 

Ex. 2. If all the polar conics for a cubic have a common self- 
conjugate triangle, the cubic is equianharmonic. 

Ex. 3. The polar conics of a point P of the plane iv.r.t, a pencil of 
cubics form a pencil, whose base-points are the points of contact of 
the four tangents drawn from P to the curve passing through P 
(Cayley). 

Ex. 4. Establish Salmon’s theorem on the cross-ratio of the pencil 
of tangents of a cubic, by using the form 

y‘^z = 4ix^ —g^xz^—g^z^. 

[Here I = 16^ra, J = 64s^3-] 

Ex. 5. Show that for a harmonic cubic =0, and for an equian- 
harmonic cubic S' 3 = 0 . 

55. Conjugate Poles : 

Theorem : If the 'polar conic of a point A with respect 
to a cubic hreahs up into tivo right lines intersecting at the 
polar conic of B breaks up into two right lines intersecting at A. 

The two points A and B are called Conjugate Poles.* 

If (a?!, ^1, z^) and (a?2, co-ordinafces of A 

and B respectively, the polar conic of A w.r.t. the cubic 

/=.c 3 +2!® -f is: — 

+ 2^1(2® + 2 ma!y)= 0 . 

If this has a double point at B z^), we must have 

4 

0<^/6iea=O, Q<l>jdyt=0, 

d<A/ 0^2=0. 


* Cayley, A Memoir on Curves of the Third Order” — Coll. Papers, 
Vol. IT, p. 382. 
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These conditions reduce to the three equations : 

l'iy«+w(2iir»+^»»i)=0 y ... (1) 

z,«, +m( +®,yi)=0 ) 

Since these equations are symmetrical in the co-ordinates 
of the two points, it follows that the polar conic of B also 
breaks up into two right lines intersecting at A. 

By eliminating or between the 

equations (1), we obtain the same determinant 



1 

1 

mz^ 

my^ 

=0 


1 

1 mz^ 

Vx 

rnoji 



my^ 







1^1*1 =0. 


This shows that the locus of both the points is the 
Hessian, and it follows in consequence that the Steinerian 
of a cubic coincides with its Hessian. 


56. Net op polar conics : 

The equation of the polar conic of a point y\ z') is 




9/=o 

0 ^ 


... ( 1 ) 


Thus the system of polar conics of a cubic curve repre- 
senting the doubly infinite system of first polars forms a net, 
if (oj'j y', z') are regarded as parameters,* 


* In general, a net of curves of order m may be considered as a 
system of first polars of a curve of oi’der (m + 1). Any three curves 
of the net generally contain fm(m + 3) constants. The first polars of 
three different points involve l)(w + 4) constants of the original 

curve and the six co-ordinates of the three points, and theiefore, in all 
^(m + l)(m + 4) +6 constants. These two numbers will be equal, if 


m*«2. Hence, a net of conics can always be considered as the system 
of first polars of a curve of the third order. ^ ^ 
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It should be remembered that so long as we deal with 
a pencil of conics, each point A corresponds to the conju- 
gate point B, through which pass the polars of A with 
respect to the same pencil. But in the case of a ^net, 
this is not, in general, the case. There is a series of points 
A whose polars with respect to three, and therefore all, 
conics of the net pass through one and the same point B, 
The locus of A is called the “ Jacobian ” of the net of 
conics. The points B also lie on the same curve. 

The polar lines oi K z^) w,rJ. the three conics 

/,= 0 , /,= 0 , /,=0 

will be concurrent at B t/s) ^ 2 ) 
if «ia!»+w(«,^,+2»2/,)=0 'V 

2/i#s+«»(*x*»+2»®i)=0 (1) 

ai*»+w(a!,jf,+a!sjfi)=0 J 

which shows that A and B are points on the Hessian. But 
they are conjugate points with respect to each of the conics 
=0, /y =0, =0 ; and consequently with respect to all 

conics of the system 

Hence the Hessian of a cubic is the Jacobian of the net of 
polar conics 

The line AB is cut in involution by the system of polar 
conics, A and B being the foci of involution. 

If ^/*-hw/y-|-w/,=0 

breaks up into two right lines, they intersect at A or B 
and touch the Gayleyan. 


* Salmon, Conics, § 388. 
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57. Tkkokmm, 

The ^olar Hue with respect to the cttbic of a point A on the 
Hessian touches this latter curve at the conjiujate pole B, 

The polar line of a point A (ajj, z^) w,r.i, the cubic 
/= 4*bm.<y-2?=:0 

is x(x . I * 4* 2?/iy i ? i ) +y (y ^ + 2mz ^ a? ^ ) 

+ «(?!* +2m,riyi)=0 ... (1) 

From the tirst and third of the equations in the preced- 
ing article we obtain — 

'1LL-_- rr ^ 3 ; tl fsav) 

Then, 

+ 2m:m«y* — JaOJjXwf*— m»y,2fa)] 

= A:® [3??^^.^;aya -~-2m^y\--2x\)'] 

But ( Tg, yg, "g ) being a point on the Hessian, 

m*(a‘g4yg4-r^— ^1 + 2^3) 

:. c:./ = (l + 2ms).rgyg2;g--w»(-i'/4yg'') 

X 1 * + 2??i ?/ ^ 2 J = /. * [ 3m * X a® y a* — 3r/i * , 

4(l+2m®)(ajgy,^,»~-m®yg*^a)] 

= A:*(m®yg® — rgJTg) [3m*.rg* — (l + 2m®)yaaa]- 

Similarly, 

y/-f 2/rt.?^a?i=/. ®(m®yg®--:a.ra) [3m»yg® — (1-f 2m»)^g rg] 
and 

z^*+2maj,y, =.^’*(m®ya [3m*Z8® — (1 +2m»).<jgyg] 

.*. The equation (1) of the polar line becomes 
.t [3m®ujg*— (l + 2m»)y,2r,]+y[3m»yg» — Cl + 2m3)2g.r3] 

-h 2 [3 w * i? a* 1 d* 2m * ) , y g ] = 0 

which is the equation of the tangent to the Hessian at the 
point B (ajg, y*, ^a)- 
8 
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A simple geometrical proof may also be given by 
considering the Hessian as the envelope of lines two of 
whose poles, with respect to the cubic, coincide, when the 
tangent at any point on the Hessian becomes the polar 
line of the conjugate point, (See Art. 27.) 

58. Theorem ; 

The tangents to the Hessian at two conjugate 'poles A, B 
intersect on the Hessian at a point G, which is conjugate to the 
thiri point in which AB intersects the Hessian again,^ 

Let P, Q, R, S be the four points of intersection of the 
degenerate polar conics of A and B. 



The lines PR and QS then may be taken to constitute 
the polar conic of some point C' on AB, which again must be 
a point on the Hessian. If they intersect at 0, then C is a 
point on the Hessian con jugate to C'. 


Cremona, Introduzioni ad una teoria^ etc,^ § 133, 
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Again, the polar line of A with respect to the cubic is 
also the polar line with respect to the polar conic of A, 
w,r,t, the conic consisting of PS, QR. But the triangle 
ABC is self-polar for all conics through P, Q, R, S. Hence 
BC is the polar line of A which is consequently the tangent 
to the Hessian at B. Similarly, AO is the tangent at A. 
Hence the tangent at A and B intersect at C on the Hessian, 
which is the point conjugate to C'. 

Thus, two conjugate 'points have the sa'nie tangential on the 
Hessian. 

Since the polar conic of 0 passes through A and B, it 
consists of the line AB and another line passing through 
O', the third point where AB meets the Hessian. Thus 
we obtain the following theorem : — 

A line which joins two conjugate poles on the Hessian 
forms a part of the polar conic of the point conjugate to the 
third pointy where the line intersects the Hessian. 

From what has been said, it is seen that the conjugate 
point B is the point of contact of a tangent dr awn from the 
tangential C of A. But three other tangents, different 
from the tangent at A, can be drawn from C to the curve, 
and the points of contact B, B', B" are conjugate to A with 
respect to three different cubics, for which the given cubic 
H=0 may be taken as the Hessian. Hence the points of a 
cubic can be arranged into conjugate pairs in three different 
ways. 

59. Schroter’s method of construction of the cubic. 

If we start with any pair of conjugate points P and 
P', with a common tangential point T, and join P, P' to any 
point Q on the curve, then PQ and P'Q intersect the cubic 
again in the points R and R' respectively. The lines P'R 
and PR' intersect the curve at the same point Q', conjugate 
to Q. For, let P^ and P/ be two other points on the curve 
consecutive to P and P' respectively. 
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Tkeii PjPRP/ P'R' is a hexagon inscribed in the cubic. 
Two pairs of opposite sides (PiP, P/P^ (PR, P'RO 

intersect respectively in the points T and Q on the curve. 
The third pair P/R and P,R' (which ultimately coincide 
with P'R and PR' respectively) intersect at the point Q' 
on the curve (§15). 

Again, RQR'Q' is a quadrilateral inscribed in the cubic, 
whose opposite sides intersect at the points P and P' on the 
curve. Therefore the opposite vertices Q, Q' and R,R' have 
the same tangential points, or in other words, Q and Q' are 
conjugate poles, as also are R and R'. Hence we obtain the 
theorem : — 

On each cubic there are three different systems of conjmjate 
points such that any tioo pairs joined cross-wise give another 
pair of conjugate points. 

Thus a suflBcient number of points of a cubic can easily 
be determined, when three pairs of conjugate points are 
given. This method, in fact, is used by Schrbter* for 
generating a cubic curve 

Schrbtert has studied the properties of cubic curves 
with reference to conjugate points and gives the following 
general theorem for finding conjugate points on cubic curves. 

The four common tangents to each pair of three conics not 
belonging to a pencil form a complete quadrilateral. The 
eighteen vertices of the three quadrilaterals thus formed lie on 
a curve of order three and form nine pairs of conjugate points. 

Em. 1. It* three polar conics of a cubic are rectangular hyperbolas, 
prove that every polar conic is a rectangular hyperbola. 

Ea. 2. In E». 1 shew that the Hessian is a cubic through the 
circular points at infinity whose singular focus lies on the Hessian. 

E». 3. Shew that the co-ordinates of two conjugate points A and B 
on the curve + ?y^) — — S®*) may be taken as 

(cos a, sin a, ~3 sin 3a) and ( — cos a, sin a, — 3cos 3a) 


* Schrfiter, Math. Ann. Bd. 6 (1872), p. 50. 

t Schroter, Die Theorie der ebeneu Kurveu 3 Ordnung (1888), p. 35. 
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60. Till] CaylkyAxN : 

Definition : The envelope of the line joining two conju- 
gate poles on the Hessian was called by Prof. Cayley the 
Pippian ; but it is called by Cremona the Cayleyan.^ 

From § 56 it follows that the Oayleyan is the envelope 
of lines which are cut in involution by the system of polar 
conics, and it is the envelope of the lines which constitute 
the polar conics of points on the Hessian.t 

The equation of the polar conic of a point ( ^ y', :') with 
respect to a cubic /=0 may be written as 

a',1 * -f- 5'i/ ® 4- ■ 4- 4- 2h'.i'y=:0 ... 1 1 ) 

where a\h\c\ are the second differential co-efticients 

of /, in which have been replaced by 

respectively. 

l| it breaks up into two lines, the equation must be 
identical with 

(Xjt+fiy + v:)^ + ^ ■■■ 

Comparing tlie co-eflicieuts of y., z.e and .>y in (1) and (2) 
we obtain — 

2f=^y+ it 2o'= Jf — 

fl V V \ 

2/i'= 2^ + ^ . ... (3) 

A fj. 

Eliminating between equations (3;, the tan- 

gential equation of the Cayleyan can be easily obtained. 

* Cayley, Journal de Math., Vol. 9(1) (1844), p. 290. 

t In the case of curves of higher degrees the envelope of lines join 
ing corresponding points is distinct from the envelope of lines into 
which the polar conics break up. 
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Using the canonical form, we have — 

6'=:6y c'=6s', f'=::6m.i\ h'=:6mz' 

and the equations (3) become — 


+yA* — 27?2A/A3' = 0 

^V2-2wvXy + A.*2'=0 

— 2m/xv.t ' + r * y + jw, ® 2 ' = 0 

Eliminating y, between these equations, we obtain 
the equation of the Cayleyan in the form : 

I /ji® X® — 2m\fjL 1=0 

i v‘ -2m\v \» 

I 

\—2mfjiV r® /A® 

or C=s^>i(^X‘'’ +/UL* -hr® ) + (l--4m‘*)X/jtv=0 ... (4) 


omittiiig the factor X/av, since it cannot form the part of the 
envelope, the Cayleyan being of the third class. 


61 . Theoiiem : 

The nine hannonio polars of a cubic are cusjjidal tangents to 
the Cayleyan. 

Since the inflexional tangent and the corresponding 
harmonic polar constitute the degenerate polar conic of a 
point of inflexion, the inflexional tangents and the harmonic 
polars touch the Cayleyan. 

The equation of the Cayleyan may be written as 

CsX® -f-ft® -f-r® -f-6A'X/Av=0, where 6A;=(1— 4??^®)/m 

which again can be written in the form 

(X4*/a--2A’v) ^a)X+ 2A’v)((o®X+ w/A— 2A:v) 

=:--(l + 8A:®)v®. 

showing that the three factors on the left give the cusps 
on the curve. 
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For, let P be the point X-h/it— 2A‘v=0. 1/^=0 represents 

the third vertex C counted thrice. Therefore the lines 
joining P to three coincident points at C arc tangents 
to the Cayleyan, i.e.^ three contiguous tangents pass 
through P. Hence P is a cusp on the Cayleyan and PC is 
the cuspidal tangent. Similarly, the other two factors 
give two other cusps Q and R, QC, RC being the cuspidal 
tangents. 

The line joining 

A-h/x— 2A-r=0 and v=0 gives X-ffe.=0, /x= — X 

and the point-equation of PC is a;— ^=0. Similarly, the 
point-equations of QC and RC are respectively [/?— <i)y=0, 
ii!— ; but these are the equations of the harmonic 
polars of the points of inflexion of the cubic on the line z=:0. 
Similarly, it can be shown that all the harmonic polars are 
cuspidal tangents to the Cayleyan. 

Combining this with the theorem of the preceding article, 
since these equations are independent of m, we may deduce 
the following theorem : — 

The nine inflexional tamjents of a curve of the third order 
in a sygygefic system determine a curve of the third class, having 
the same cuspidal tangents. 

Ex. 1. Tlie Cnyley«n of a non-singular cubic is a sextic curve with 
nine cusps. 

Eao. 2. The poles of a line a cubic are the vertices of a 

quadrangle whose sides touch the Cayleyan and the diagonal points 
lie on the Hessian. 

Ex. 3. Find the equation of the Cayleyan of the curves . 

(i) z^x — y(y--x){y-^k^x) 

(it) a(jB* +1/®) =83® (n’O 

Ext 4. What is the Cayleyan of a cuspidal cubic ? 
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(32. Order of thk Cayleyan: 

We have seen (§ 27) that the polos 


of a 


tangent 


to the Hessian at any point M are the points of contact 
with the CJ ay ley an of the lines which constitute the •j:)olar 
conic of M and the point R counted twice, where R is the 
point conjugate to the tangential li of M. Thus, the 
locus of the poles of the tangents to the Hessian includes 
the Cayleyan and the H essian counted twice. 

The polar line of a point 2 ') being 

the condition that this should touch the Hessian involves the 
co-efficients in the sixth degree, and therefore the variables in 
the twelfth degree. Hence the locus of the poles is of 
twelfth degree, but contains the Hessian counted twice. 
Hence the Cayleyan is of degree six. 

The equation of the Cayleyan is obtained in the forra— 

-- 24A;^. 2 / ' ® + y '" + 2 ^ — 24fr ( 1 -h 2 Ar** ) »« ?/ * 3 « =0 
^vher e H A: s ( 1 — 4 m ® ) j vi 


1 . Shew that the Cayleyan of a cubic is of class three. 

Eao. 2. A line is divided in involntion by three pjivon conics. Shew 
that the envelope of the line is of third class. 

Ew. 3. The polar line of A n\r (. the polar conic of the conjugate 
pole B for any syzygetic cubic touches the Cayleyan, 

63. If A, /A,v be eliminated between the equations (3) 
§ 60, we obtain the equation of the Hessian. The form of 
this equation is the same as that of the given cubic, and 
therefore the Cayleyan C stands to the vertices of the 
fundamental triangle in the same relation as the original 
curve stands to the sides. The tangents to this curve 
drawn from the vertices cox^respond to the inflexional 
tangents on the original curve. If m is regarded as a para- 
meter, the equation (4) represents the system of Cayleyan 
curves of the system of cubics defined by the canonical form. 
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64. Thk Pole Conic of a given line* : 

Definition: The locus of points whose polar conics 
with regard to a given cubic touch a given line is a conic 
and is called the Foie Gome of the line. 

The polar conic of a point («', y\ z') with regard to a 
cubic may be written as — 

a*.i ^ + h'y* +2fyz-^2g'z + 2h\ry=0 

where a\ b\ c\ etc , have the significance of § 60. 

The condition that this touches the given line 

is — 

A7.* -f 2PW + 2CW + 2H'Zm=0 ... (1) 

where A', B', C', are the minors of a\ h\ c! ^ in the 

determinant 

a' /// 

// y r 

r/' / 

iiid are therefore functions of second degree in (r', y', 
Hence the locus of (a/, y\ z') is a conic, which is called the 
Foie Conic of the given line and its equation is — 

AZ* +Bi? 2* + 2Fmt^4-2GwZH-2HZm=0 ... (2) 

EiC. 1. Shew that the pole conic of a line can be defined aa — 

(i) the envelope of polar lines of points on the line, 

{ii) the locus of poles of the line w.r.t, the polar conics of 
all points on the line. 

Em. 2. The tans:cnts to a cubic touch their pole conics. 

Ex. 3. Deduce the tangential equation of the cubic. 


* Theory of Plane Curves, Vol. I, §77. 
O 
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E», 4. The pole conic of a tangent to the Oayleyan reduces to a 
point. [The tangent together with its conjugate line constitutes the 
polar conic of some point, and all the polar lines of points on the 
tangent pass through this point.] 

E». 5. The pole conic of the line at infinity is the loons of points 
whose polar conics touch the line at infinity, i.e , become parabolas. 
(See Vol. I, § 91.) 


65. Properties op the Pole Conic * : 

Prom Maclaurin’s theorem, it follows that if a line 
intersects a cubic in the points P, Q, R and tangents be 
drawn at these points, the polar line of any point on the 



line with respect to the cubic is the same as its polar line 
with respect to the three tangents. Now, if these tangents 
be j 2 / 2 ^= 0 , the polar line of ( /, y\ z') is — 

xy'J+yz^jiZ+zx'y'szO ... ( 1 ) 

Also iaj'-f wy'+n/=:0 ... (2) 

* Salmon, H. P. Curves, § 186. 
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Hence, the pole conic of the line is the envelope of (1), 
subject to the condition (2), 

v'(Zrj) + V'(my) + v'(n2f) =0 ... (3) 

which is an inscribed conic of the triangle formed by the 
tangents, D, E, P being the points of contact. But from 
each of P, Q, R a second tangent can be drawn to the 
conic, and let L, M, N be the points of contact of these 
tangents respectively. By the properties of the inscribed 
conic, the groups A, L, D ; B, M, E ; and C, N, P are each 
collinear and those lines meet in a point. By the harmonic 
properties of quadrilaterals, the points D, E, P are harmonic 
conjugates of P, Q, R with respect to the point-pairs 
B, C; C, A and A, B respectively. 


66. Intersections of a line with its Polk Conic : 

The pole conic of the line .»'=0 w,r,t, the cubic 
«» ® -f 2/® 4"-^® -f 6wi;y;8?=0 

is having and £=0 as tangents at the 

points where ct=0 meets it. 

The lines joining the vertex A with the points where 
. 1=0 meets the cubic are — 

2/ + «=0, 2/-f(o:=0, 7/-fw®£=0 ... (1) 

These lines together with y=0 form an equianharmonic 
pencil, since the six cross-ratios of this pencil are 

—0), — w, — 0) ; — ci>*, — 0)*, — <!>•, 

Similarly, 2=0 forms with the lines (1) an equianharmo- 
iiic pencil. Therefore the transversal ^*=0 meets both these 
pencils in equianharmonic ranges. We thus obtain the 
theorem : 

The •points of intersection of a line with its •pole conic are 
situated equianharmonically with regard to the points where 
the line intersects the original curve. 
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67. Theorem : 

The polar conics (line-pairs) of tivo conjugate poles touch 
the Gayleyan in four collinear points. 

Let AQ, AS and BQ, BS be the polar conics of two 
conjugate poles B and A respectively (Fig. § 58). Let C' 
be the point conjugate to C. The polar conic of C consists 
of AB and a line Globed drawn through C'. Let this line 
intersect AQ, AS, BS, BQ in the points a, 6, c, d respec- 
tively. Then a, 5, c, d will be the points of contact with 
the Cayleyan of those lines respectively. 

Now the poles of AC are the intersections of the lines 
AB and Gahcd with the lines BQ, BS, z-'.e., the poles are 
the points c, d and the point B counted twice. But AC is 
the tangent to the Hessian at A. Therefore the points c, d 
are the points of contact of BS and BQ with the Cayleyan. 
Similarly, a and h are the points of contact of AQ and 
AS with the Cayleyan, which proves the proposition. 

68. Theorem : 

The line joining two conjugate poles is divided harmonically 
at the point where it cuts the Hessian again and its point of 
contact with the Cayleyan,^ 

Let C' be the complementary point t on AB, and join the 
two conjugate poles C and C', If D' be the complementary 
point on CC', the line CC' and the conjugate line through 
D' constitute the polar conic of some point on the Hessian, 
This conjugate line DD' intersects AB in its point of 
contact with the Cayleyan, 

But every polar conic divides harmonically the line 
joining two conjugate poles. Hence the lines CC' and 
DD' divide AB harmonically, which proves the theorem, 

♦ Cayley, Phil. Trans., Vol. 147 (1857), p. 425. 

t The point in which the line joining two conjugate poles meets 
the Hessian again is called by Salmon the complementary point. It 
is the point where the lino is cut by the conjugate line, the two forming 
the polar conic of some point. — See H. P. Curves, § 176. 
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69. Thkokem : 

The Hessian touches the nine inflexional tangents at their 
intersections with the corresponding harmonic polar s. 

The polar conic of a point of inflexion A consists of the 
inflexional tangent and the corresponding harmonic polar 
intersecting each other at which is conjugate to A, and 
both A and B lie on the Hessian. The lines are tangents 
to the Cay ley an. The inflexional tangent AB is the polar 
line of A, and therefore is the tangent to the Hessian at 
the conjugate pole B- Hence the inflexional tangent AB 
touches the Hessian at its intersection with the corres- 
ponding harmonic polar, 

E». The three tangents which can be drawn to the Cay ley an from 
any point on the Hessian are the line joining the point with the 
conjugate pole and the two lines constituting the polar conic of the 
conjugate pole (Cremona, § 133). 


70. Points of contact of the Cayleyan with the 
Hessian : 

The inflexional tangent AB is an ordinary tangent to the 
Cayleyan, while the harmonic polar through B is a cuspidal 
tangent (§ 61). But AB is also a tangent to the Hessian 
at B and therefore the complementary point is B, and the 
conjugate line to AB, on which the point of contact with 
the Cayleyan must lie, is the harmonic polar, intersecting 
AB at B. Hence B is the point of contact of AB with 
the Cayleyan, /,r., the point of contact of the inflexional 
tangent with the Cayleyan is the point where it meets 
the harmonic polar. Thus the Hessian and the Cayleyan 
touch each other at B with the common tangent AB, which 
is the inflexional tangent of the cubic at the conjugate 
pole A. Thus we obtain the theorem : — 

The Cayleyan and the Hessian touch each other at nine 
points^ which are the points of intersection of the inflexional 
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tangents with the corresponding harmonic polar Sy the common 
tangents being the nine inflexional tangents to the cubic,* 

That the Hessian and the Cayleyan correspond reci- 
procally has been shown by Cremona (§41), For further 
information, see Scott, Pbil. Trans,, Vol. 185 (1894), and 
Gordan, Trans. Am. Math, Soc., Vol. 1 (1900). Properties 
of cubic curves with reference to poles and polars were 
discussed by Loudon, Math. Ann. Bd. 36 (1890). 

Ex, 1. Shew that the Cayleyan of a cuspidal cubic degenerates 
into the cusp and the intersection of the cuspidal and inflexional 
tangents. 

Ex. 2. Shew that the Cayleyan of a nodal cubic is a conic. 

Ex. 3. Shew that the Cayleyan is the envelope of the mixed 
polar line of two points on the Hessian, cf which one is the 
tangential of the other. (Cayley.) 


* * These two curves cannot touch each other at more than nine 
points; for the Cayleyan is of degree six and the Hessian of degree 
three. The number of common points is therefore 18, If they touch 
each other at more than nine points, they would intersect in more 
than 18 points, which is impossible. The number of common tangents 
is also nine, for they can have only 18 common tangents, one being 
of class 6 and the other of class 3. When they touch at a point, the 
common tangent at that point counts as two common tangents. 
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Rational Cubics 

71. General Properties : 

There are three classes of cubic curves with a double 
point, namely, the nodal cubics, cuspidal cubics and acnodal 
cubics; and consequently these are the only cubics of 
deficiency zero, whose equations can be expressed in the 
parametric forms, i.e., the co-ordinates are expressible as 
rational and integral functions of a parameter. In the 
case of a non-singular cubic, the deficiency is unity, 
and the co-ordinates are expressible in terms of elliptic 
functions. 

Writing the parametric equations of a cubic in the 
form : — 


ojrrafjA® H-ajA® 4* + =/i ' 

= -htjA* s/g'A) > ... (1) 

^=CoA’^ +CiA® H-rgA-f Og s/gfA) y 

the implicit equation of the curve may be obtained in a 

determinant form by eliminating A between these equations. 
The resulting equation i.s of degree three, and thus it 
represents a curve of the third order, and of class four. It 
gives the general parametric representation of all the x>« 
rational curves of the third order in a plane.* 


* Igel, Ober ebene Kurven dritter ordnang niifc einem Doppel- 
pnnkt, Math. Ann. Bd. 6 (1873), 
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72. Inflexions and double points : 

If the three points with parameters X, /x, v lie on a 
straight line 

we must have 

^fiW + «»/s(X)+»f,(X)=0 "N 
yi(M)+»«/s^M)+»/s(/*)=0 ^ — (1) 


Eliminating Z, w, n, we obtain the determinant equation : 


AO ) 

AO ) 

A (^) 

AO ) 

A (/“) 

AO ) 

AO ) 

A ( v ) 

A^O 


which is the product of the two matrices — 


1 «0 



^^3 


x» 

X’ 

X 

1 

&0 





,X« 

ft* 


1 

^'o 

Cl 

Ca 

fs 

j 

V» 

V* 

V 

1 


whence we get 


1 —(X+^ + v) {\fA + fJiV + vk) — X/XV 


=0 


h. 


Cq Cj Cj 


c 


3 


This may be written in the form— 

^’o •h^^(^+/^ + *') + ^a(^M*+'/xi'+vX)4’ A*5X/xr=0 (2) 

where ^i» the determinants of the first 

matrix above written. 
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If now A.=::.jw,=v, the parameters of the points of inflexion 
are obtained from (2) in the form — 

... (3) 

which shows that the three inflexions lie on a right line. 

The discriminant A of (3) is given by — 

As(A:oA:3 — 4(A;iA: 3— A;a*)(A;oA;2— A;/) ... (4) 

and one or all the three inflexions are real, according as 
A is positive or negative. 

Again, the double point on the cubic corresponds to two 
different parameters a and and if X be the parameter of 
any point, then the three parameters a, /ff, X must satisfy 
the condition (2) identically, ^^e., for all values of X, 

+ A:^{a-f“^ + X)-|- Ajji^X + aX + a^)^* A'gXa^rrO 

whence, 

A Q “h Hf- 

A'l -h A:3(a + ^)-|-A;3a^=0 

and consequently, a, are the roots of the equation 



The discriminant of this equation is the same as in (4) 
and the double point is a node or a conjugate point, accord- 
ing as A is positive or negative. 

Hence we obtain the theorem — 

A unicursal cubic possesses one or three real points of 
infle < ion, according as it has a node or a conjugate point, A 
cuspidal cubic has always one real infle rion, 

* Gf. G. Loria, Spezielle Alg, und tranz. ebenen Kurven, Vol. 1 , §38. 

10 
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73. Application to canonical forms : 

The equation of an autotomic cubic can be put into the 
form — 

(;y* — ••• (1) 

where the vertex C is a node, a cusp or a conjugate point, 
according as A; >, =, or <0. 

By putting £D=Ay, we can express the co-ordinates of 
any point in the form — 

.c : y : ... (2) 

The equation of the line joining any two points with 
parameters a and may be written as — 

aj{a® -ha/3-f }— i/{aj8(a-f-/J)} 

whence the tangent at any point a=/3 is — 

a*a(3 — Aa® ) — — z{l — Aa*)®=0 ... (3) 

which is of order four in a, and hence the curve is of class 
four. The parameters of the points of contact are given 
by (3), and if a^, a^, ag, a^. be the parameters, we have 

2ajaaa,=0, i.e., 2--=0. 

a 

By a proper choice of co-ordinates, the equation (1) 
can be put into the simpler form — 

(a-* +^*)2?=aj® 

the upper sign belonging to the case of the acnodal, and the 
lower to that of the crunodal cubic. 

The co-ordinates of any point can then be taken propor- 
tional to 


(i±e*):e{i±e^) i 
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Substituting these values in the equation of an arbitrary- 
line ?.tj+my4-n2=0, the parameters of the three points 
where the line meets the cubic are given by — 

(Z+w) + ==0 

If are the parameters, we have — 

When the line touches the curve at a point of inflexion, 
whence = 

Thus we obtain the theorem : 

An acnodal cubic has three real inflexions^ and a crunodal 
cubic one real and two imaginary ones, 

which was otherwise established in the preceding article. 


Eso. 1. Express rationally in terms of a parameter the co-ordinates 
of any point on the curves : 

(0 (» + !/)(«— y)*=4»y2 (n) — 11-3 

Eso. 2. Find the locus of a point P such that the points of contact 
of the four tangents drawn from it subtend a pencil of constant cross- 
ratio at the node of a nodal cubic 

Eso. 3. Express rationally in terms of a parameter the co-ordinates 
of any point on the cubic 

a(a>— , 

and shew that the sum of the abscissae of the feet of concurrent 
normals is constant. 


Eso, 4. Shew that the equation of a cubic having one real inflexion 
at infinity and two at the circular points at infinity may be put into 
the form — 

27w(«* + y») = (4w- a>) » 


Ex. 5. Shew that the co-ordinates of any point on the curve 

: (!--«)» : - 1 . 


may be taken as 
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74. Unipartite CUBICS: 

From equation (1) of the last article, it follows that the 
parameter for the double point is given by 

If the curve has a node, A; > 0, and \ has two distinct 
real values; and consequently the curve consists of two 
branches, of which one corresponds to the values of the 

parameter between + VI Ik and — Vljh through 0, 
and the other between ^ Vlfk and -- Vljh through oo. 

As k becomes smaller and smaller, the second branch 
gradually disappears and finally forms a loop at the 
double point. If A;=0, there is a cusp produced by the 
gradual contraction of the loop, when the parameter passes 
through oo. 

If k is negative, the double point becomes a conjugate 
point and it no longer lies on the continuous branch whose 
points correspond to the real values of the parameters from 
— oo to -f oo. This acnode is an isolated point that cannot 
be included in the description of the curve by a real 
tracing point,* 

Hence a unicursal cubic cumsistti of a single circuit, i.e., 
it is unipartite. 

But as has been pointed out,t all unipartite cubics 
are not necessarily unicursal. A crunodal cubic is unicursal 
and unipartite, all the points on the curve succeed each 
other in a definite order, and form a single circuit. The 
curve may be regarded as consisting of a loop and an 
infinite branch, the two parts of which are separated by the 
loop. A cuspidal cubic and an acnodal cubic are each of 
them unicursal and unipartite. 

* The curve, due to the existence of the acnode, has, in fact, two 
imaginary branches, and cannot, therefore, strictly speaking, be termed 
unicursal, 

t Theory of Plane Curves, Vol. I, § 241. 
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75 . Bipartite curves : 

If, however, the curve consists of an oval and an infinite 
branch, every right line, meeting the oval once, must meet 
it a second time and no more. Therefore, that line can 
meet the infinite branch only once. Consequently, no 
tangent can meet the oval again, and no points of inflexion 
can lie on the oval part. But from any point outside the 
oval, two tangents can be drawn to it. Hence the oval is a 
continuous series of points, from none of which any real 
tangent, distinct from the tangent at the point, can be 
drawn to the curve. The four tangents drawn from any 
point on the infinite branch are all real, two to the oval 
and two to the branch itself, while the tangents from any 
}>oinfc on the oval are all imaginary. The tangent at any 
point of the infinite branch must meet that branch again 
and not the oval, since, if it meets the oval, it must meet it 
twice. 

Again, the points are not arranged in a single circuit. 
For, if we staj’t with any point on the oval and proceed 
continuously, we return to the starting point, without 
passing through any point on the infinite branch. In this 
case the co-ordinates cannot be rationally expressed in 
terms of a single parameter. The curve consists of two 
distinct branches and is called a hi'partite curve.* 

In fact, a non-singular cubic with unit deficiency 
consists of — 

(1) a continuous portion, called the odd circuity approach- 
ing the asymptote at its ends and contained between two 
lines parallel to the asymptote ; 

(2) a portion called the even circuit or oval, contained 
between two lines parallel to the asym^^ 

Thus, cubic curves may be ’ .itled into two main 
divisions — unipartite cubics and bfpartite cubics. 


Cf. Salmon, H..1. Curves, §§200,201. 
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76. CoLLiNEAR Points : 

If ia}4*my + w2'=0 be the equation of a line, meeting the 
curve in three points with parameters a, y respec- 
tively, substituting the values of a;, z from the equation 
(1) of § 73, we obtain 

... ( 1 ) 

whose roots are a, y and consequently 
a-f/?4.y ^mlel(u — Ik) 
a/3y= — ml(n^lk) 

whence, 

a + l3 + y + kaPy=zO ... (2) 

which is the relation to be satisfied by the parameters of 
three collinear points on the cubic. 

If a=j8=6 and y=a, the condition becomes 

a-f-26-hA*ah*=0 ... (3) 

showing that two tangents can be drawn from any 
point a on the cubic. 

If k=0, the double point is a cusp tnd the condition of 
collinearity (2 becomes 

a + p + yz=zO 

If A* = — 1 isay), the double point is an acnode and the 
condition of collinearity becomes 

a 4* •+• y — a /9y = 0 

Putting a=tan a. yS=tan 6, y=:tan c, it becomes 
tan (a+h* 0, i.e., n 6-fc=0 (mod 

Again, the discriminai.S / (3) is A^l — Hence 

it follows that if the absolute of a is less than a/1/A:, 

h is imaginary, and consequent!^ no real tangent can be 
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drawn to the curve. But in this case the point lies on the 
oval. Hence, from a point on the oval, no real tangent can 
be drawn, as we have otherwise shown. 

If a =4: both the points of contact coincide with 

the double point. It then gives 6=:+A/I/fe as the para* 
meter of the cusp. If A;=0, one of the roots of (3) is infinite, 
and the loop contracts into the cusp, and from any point 
on a cuspidal cubic only one tangent can be drawn to the 
curve and the parameter of this point of contact is 
6=— ^a, the other tangent corresponds to 6=oo, which is 
therefore an asymptote to the curve. 

If a =6, if the tangential coincides with the point 

itself, it is a point of inflexion, and the above equation (3) 
becomes 

=0 

whose roots give the parameters of the points of inflexion. 

These parameters are, therefore, 

ai= 0 , aa = +V'— 3//r, ^3 = — 

These three points of inflexion are real only in the case 
when k < 0, i,e., when the curve has an acnode. When 
A; > 0, the curve has a node, and there is only one real point 
of inflexion, as was otherwise shown in § 72. 

Again, 

-f-a2 ttjajttg=:0 

Ui -f aj +03 -hAaittjjag =0 

i.e., the three points of inflexion of a unicursal cubic lie on 
a right line. 

Ex. 1. Shew that the product of the parameters of three collinear 
points on the curve 

is —1, 

Ex. 2. A chord subtending a right angle at the node of the cubic 
«3 +y^=s:Saxy meets the cubic again at a fixed point. 
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77 . Nodal cubics : 

Consider the line x drawn through the double point 
C on the cubic +y^ + 6 mtyz. Eliminating x between their 
equations, we have A*)+6mAy®2;=0, which gives 

2//^? = •— 6mX/( 1 + X® ) 

and consequently 

“ =-6mX*/(l+^*) 

Thus, X : y : 2= — 6mX® : — 6mX : 1 + X® 

The product of the parameters of three collinear points 
^3 is equal to—l. If Xi=Xa, we obtain = 
or, X3 = — l/Xj’, z.e., the tangential point X3 of X^ is — l/X^®, 
and the points of contact of the tangents drawn from the 
point Xg are given by — 

X^ * = — I/X3, t.e., ^fcA/l/Xg. 

If the line is an inflexional tangent, X^^XgrrXg, and 
the condition is 1 -f-X® = 0 , which gives the parameters of 
the points of inflexion as —1, — w, — o)®. 

If the equation of the acnodal cubic be put into the form 
y*), the co-ordinates of any point may 
be expressed as (cos <^, sin <^, sin ScjS), and the collinearity 
of three points is obtained in the form — 

Ess. 1, The parametric representatio!i of the Folium of Descartes 
x'^ +y^ +3cr»?yg = 0 is given by — 

X : y : z=—Sa\^ : -~8a\ : (l-fA®). 

Ex. 2. Shew that the co-ordinates of any point on the crunodal 
cubic 

x{a^ — y'^) — y(Sx'^ + y^) 

may be put in the form (cosh sinh 0, sinh 3<^). 

Ex, 3. Prove that the product of the parameters of six points in 
which a conic meets the cubic + y^—Gmxyz is +1. 

Ex, 4. Shew that a nodal cubic and its Hessian are in plane 
perspective, the node and the inflexional line being the vertex and 
axis of perspective. 
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78, Cuspidal cubic : 

The co-ordinates of any point on the cuspidal cubic 
can be expressed as 

X \ y \ 2 f=X : 1 : A.«. 

The line 

meets the cubic in points given by 

ZX+m-fwX* =0. 

Hence the sum of the 'parameters of three collinear pmnts 
is zero, and conversely. 

Hence the tangential of a point \ is — 2X, and the point 
of contact of the tangent, drawn from any point X is — J-X. 
At a point of inflexion 3X=0, X=0. 

The equation of a line joining any two points Xj, X, 
on the curve is — 

(Xj* -f-X,Xg +Xa*)a;— XjX5,(Xi -f-X, )y 

For this is satisfied by the co-ordinates of the two points 
having parameters X^ and X,, Hence the equation of the 
tangent at a point X=Xi ==X^ is — 

3X*aj — 2X*y — z=:0. 

If this tangent passes through a fixed point, the above 
equation in X gives the values of the parameters of the 
points of contact of tangents. 

Thus if Xj, Xj, Xg be the parameters, we have— 

XjX, +XjXg -f-XgXj =0, 2 ^ 

Hence the parameters of the points, the tangents at which 
meet in a point, are connected by the relation 



n 
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79, Intersections with an n-zc; 

The points of intersection of the cubic with an n-^c 
/(*>^j2!)=0 are given by /(\, 1, X®)=0, in which the 
co-efi&cient of is zero, and consequently the sum of 

the roots is zero. Thus the parameters of the points of 
intersection of a cubic with an n-ic are connected by the 
relation 2X=0. 

In particular, if a conic intersects the cubic in six points 
with parameters a, 6, c, d, e, /, then 

+ & 4" c + ^ “f* c + jf =0. 

-Again, if gr is a point collinear with b Sbndf on the cubic, 

9= — (e+f)=ia+h+c+d. 

^^e., if a conic through four joints on a cubic intersects this 
latter in two other •points^ the line joining them passes through 
a fixed point on the cubic (§ 19). 

Similarly, all other theorems in residaation follow in the 
case of a cuspidal cubic. 


1. Express in terms of a single parameter the co-ordinates of 
a point on the cur ye 

[ The co-ordinates of a point are given by 

» : V : 2:«a(1+a») : (1+a«) : ] 

Ex. 2, A conic osculates a cuspidal cubic at two points. Show 
that the chord of contact passes through the inflexion. 

Ex. 3. The chord in Ex. 2 is divided harmonically by the inflexion 
and the cuspidal tangent. 

Ex. 4. The locus of the intersection of tangents to the semi- 
oubical parabola = at points subtending a right angle at the 
pusp is a nodal cubic having double contact with the curve. 
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80. OUBICS WITH UNIT DEFICIENCY OR NON-SINGULAR 
CUBICS ; 

We have seen that all curves of deficiency zero is repre- 
sentible rationally hy means of a parameter, while for curves 
of unit deficiency, it is necessary to introduce elliptic func- 
tions in their parametric representation, and we shall now 
directly demonstrate the procedure in the case of non- 
singular cubics ; and for this purpose, we shall make use of 
special forms of equations of a cubic. 

" The equation of any curve of the third order i defici- 
ency 1 ,) may be written in the form — 

• y ( cc — ^)=:0 ... ( 1 ) 

which shows that the point is an inflexion with ,^ ==0 

as the tangent. Through this point there evidently pass 
the three lines — 

y=:0, aj-— j/=0, 

and we get =0, showing that these lines are the tangents 
drawn from the inflexion (uj, y), the points of contact lying 
on «=:0, z-’.e., is the harmonic polar. 

It follows then that A;* represents one of the six cross- 
ratios of the three tangents and the inflexional tangent, z.e., 
the pencil of lines. 

a}=0, y=0. 

The equation (1) is evidently satisfied by putting 


X : y : : /x : V(l— / a*)(1-- 

If now we put /x=sn zi, i,e. 


■=f 


dt 




.. ( 2 ) 
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we obtain — ft* =cnw and a/I— ft*ft* =dnw. Hence 

the co-ordinates are expressed in terms of elliptic functions 
in the form— 

X \ y \ : snw : cnu 6nu 

Thus then to each value of u corresponds a unique point 
on F, but the converse proposition is not always true, to 
each point does not correspond a unique value of the para- 
meter w, owing to the pei'iodic nature of the elliptic 
functions. 

The integral (2) has, in fact, two moduli of periodicity 
O and O', defined as being the values of the integral taken 
on the two oblique sections of the corresponding Riemann 
surface, and are given by— 


n=4 I — — - - 



1 

^ 



dt 




If u is one value of the integral (2), all the other values 
are obtained from w-t-mw+wV, where m and m! are inte- 
gers. For, the periods of snu are O and O', while the 
common periods of snu, cnu, dnu are Q and 2Q'* 

Thus to all points of the curve corresponds an infinity of 
values of the argument, which are comprised within the 
formula 


w-f ^ n-f-w'O' 

we say that the curve has the periods 

“=i“. "'=-2“' 


* Olebflch, Lemons sur la Geometric, Vol. II, p. 367-69. 
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81. Applications : 

If ^8 arguments relative to three collinear 

points on a cubic, it is proved in works on the theory of 
elliptic functions * that 

(mod. CD, cd')* 

and converselyl, three points of the curve lie on a right line, 
if the sum of the corresponding parameters is 

equal to a period. 

If now we put =^3, so that + =0, we see that 

the point of contact of the tangent drawn from the point 
has the parameter of the form 

__ ma)+tnV— 

^8 2 

where m and m! are integers. We may take m and w! 
equal to zero and —1, because all higher numbers may be 
obtained by adding integral multiples of the periods. 
Hence, we obtain the theorem : 

The parameters of the 'points of contact of the four tangents 
drawn from any point u to the curve are 

2 ’ 2 

and conversely, the tangential point of any pointy (v) is 
determined by the equation t^+2?;s0 (mod. co, w') 

i.e., u = —2v (mod. w, <*)'). 

If we put Wj=z«j=W3, we obtain the parameters of the 
nine points of inflexion in the form 

^ 0) (jj> <0 + 2a) 2a)' 

’ 3 ’ 3 ’ “3~ ’ "3" ^ T ’ 

2a)4-a)' a) + 2a)' 2a) + 2a)' 

'S” ’ 'T^ ' ~3 


* A. G. Greenhill, The Applications of the Elliptic Functions, § 144. 
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These may be expressed symbolically as — 


(OOJ, (10), (01), (11), (20), (02), (21), (12), (22) 


whence we see that the nine points lie on the 12 inflexional 
lines — 


( 00 ) '( 01 ) ( 02 ) 
( 10 ) ( 11 ) ( 12 ) 
( 20 ) ( 21 ) ( 22 ) 


( 00 ) ( 10 ) ( 20 ) 

( 01 ) ( 11 ) ( 21 ) 

( 02 ) ( 12 ) ( 22 ) 


( 00 ) ( 11 ) ( 22 ) 

( 01 ) ( 12 ) ( 20 ) 

( 02 ) ( 10 ) ( 21 ) 


( 02 ) ( 11 ) ( 20 ) 
( 00 ) ( 12 ) ( 21 ) 
( 01 ) ( 10 ) ( 22 ) 


It can be easily seen that the periods 


iii 

2 ’ 


2 


and 


(O + U)' 

” 2 “ 


correspond to the points of contact of the tangents drawn 
from the inflexion (00) to the cubic, and since the sum of 
the periods is equal to <o4-o>', the three points are collinear. 

Prom Abel’s theorem it follows that the parameters of 
the Sn points of intersection of a cubic with any n-ic satisfy 
the relation. 

(mod. w, w^) 

If now we put n=2, we obtain — 

+^8 +^3 +^6 +’’^6 =0 ( mod . ( I ), ( u ') 

the sum of the arguments of the six points of inter- 
section of a conic with a cubic is congruent to zero. 

If now we put = we obtain 

which gives the parameters of 36 points by putting m and 
m' equal to 0, 1, 2, 3, 4, 5, and these include the points of 
inflexion. 

Hence, rejecting those nine points, we obtain the para- 
meters of the 27 points where the conic has six-pointic 
contact with the cubic, ^.e., the 27 sextactic points (§21) 
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Putting we obtain 




mw+mV 


which shows that the three points are the points 

of contact of a conic with the cubic, and hence there are 
three systems of conics. 

It will be seen that the curve is bi-partite, the odd 
circuit is given by real values of the parameter u lying 
between Oand o, and the even circuit is given by ?^=v+u>' 
where v is real, lying between 0 and w. 

Various other properties of intersections of a cubic with 
other curves can be established in a similar manner, for 
which the student is referred to Clebsch, Lemons sur la 
Q-eometrie, Vol. II, Chap. II, pp. 355-393. 


jB». 1. Shew that the tangential of a sextactio point is an 
inflexion. 

[If V is the parameter of the tangential, 

u + w + vsO or V s — (mod. (w, cy')] 

Ex. 2. Shew that there are 72 coincidence points on a cubic (§ 21), 

[ The parameter of such a point satisfies 9t^a0(mod. w, w') 

. nrido , Tnf u r < 

' • ■'■-9— “ 0, 1,2, 3) ] 

'Etm. 3. Shew that a point (u) coincides with its third tangential 
if 9t^s0. 

Ex, 4. Shew that six of the coincidence points are real, all lying 
on the odd circuit. 

Ex, 6. A conic has five-point contact with a cubic Shew that it 
meets the cubic again on the line joining the point of contact to its 
second tangential. 

Ex, 6. Shew that a cuspidal cubic has no seztactic point, nor 
coincidence point. 

Ex. 7, Prove that the locus of the lextactic points of a pencil of 
oubics is the nine harmonic polars. 
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82. Particular cases : 

When A;=0, the cubic (1) of § 80 reduces to the form 

a?) 

which has an acnode at (1, 0, 0). In this case the elliptic 
functions reduce to ordinary circular functions,* and the 
co-ordinates are expressed as — 

sin®w : sin u : cos u 

since, when Aj=0, 

sn«^=sin w, cnw=co8 dnt^=l. 

Similarly, when A;=l, the elliptic functions reduce to 
hyperbolic functions and the equation of the cubic becomes 

aj)* 

which has a crunode at (1, 1, 0) and the co-ordinates are — 

tanh®t^ : tanhw : sech^w, since, when fc=l, 

snw=tanh w, cnw=sech dnw=sech u. 

Thus if the cubic is unicursal, the co-ordinates are 
expressible in terms of circular or hyperbolic functions. 

83. Use op Weierstrass’s % function; 

We have explained how the expressions of co-ordinates 
of any point on a curve are simplified by using Weierstrass’s 
^ function .t If the equation^of a non-singular cubic is put 
into the form — 

it is at once found that any point on the cubic may be 
taken as — 

%u, 1 . 

* Greenhill, loc, cit, § 16. 
t Theory of Plane Curves, Vol, I, § 244. 
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It follows that three points with parameters v, w on 
the cubic are collinear, 


if 



1 

=0 



%'v 

1 





1 



whence, as proved in works on elliptic functions, 

+ (mod. w, 0 )') 

where cd, w' are the periods. 

Foi* other particulars with regard to intersections of a 
non -singular cubic with a conic, etc., see Olebsch — Sur 
Theorie der Gurven dritter Ordnung — Orelle, Bd. 63 (1864), 
pp. 115-121. 

E». Shew that the four tangents drawn from any point of the 
cubic form a pencil, having one of the cross-ratios equal to A;*, 


84, Steiner’s Polygon : * 

The formulae we have obtained before may be applied 
to the investigation of Steiner’s Polygon inscribed in a 
unicursal curve. 

Let p and q be the parameters of a Steiner’s pair, 

Through p draw any straight line meeting the cubic in 
two points and w* (say). Joining to q, we obtain a 


* Application to a crunodal cubic is to be found in a paper by 
Weyz— liber Kurven dritter Ordnung mit einem mittelpunkt— Math. 
Ann. Bd. 3 (1871). See also G. Loria, Aoc. cit., p. 29. 

For application of elliptic functions in studying the properties of 
SteineFs Polygon — see Olebsch, Crelle, Bd. 63 (1864), pp. 106-131. 

12 
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third point in which this meets the cubic. Let be the 
third point where the line u^p meets the cubic, and so on. 
We thus obtain, by 2n operations, 2^4-3 points on the curve 

(jp, 

having one of the following groups of 2n conditions satisfied 
by their parameters, according as the curve has a node,* a 
cusp or a conjugate point : 


pUyU^ =A^ 

qu^n^=k 

>w 



qu^n^^k 

► A; = const. .. 

• (1) 





p + Ml+M,=0 

3 + M,+M, 

=0 ^ 



^ ... ( 2 ) 

P + W4n-i+Wa«=0, 9' + Wa»+^aM + i=0 

Pi+^i+WgSO ^ 

-►(modTr) ... (3) 

+^8 n-1 +Wj„ sO, ^ 

If these operations lead to a closed polygon, we must 
have =^ 1 , Substituting in the equations (1), (2), 
(3) and multiplying the n equations in (1 ', or adding the 
n vertical conditions (2) or (3^ we obtain the following 
conditions for the Steiner’s pair, namely, 

p^q 

np&nq (mod «*) 


See Loria, loc, ciL, § ld(a), p. 28. 


(4) 

( 5 ) 

( 6 ) 



llAflONAL CUl^ICS 


el 


whence, if one of j? or ^ is known, the other can be found. If 
n is odd, from (4) we get only the real root but if n is 

even, we have also g. 

Thus, in a crunodal cubic curve there are Steiner's polygons 
the number of whose sides is a multiple of 4 ; if one such 
number is given^ and any point be tal'en on the curve^ then 
there is only one point on the curve which together with the 
given point forms a Steiner's pair. 

The equation (5) is satisfied by p^q only. Hence, 
on a cuspidal cuhic^ there is no Steiner's Polygon in the 
ordinary sense , 

But from (6) we have — 

Mrsg + A; ~ , (ife = l, 2, 1) 

n 

Hence, on an acnodal cubicy there are Steiner's Polygons of 
even order 2n ; if one point is given^ there are w— 1 other 
points each of which forms with it the fundamental pair 
of a Steiner's ^n-gon, 

Ee, 1, Two points having the same tangential point always 
generate a Steiner’s quadrilateral. 

Ex, 2. If P' and Q' are the tangentials of two points P and Q and 
if PQ' and QP' intersect on the curve, then P, Q generate a Steiner’s 
Hexagon. 


85, In the case of a non-singular cubic, we may study 
Steiner’s polygons, as we have done in the case of cubici 
of deficiency zero. It is easily seen, that there is an infinite 
number of polygons of 2n sides and 2n vertices, such that 
the vertices are situated on a curve of the third order 
and the odd sides all pass through a point p and the even 
sides through another point q on the same curve. 
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When one of ^ or g is given, the other can be determined 
by means of equations as given in (3), whence in the 
present case, we have 

np + Sw , ScO, nq + Stt , sO 


p:=;q-jr ^ (may + m'ii)') 
n 


i.e.^ p is obtained by means of division of the elliptic function 
into n parts. In fact, 

if q=pin, + 

n 

Hence the co-ordinates of p will be obtained by replacing 

Phy 

P + ma> 4" W 
n 

in the expressions sn, cn, etc. 

The problem has w* solutions, n being an odd integer, 
the$e solutions may be represented by radicals by 
means of roots of an equation of order (a-f 1). Among 
the solutions, there is one when p^q, and that will not 
give us any result. 

Hence, if n is an integer^ there are — 1 points q forming 

with a given point p a Steiner's pair.* 


♦ For further information, see Olebsch — Lemons, etc., Vol. II, 
p. 374, etc. 
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Circular Cubics 

86. Circular cubic: 

Definition : A circular cubic is a curve of the third 
order, which passes through the two circular points at 
infinity. 

General properties of circular cubics are best studied in 
connection with those of bicircular quartics ; for, they may 
be regarded as degenerate forms of the latter, In the 
present chapter, however, we shall study the properties 
of certain well-known curves belonging to this class as 
inverses of conics with respect to a point on the curve. For 
other informations and fuller details, the student is to 
consult the paper by G. A. Bjerkness — Sur une certaine 
classe de courbes de troisieme ordre rapporteh a lignes droites, 
qui dependent de parameters downed— Crelle, Bd. 55 (1853) 
and also. P. Fricke—C^ter ebene Kurven dritter ordnung 
welche durch die imagindren KriespunHe gehen — Dissertation, 
Jena (1898). 

87. The Equation op a circular curve : 

Let 0=0 be a circle and S=0 a conic. Then the 
equation of a circular cub io — 

u^G + kS=0 ... ( 1 ) 

where A-=0 is the line at infinity and is a right line. 
For, this is a cubic curve and evidently passes through the 
points where the line at infinity intersects the circle, z.e„ 
the two circular points at infinity. 
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Again) since the line meets the cubic at one point 
at infinity and two points at a finite distance on the conic S, 
it is parallel to an asymptote of the curve. 

The general Cartesian equation of a circular cubic can 
therefore be written as — 

ilr + my+n) +2/® -♦-2^aj+2/y + c) + S=0 ... (2) 

where S=0 is the general equation of a conic ; 
or, ill the form — 

(*2+2/»)(^x + m2/) + V=0 ... (3) 

where V is a conic. 

If the line is taken as the axis of y and the origin 
on the curve, the equation takes the form — 

X (u *+^*) + ai}*+2^y + 6y* + hx^O ... (4) 

It can be easily seen that a circular cubic is determined 
by six or seven points, according as it is of deficiency 0 or 
unity. 


Ex. 1 . Shew that the equation of any circular cubic can be put in 
the form 

+y^) + ax* +2hxy’¥ 2gx + ^fy^0 

E». 2. Shew that the equation of a circular cubic having two 
imaginary inflexions at the circular points is — 

88. Circular cubics as inverses: 

The inverse of a conic with respect to a point on the curve 
is a circular cubic, whose real asymptote is parallel to the 
tangent to the conic at the centre of inversion, 

' The equation of a conic having the origin on the eurye 
is of the form — ^ 

+ 62 /* -f 2 ^. 1 2/4- 2/y+2graj=b 


( 1 ) 
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The inverse of this with respect to the origin* is — 


^(ax*+2hry+hy*)+ ^ {2fy+2g.«)=0 

T 


or, r*(2/y-h2^.T}) + A;*(a.fc*+2^afy + 5y*)=:0 ... (2) 

which is a circular cubic, and the line 
2/y + 2gr^=0 

which is the tangent to the conic at the origin, is parallel 
to the real asymptote of the cubic. 

It is evident from (2) that the origin is a double point 
on the cubic, which is a node, a cusp, or a conjugate 
point, according as the conic is an hyperbola, a parabola, 
or an ellipse. 

Conversely, the inverse of a circular cubic with regard to 
the double jpoint is a conic through the double jpoint. 


Ex, 1, Shew that the cubic 

x{x^ + i/*) + aaj* ’i‘2hxy + by* 
is self-in verse with respect to the circle + y^=k, 

E». 2. Shew that a circular cubic is self-inverse w, r. t, four 
mutually orthogonal circles. 

Ex. 3. A nodal circular cubic is self-inverse w, r. t. two circles, 
and a cuspidal circular cubic w, r, t. one circle. 

Ex. 4. If a circular cubic is inverted w. r. t. any point on the curve, 
prove that the cross-ratio of tangents is the same for the curve and 
its inverse. 

[The tangents from 1 invert into the tangents from J forming a 
pencil with the same cross-ratio.] 


Theorjr of Plane Carves, Vol. I, § 15. 
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89. Special cases: 

The equation of a conic having the origin at the vertex 
may be written as — 

the inverse of which is — 

= +hy^)=zax^ ... ( 1 ) 

The following special cases are to be noticed ; 

(1) When a and h have the same sign, the curve is the 
inverse of an ellipse, and when they are of opposite signs, 
it is the inverse of an hyperbola. 

(2) When a=0, the cubic is the inverse of a parabola 
and is called a Gissoid. 

(3) When a-f-6=0, the curve is the inverse of a rec- 
tangular hyperbola and is called the LogocycUc cubic. 

The curve (1) has a double point at the origin, the 
tangents at which are — 

= 0 . 

Therefore, the origin is a node, a cusp, or a conjugate point, 
according as — 

represents two real and distinct, coincident, or imaginary 
lines; t.e., according as the conic is an hyperbola, a para- 
bola, or an ellipse. The curve again cuts the axis of x 
at the point a?=a, which is called the vertex. The only 
real asymptote to the curve is .c=^, and the curve has 
a real point of inflexion at infinity. 

Ex, 1. Shew that a cubic can always be projected into a circular 
cubic. 

Ex, 2. Shew that the tangents to a circular cubic from a point 
where the tangent is parallel to the real asymptote are all equal. 
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90. The Logocyclic curve: 

The Cartesian equation of the curve is — 

— ••• ( 1 ) 

The nodal tangents are — 

— y® =0 

which are two right lines at right angles to each other. 
The only real asymptote is — 

£B4-a=0 

which, therefore, makes an angle of 45° with each nodal 
tangent. 



The polar equation of the curve, referred to the node, is— 
rcos0=aoos2^ 

Transferring the origin to the vertex A, the polar 
equation reduces to — 

r* +2ar sec^-f a* =0 

or r=— a(seo ^+tan^) ... (2) 

or, changing the constant 

r=:a(sec^Hhtan^). (3) 


18 
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91. Projection op a nodal cubic ; 

Theorem ; Every nodal cubic can he projected into a logo- 
cyclic curve- 

Consider a nodal cubic having the node at O with the 
nodal tangents OA and OB. Two lines OP and OQ, the 
harmonic conjugates of OA and OB, meet the curve each 
in one other point P and Q (say). Let PQ intersect the 
curve in a third point R, the tangent at which meets the 
nodal tangents in A and B respectively. Now project the 
figure, so that the line PQ goes off to infinity, and at the 
same time, the angles OAB and OBA are each projected 
into an angle of 45°. Then the projected figure will be a 
logocyclic* curve. 

For, a node is projected into a node and the nodal 
tangents into nodal tangents. The line AB is projected 
into the asymptote, which makes with each nodal tangent 
an angle of 45®, Therefore, the angle between the nodal 
tangents is a right angle, and since OP and OQ are 
harmonic conjugates of OA and OB, and also harmonic 
properties are unaltered by projection, OP and OQ are 
projected into the two circular lines.t Thus, the projected 
curve is a circular cubic, the points P and Q being projected 
into the two circular points at infinity. 

92. Geometrical construction : 

Let 0 be a fixed point and AB a fixed right line. Draw 
OA perpendicular on AB, and any right line OP through 
0 intersecting AB at B. On OP take two points P, P' such 
that 

PB=P'B=AB. 

* Properties of logooyolio cnbios have been discussed by Dr. 
Booth in connection with the geometrical treatment of logarithms, 
a detailed account of which will be found in his book — Treatise on 
Some GeometricAi Methods. 

t 0. V. Durell, Geometry for Advanced Students, Vol. 11, p. 31, 
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Then the locus of P and P' is the logocyclic cubic, of 
which 0 is the vertex, and A the node. 

For, if L AOP=^, we have — 

OP=OB~PB=OB-AB 
=OA(sec ^+taii &) 



The polar equation of the locus is— 
r=a(sec ^ + tan 0) 

which is the equation of the logocyclic cubic, with vertex 
at the origin and A as the node. (§ 90) 

93. Symmetrical cubics: 

A cubic curve has, in general, no symmetry like curves 
of the second order, but it can be projected in such a 
manner that the projection is always a symmetrical curve. 

Thus a nodal cubic can be projected into a Folium of 
Descartes, which is a curve symmetrical about a line. 
A cuspidal cubic can be projected into a semi-cubical 
parabola, and so on. 

Theorem : Any cubic, other than a crunodal or cuspidal 
cubic, can be projected so as to have the symmetry of an equila- 
teral triangle,* 


* Glifford, Coll. Works, p. 412. 
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Since a non-sin^alar cubic or an acnodal cubic has three 
collinear real inflexions and three real inflexional tangents, 
the equation of the curve may be written as — 

( Z*i; -h wy + ® + 0 = 0 

Now, project the curve so that the real inflexional line goes to 
infinity and the real triangle formed by the inflexional tan- 
gents is equilateral. Then, the equation of the projection is 

+ 2/ + 2:) * + =0, 

being the line at infinity, and this shows that the curve is 
symmetrical about the triangle of reference. 

E» 1. Shew how a cubic can be projected so as to become 
symmetrical about a line or a point. 

Esf. 2. Discuss the case when the inflexional tangents are 
concurrent. 

Ex, 3. Any circular cubic can be iurerted into a circular cubic 
symmetrical about a line. 

94. The Trisectrix of Maclaurin: 

The equation of the Trisectrix of Maclaurin is — 

3,r*) ... (1) 

Therefore, the curve is a circular cubic, the origin being 

a node. The nodal tangents are v^3.c=:0, each 

making an angle of 60° with the real asymptote. The 
circular points are points of inflexion on the curve, 
For, any circular line is of the form — 

y=±ix+h ... (2) 

which intersects (1), where 

4- ( 3,r*} 

t.e., «*( 4:2^A4-4a)+»(A* + 2iah)^ah* =0 


... ( 3 ) 
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Evidently one intersection is at infinity ; a second will 
be at infinity, 

if ± 2ih + 4a =0, if h=+ 2za 

But then the co-eflBcient of x also vanishes. Hence the 
three points of intersection coincide at infinity, if h=+2ta. 

Thus the lines y=^^ix + 2ta are inflexional tangents 
to the curve, the points I and J being two imaginary points 
of inflexion^ 

The line at infinity intersects the curve in one other 
point B, which must be a real point of inflexion. Writing 
the equation in the form — 

or, a)(,c* +y“) + 4a.»* =0 

it is seen that a!=a is the tangent at the third inflexion R. 

Hence we may define the Trisectrix of Maclaurin as 
a nodal circular cubic which has two points of inflexion at the 
circular points. 

The equation of a circular cubic, having the node at the 
origin with the real asymptote parallel to the axis of y, 
becomes — 

+2/*) + aaj* + =0 ... (1) 

The constants a, /t, fe, are to be determined from the 
condition that the circular points will be points of inflexion 
on the curve, ^.e., from the condition that any circular 
line meets (1) in three coincident points at infinity. 

These give /i=0 and a +36=0. 

Therefore, the equation (1) reduces to — 

+y*)=6(3;»*— y*). 

Putting —a for 6, we obtain— 
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Hence, every nodal cubic can he projected into a Trisectri c 
of Maclaurin, by projecting any two points of inflexion 
into the two circular points at infinity. 


95. Geometrical construction : 

The Trisectrix of Maclaurin may be geometrically 
constructed by the following method : — 

Let O be the centre of a circle and A OB a diameter. 

Through the middle point 
H of OA draw HC perpen- 
dicular to OA. Through 
A draw the line A CD cut- 
ting HC at C, and the 
circle at D. On DA pro- 
duced, take a point P, 
such that AP=CD. Then 
the locus of P is a Trisec- 
trix of Maclaurin. 

For, let A be the origin, and the co-ordinates of P be 
(Xj y). Also let ZBAD=d and AO=2a. 

Now, 

CD=AD— AC=2 AB cos AH sec0=4a cos a sec^ 

/. — a5=AP cos ^=CDcos^ 

=a(4 cos*^— 1) 

and — ■y=AP sin^=ODsind 

=a(4 cos*^— 1) tan 0 
whence eliminating we obtain— 

+2^*)=a(V* — 3»») 
which is the Trisectrix of Maclaurin. 
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96. The Folium op Descartes-. 

The equation of the curve is — 

... ( 1 ) 

There is symmetry about the line and the tangents 

at the origin are the axes of co-ordinates. 

The equation of the curve can be written as — 

or, (aj+y)*=3»y(j>+y-f a) ... (2) 

which shows that bhe curve has three points of inflexion 
lying on the line aj-fy=0, and the inflexional tangents 
are — 

it’=0, y=0, and aj+y4“a=0. 

But aj=0 and y=0 are the nodal tangents at the origin 
and cannot therefore be regarded as inflexional tangents. 

The real point of inflexion is given by — 

.r-f-y=0, .‘»-|-y + <3t==0, 

which meet at infinity. 

/. The line .c-Hy+a=0 

is the real asymptote to the curve ; in fact, it is an 
inflexional tangent, the point of contact lying at infinity. 

Again, the equation (1) can be written as— 

a)* +o)®y* +3(i)a;y(aj+(i>y)=3a?y(awj+<o*y+a) 

or (aj-|-<*)y)*=3a?y(u)i;+(i>*y-|-a) 

where a> is an imaginary cube root of unity. 

This shows, that a)aj+<*)*y+a=0 is an inflexional 
tangent, the point of contact being at infinity. 
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Similarly, wy-j-a^sO is another inflexional tanjfent, 

whose point of contact also lies at infinity. Hence, all 
the three points of inflexion lie at infinity. 

The real asymptote is the line aj+y+a=:0, which 
evidently makes an angle of 45° with each of the axes, 
V.e., the nodal tangents. The form of the curve is almost 
similar to that of the logocyclic cubic and is shown in the 
accompanying figure. 



Hence, the Folium of Descartes is a nodal cubic, whose 
three points of inflexion lie at infinity and the tangent at 
one of these points makes an angle of 45° with the nodal 
tangents. 

Thus, every nodal cubic can he projected into the Folium of 
Descartes, 

Let ABC be the inflexional line and let the tangent at 
the real inflexion cut the nodal tangents at P and Q, O 
being the node. Project the figure such that ABC goes 
off to infinity and the angles OPQ and OQP are projected 
each into an angle of 45°. Then the nodal tangents of the 
projected figure are mutually orthogonal and the points of 
inflexion are £|/t infinity. 
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97. GbOMBTBICAL CONSTRirCTfON, 

If the axes be turned throug^h an angle of 45°, the 
equation of the curve becomes— 

a5(a5* )=«(.'»'* —y*) ... (3) 

The form (3) suggests the following method of 
generating the curve geometrically. 

Let O be the centre of a circle, OA and OB being two 

perpendicular diameters. 
Draw ABC any line 
intersecting OB at B and 
the circle at 0. On AB 
take a point Q, euch 
that AQ=BC« Let P be 
the harmonic conjugate 
of Q with regard to A 
and B. Then the locus 
of P is a Folium of 
Descartes. 

Let OA=a, L PAM-d, and P be the point (aj, 2 /). 

We have, (4) 



AB=asecd 

whence, 


and AQ=A0— AB=2a cos d— a sec d. 

^ p_(2u cos 0 — asec^) 

(3— 2 cos* ey 


a COS 20 


c=: AMs= AP COS d= 


cos 0 (3 — 2 co8*d) 
a COS 2d 


3—2coa*d 


... (5) 


and 


/=:PM=APSind= 


a cos 20 


3— 2 COB 


tand 


( 6 ) 


14 
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Eliminating 6 between (5) and ( 6 ) we obtain — 
a(a;* — +32/*) 

which is the Folium of Descartes. 

It is to be noticed that the locus of Q is the logocyclic 
cubic j for, if (^, y) be the co-ordinates of Q, 

oz) AQcos^ X 

=cos =- 

: jr*+2/^ a 

/. «(it*+ 2 /*)=a(aj*— 2 /*) 

^hich is the logocyclic cubic 

98. The Cissoid: 

The Cissoid is the inverse of a parabola with respect to 
its vertex, 

The inverse of the parabola y*=4air, with respect to its 
vertex, is — 

iB('**+y*)= ^ y* 

f.e, p^(a;* + 2 /*) = 6 y*, where 6=A:*/4a. 

This curve is also the first positive pedal of-the parabola 
2 /* +46^3=0 

with respect to its vertex. For, 
if iT cos w+y sin a>=:jp 

is a tangent to the parabola, we have — 
jp cos ( 0=6 sin* CD. 

The polar equation of the pedal is r cos ^=6 sin* 
which gives the Cartesian equation in the form — 

aj(aj* +y*)=i>y*, 
which is the Cissoid. 
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The origin is a cusp with y=0 as the cuspidal tangents 

The Hessian is u?^*=0, which shows that a;=0 and 
y=0 are inflexional tangents. But the origin being a cusp, 
it cannot be regarded as a point of inflexion. Hence, the 
only point of inflexion lies at infinity on the lin6 aj=0i 
is consequently an inflexional tangent cutting the 
cuspidal tangent at a right angle. 

Writing the equation in the homogeneous form — 

4(a}— + =0 

the real asymptote is found to be ,6 = 6, and the two imagi- 
nary asymptotes are given by — 

2 /® +( a } + ^ 6)®=0 

z.e., a pair of circular lines meeting at the point (--6/2, 0). 

Thus, the Cissoid is a cuspidal circular cubic, whose 
point of inflexion is at infinity, and the inflexional tangent 
is the real asymptote, making a right angle with the 
cuspidal tangent. 

Hence every cuspidal cubic cau be projected into a 
Cissoid. 

Let OB be the cuspidal tangent at the cusp O and AB 
the inflexional tangent at A, Let OP and OQ, the harmonic 
conjugates of OA and OB, meet the curve at P and Q. 
Then A, P, Q are collinear. 

For, the two harmonic pencils O(APBQ) and B(APOQ) 
have the self -corresponding ray OB.* 

Now, projecting P and Q into the two circular points 
at infinity, A will be projected into the point of inflexion 
at infinity, and the inflexional tangent will be at right 
angles to the cuspidal tangent. 


* Reye, Geometry of Position, §* 86. 
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M/l. h BK|UMi6 tbe oo«oi<dinat8S of any point on tlio Oimid in 
torms of a single parameter. 

£», 2. Shew that the sum of the parameters of four concyolic 
(MWBto P^y P,f Pgy P 4 on the Gissoid (eusp at O) is zero. 

Prore altio the sum of the cotangents of the angles madte by OPi, 
OPj, OPj, OP 4 with the cuspidal tangeniis zero. 

Boj. 4. The chord PQ of the Gissoid x{x'^ subtends 

a right angle at the cusp. Show that 

(t) The loons of the mid-point of PQ is a straight line. 

(ii) The locus of the intersection of the normals at P and Q is a 
straight line, while the loons of the intersection of the tangents at 
those points is a circle. 

Ex. 5. If the cusp be joined to three oollinear points, the sum of 
the cotangents of the angles made by these lines with the cuspidal 
tangent ie zero. 


Geometrical construction : 

The Gissoid may be geometrically constructed as 
follows : — 


Let AB be the diameter of a circle AOB with AC, BD 
as the tangents at A and B 
respectively. 

Let any line AO cut the oirele 
at O, and the tangent BD at D. 

If a point P is taken upon AO, 
such that APss-OD, the locus of 
P will be a Gissoid. 



Let P be the point (oj, y) referred to AB and AC as 
axes, and put AB=& and £TAMs=$. 
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TbeB, AF=sOI>= AD — AO =6 sec (?• — h cos 
ai=AP costf=:&— 6 cos * B ; 

And, ^ — fesin^cos^ 

whence, eliminating^, we obtain — 

which is the Cissoid."^ 

100. Newton’s Method : 

Newton has given the following elegant mechanical 
construction for this curve by continuous motion : 

A right angle has the arm BC of constant length 6, 

the point C moves along 
a fixed line CD, while 
C the other arm AB passes 
through a fixed point A 
at a distance equal to 
^ BC from CD. 

Then the locus of the 
middle point P of BC is 
a Cissoid.t 

Take the mid-point O of AD as origin, and ZBAD=^. 

Then, aj=OM=OD — MD. 

MD=OD— 

* The Cissoid was invented by the Greek Geometer Diooles in the 
sixth century, and is better known as the Cissoid of Diodes. He made 
use of this curve in the geometrieal conatmotioii of two mean 
propoadnoiials be^een two given Hoes, i.e., tor solving the famous 
problem ef the dit^^caiion of the cube. 

t Lardner’s Algebraic Geometry, pp. 196, 472. 
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But from the geometry of the configuration, we have — 
MD=P0 sin 6’=^{h sin B 

\h — sin 0 ... J^l) 

Again, 1^6 = BP = HK == HM + MK 

= (i«+T6) sin cos ^ ... (2) 

Eliminating 6 between (1 ) and (2), we obtain — 

which is the Cissoid. 

Various properties of and the different methods of 
generating the Cissoid have been given by G. Loria in his 
Spezielle Alg. und Trans, ehene Kurve, Yol. I (1910), 
pp. 36-46, where a number of other references are also 
to be found. 

Ex. 1. 0 is the vertex and OP a radius vector of a parabola. If 

a point Q is taken on OP equal to the reciprocal of OP, prove that the 
locus of Q is a Cissoid. 

Ex. 2. A parabola passes through two fixed points P and Q, such 
that PQ is the normal at P. Shew that the locus of the focus is a 
Cissoid. 

Ex. 3. If a parabola roll on another equal parabola, the locus of 
the vertex will be a Cissoid. 


101. The Cubical Parabola: 

The equation of a cubical parabola is The 

origin is a point of inflexion with y=0 as the tangent. 
Since the equation is satisfied by aj®=0 and a*=0, 
the point at infinity on the line aj=0 is a cusp, with the 
line at infinity as the cuspidal tangent, which is the real 
asymptote. 
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Hence, every cuspidal c/uhic can he projected into a cubical 
parabola j and this is done by projecting the cuspidal 
tangent to infinity. 

The tangential equation of the curve is 
4a*^® -f"27T7=0 

Hence the curve is its own reciprocal with respect to 
the point of inflexion. 

102. The Semi-cubical Parabola: 

The equation of the semi-cubical parabola is ay*=;c*. 

The origin is evidently a cusp, with y=0 as the cuspidal 
tangent. The directions of the asymptotes are given by 
aj=0 taken thrice. Therefore the line at infinity is an 
inflexional tangent, the point at infinity on the curve in the 
direction being a point of inflexion. Thus the line 

joining the cusp to the point of inflexion at infinity 
is perpendicular to the cuspidal tangent. 

Thus, a semi-cubical parabola is a cuspidal cubic, having 
the line at infinity for the inflexional tangent and the 
cuspidal tangent perpendicular to the line joining the cusp 
to the point of inflexion. 

Hence, every cuspidal cubic can be projected into a semi- 
cubical parabola^ by projecting the inflexional tangent to 
infinity and at the same time projecting the angle between 
the cuspidal tangent and the line joining the cusp to the 
point of inflexion into a right angle. 

The tangential equation of the curve is =27i7® 

Hence, the curve is its own reciprocal w.r.t, the cusp. 

£ 0 . 1. The semi-cubical parabola is the evolute of a parabola. 

Ex, 2. Shew that the reciprocal polar of a semi-cubical parabola 
w.rX the focus of the parabola, of which it is the evolute, is the 
Oissoid. 
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103 . Foci of Circular Cubics : 

Foci of circular cubics will be studied in connection 
with those of bicircular quartics. For the present, we 
notice that a nodal cubic is of class four, and ciifeular 
cubics pass through the two circular points at infinity. 
Therefore, only two tangents can be drawn from each 
circular point to the curve and consequently the number 
of real single foci is two. The tangents at the circular 
points intersect at a singular focus. The tangent at I 
intersects the two tangents from J in two points, which 
are also real single (or double imaginary) foci. Similarly, 
the points where the tangent at J intersects the two 
tangents from I are real single foci. Thus the real single 
foci are four in number and real singular* focus is one. 

In cuspidal circular cubics, the class is three and the 
cusp replacing the node, the number of real single foci is 
the same as in a nodal circular cubic. We shall study this 
more fully in a subsequent chapter. 



CHAPTER V 


Invariants and Covariants op Cubic Curves 

104. We shall write the general equation in three 
variables of a cubic in the following form : — 

U = a c® + + 3/?/® 2 + 3^2*^ 4- 

+ 3ey2® +3A;.r?/® +6m,^y« = 0 ... (1) 

We have shown (§ 37) that the equation of all cubics 
can be reduced to the semi-canonised form — 

ax^ + hy^ +cz^ +^m!xyzz=z{) ... ( 2 ) 

and also to the fully canonised form — 

ic® +2® +6maJ2/2?=0 ... (3) 

The form (3) shows that the cubic cannot have more 
than two independent invariants : for if it had one more, 
it would have two absolute invariants,* which are 
functions of the co-eflB dents and consequently functions 
of m only. Elimination of m between them would lead to 
a relation involving only the co-efficients in the general 
equation, which is impossible, since the co-efficients in (1) 
are all independent. 

The two independent invariants of a cubic are of degrees 
four and s{,c respectively, and are denoted by S and T. 
All other invariants can be expressed in terms of these 
two only. 

^ B. B. Elliot — Algebra of Quantios, § 29. For a general discussion 
of the theory and of the different methods of finding the invariants 
of a cubic, students are referred to Elliot’s Algebra of Quantios, 
Chap. XVI, and to Cayley’s Third Memoir upon Quantios (1856). 
See also Aronhold—Orelle, Bd, 55(1858) and Olebsoh-Gordan — Math# 
Ann. Bd. I & VI, 

15 
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105. The Invariant S : 

It is shown in works on Algebra"** that if in the contra- 
variant ^(A,, fi, v) of a quantic TJ, symbols of differen- 
tiation with respect to the variables are substituted for 
X, /A, V respectively, and the new function 




0 0 
0 , 1 ! ’ Qy’ 


0 

0.' 


) 


operates upon the given quantic U, the result will be an 
invariant of U (Sylvester). 

The Oayleyan is a contravariant of the cubic, and 
expresses the condition that the line — 

Xa;+iay + v^:=:0 

shall be cut in involution (§ 60) by the system of polar 
conics 


0.C 


= 0 , 



djj 

dz 


= 0 . 


Writing the equation of the Oayleyan in the form t — 
<^(X, fi, v) s AX® -f-B/A* + Ci/® H-3P/x®v-|-3Gv*X-f 3HX*/ix 

-f 3Iv*/A-b3JvX* H-3KX/A* +6 MX/av=0 ... (4) 

and putting 

Qy* dz 


for X, /A, V respectively, and operating on the general cubic 
(1), we obtain an invariant S of the fourth degree in the 
CO- efficients. 


* Salmon— Higher Algebra, § 139, 

t The 00 -efficients are given in Salmon’s H. P. Carves, § 219 and 
can be oalonlated by the method of § 388(a), Conic Sections, 
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Thus, )u 

^ V 8*’ Qy’ a* / 


={<^9—j')f * — ( 0 'C—gj}kf+ icj—g*)k* +ch* f 
— hmiSfg + ck) + (hi + 2m.* ) (jf+gk) 
•^mi(af+ Sjk) + ah 
—h{h(cg—g*)—m(ac—gj)+i(ag—j*)} 

The calculation of the co-efficients and the invariant 
becomes much simplified, if we use the canonical form (3) 
of the equation. 

The Cay ley an of (3j is, as we have obtained in §60, 
C=m(A* +/X® +v®)4- (1 — 4m®)X/Av=0. 

The invariant S of the canonical form is given by — 


-[“{(ir -(!)•- (in 

+ (l-ta.)( I )( )( I )](,.. +,-+..+6.„..„) 


=18m-f (1 — 4m®)6m 
=24m(l — m®) 


Thus, the . value of S for the canonical form, removing 
a numerical factor is m(l — ; and this is equal to the 
invariant S of the untransformed cubic (1), multiplied by 
the fourth power of the modulus of transformation. 


Hence it follows that if S=0, we have m=i:0, and 
the equation of the cubic reduces to — 

Thus, the condition that the equation of a cubic may he e in- 
pressed as the sum of three cubes, and consequently its Hessian 
may reduce to three right lines is that the invariant 8 vanishes* 


* Aronhold— Orelle, Bd. 39 (1850), p. 163. 
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106. The Invariant T: 

It is proved in works on Algebra that, if 
U aauj* + ...and V sa'aj® + 6 ' 2 /® +c'z^ + ... 


are any two quantics of the same order, and I is any 
invariant of U, then 


( 


a'^ + b'^ 

da 06 



I 


is an invariant of 17 and V,* which is again an invariant 
of U, if V is a covariant of TJ. 

Now, the Hessian of a cubic is a cubic -co variant. 
Hence, any invariant of the cubic and its Hessian is an 
invariant of the cubic itself. 

If the Hessian of the general cubic (1) be written in 
the form — 


a'a?* +6'y® 4-c's® 4-3/^®«4'3gr'2®aj + 36.'uj*y + 


+ ^fzx * + 3k\ey * + 6im!xyz =0 ... ( 5 ) 

Then, (a' ^ +6' -Jr + c' ^ +... ) S 
V ^ 0a 06 6c ) 

is an invariant of the cubic. 

The calculation becomes much simplified for the 

canonical form of the cubic. 

w 

The Hessian of the semi-canonised cubic — 


a'.c * 4- 6'^/ ® -t- c'z * + fim'ay s =0 


— m'*(a'aj* + 6'2/® +c'2;*) + (a'6V+2m'®)it:y2=0, 


and the invariant is 


S=m'(aW-m'«) 


Elliot — loc, cit.f § 19. 
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Hence, operating with 


— o' 


_8_ 

ao' 


86 ' 


+c' 


dc‘ 




+i(a'6'c'+2m'»)^ 


on S, and multiplying the result by 6, we obtain — 

T = (a'6'c') » - 20m'« (a'6'c') - 8m'« . 

Hence, by putting a'=6'=c'=:l and m'=m, we 
obtain, for the canonical form (3), — 


Tsl-20m*-8m«. 


This is then the invariant T * of the original cubic 
multiplied by the sixth power of the modulus of transfor- 
mation. Since the Hessian belongs to the syzygetic 
family of cubics, the second Hessian also belongs to the 
same family and its expression is found to be — 

4S*U+TH=0. 

Hence, when T=0, the cubic becomes harmonic and the 
second Hessian coincides with the original cubic. 

It will be seen that the anharmonic ratio of the cubic 
is connected with the invariants S and T (or the absolute 
invariant S*/T*) by the equation 


§-1 =24 (l—cr+o-^)^ 

T» (l + (r)*(2-(r)*(l— 2(r)* 


(see § 53.) 


The actual expression is given in Salmon’s H. P. Curves, § 221. 
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107. The Discriminant : 

Since a cubic has only two independent invariants S and 
T, all other invariants can be expressed as rational and 
integral functions of these two.* 

Thus the discriminant of the ternary cubic is — 

AsT»+64S^ 

Suppose the cubic has a double point at the origin or 
at the third vertex C. Then the co-efficients of 2 ® and 2 * 
in equation (1) must be zero. Therefore, c=gr=^=0, and 
the invariant S reduces to — 

to — (//— m®)®. 

Also, T becomes — 

3m®/®j®+3mVi-m‘^) 

^.e., T=8(/i-m®)« 

T®4-64S»sA=0. 

Thus, when the cubic has a double point, the discri- 
minant — 

T*-f-64S«=0. 

For the canonical form, we have — 

S=m— and T = l — 20m® — 8m®. 

T* + 64S® = (1— 20m® — 8m®)* +64(m— m'^)® 

= (l + 8m®J®, 
which is the discriminant. 

For the nodal cubic — 

a? ® + 2 / ® + ^vixyz = 0, 

we get S=— and T = — 8??^® 

T® -f 64S® is identically zero, as it should be. 


Elliot — loc , citf § 295. 
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If the curve has a cusp with y=0 as the tangent, 
we must have further m=0 and /=0, which give 
S=0, T=0, Hence the condition, both necessary and 

sujBficient, that the cubic has a cusp, is that both S and T 
vanish. 

Ex, 1. Shew that the cross-ratio of the pencil of four tangents is 
given by the equation 

ra((r«-(r-H)" + 16S3(<r+l)«(o' + 2)»(2<r-l)« = 0. (c/. § 63). 

Ex, 2. Shew that the invariant 8 vanishes for all equianharmonic 
cubics and T vanishes for all harmonic cubica. 

Ex. 3. The Hessian of all equianharmonic cubics reduces to three 
right lines. 

Ex. 4. Shew that if S=0, the Oayleyan reduces to the double 
points of the Hessian. 

Ex, 6. Find the invariant S of the cubic 

ax{y^—z^) + hy(z^-~x^) + c»(fl5®— 

108. The Sextic Covariant of Cubics : 

Since the equation of a cubic contains ten co-efficients 
and three variables, altogether making up thirteen, and 
the general scheme of linear transformation contains 
nine constants, it follows that the number of independent 
covariants and invariants must be four. We have already 
obtained the two invariants S and T, and one covariant — 
the Hessian. Therefore, there must be one other indepen- 
dent covariant of the cubic. 

Again, a covariant of a cubic must be of degree .3, or a 
multiple thereof, and also a covariant of the canonical form 
is a linear function of and xyz^ and conse- 

quently of / and H. Therefore, the cubic cannot have 
any other co variant of degree 3 besides the Hessian. 
Hence the next covariant must be of degree 6. 
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Prof. Salmon has given the following sextic co variant * 
of a cubic : — 

If + 

and a'.®* + 5'^* 4 -c' 2 ® + ... =0 

be the polar conics of a point ( c', y\ z') with regard to 
the cubic and its Hessian respectively, then the P-conic t of 
these two is — 

(B0'+B'0-2PP>* - ...=0 

and is a covariant of the two conics. If it passes through 
the point (x\ y\ a'), the locus of y\ z') is a covariant 
of the cubic, which Is of degree six in the variables and of 
eight in the co-efficients. 

Thus, the locus of a 'point such that the F-conic of its polar 
conics with respect to the cubic and its Hessian passes through 
the point is a sextic covariant of the cubic. 

The actual expression of this covariant for the general 
equation has not been calculated, but the expression assumes 
a simple form for the canonical equation : 

The polar conic of a point (»', y\ z') with regard to 
the cubic is — 

+2'niy2) + y\y^ +2mzx) + z'(z^ +2mxy)^0 ... ( 1 ) 

and that with regard to the Hessian is — 

+y’y^ +zz'*) 

--(l+2m®)(a;'y«+y'«.» + «'®y)=0 ... (2) 


* Salmon — H. P. Curves, § 231. 
t Salmon — Conic Sections, § 378, 
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From the condition that the F-conic of (1) and (2) 
passes through the point («', y\ «'), we obtain the locus 
of (a?', y\ J) as a sextic curve 0, which is the second 
fundamental covariant of the cubic given by — 

— m(l —20m® — 8m®)(^® + +z^)xyz 
— 3m®(l— 20m® — 


— ( 1 + 8m ® ) ® (y ® 18 ® + 2 ® a? ® + ® y ® ) 


109. Other Co variants: 

There are two other covariants of the sixth order of a 
cubic, any one of which could, with equal justice, be 
selected as the fundamental sextic co variant. In fact, any 
one of these being selected as the fundamental covariant, 
the other two are expressible in terms of this. Dr. Salmon 
has taken © as the fundamental covariant, while Prof. Elliot 
takes 

^=_(@+3USH) 
as the fundamental one. 

The other two sextic covariants may be defined as 
follow : — 

(1) The locus of a point, whose polar line with regard 
to the Hessian touches the polar conic of the same point with 
regard to the cubic, is a covariant of the cubic. 

This covariant is found to be’*^— 

-4(@+3SUH), 

* Cf. Salmon’s Conics, § 381, I 

16 
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(2) The locus of a point whose polar line with respect 
to the cubic touches the polar conic of the same point udth 
respect to the Hessian is a sextic coiariant of the cubic. 

This, is found to be 

-(TU*-12SUH+4®) 

Thus we see that there are three fundamental covariants 
of a cubic — namely, H, ®, and the cubic U itself. All other 
covariants are expressible in terms of these three. 

There is another irreducible covariant of a cubic which 
was obtained by Brioschi. This co variant for the semi- 
canonised form is — 

(a6c+8m*)*(6t/® — — aaj®)(aaj® — 52/*). 


110. CONTRAVARIANTS OP CuBICS : * 


All contravariants of a cubic can be expressed in 
terms of three fundamental contravariants. These are 
the Evectants of S and T, and the reciprocal of the cubic, 
the two evectants being denoted by P and Q respectively, 
and the reciprocal by P. 

Now, the first evectant of S for the semi-canonical 
form is — 


P' 







S. 


Thus, 

P=in(5cX* + ca/jt* abv* ) + (ate— 4m* )X/i.v. 

For the fully canonised form this contravariant 
becomes — , 

P=m(X*+/A*+i'®) + (l— 4m*)X/iv=0 ... (1) 


Cayley, Phil Trans,, Vol. 14? (1857), p. 416, 
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which is the Gayle jan (Ptppian) of the cubic, as we hare 
already shown. 

The evectant of T for the semi-canonised form is — 

= (a6c— 10m®)(5cX*-f-ca/x® +a6v*) 

— m* (30a6c+ 24m® )\fiv 

which, for the canonical form, becomes * — 

Q = {1 — 10m®)(A® +jw.® (30-1- 24m® )X/ii/ ... (2) 

The third contravariant F is the reciprocal of the given 
cubic. Geometrically its vanishing is the condition that 
the line 

\c + fiy+vz=:^0 

touches the curve, z.e,, Fs=0 is the tangential equation of 
the cubic. 

For the semi-canonical form it is given by — 

F's6*c*\® -hc*aV® 

— (2a6c-h32m®)(a/ui®v® +cX®ft® ) 

— 24m*Xfiv(6cX® +ca/x® -Hatv®) 

— 24m(a6c-f*2m®)X*/A®v* ; 


* This is called by Prof. Cayley the Qnippian of the cubic. No 
satisfactory geometrical interpretation has been given to this contra- 
variant. One, however, has been given by Cayley— in his “ A Memoir 
on the Curves of the Third Order ” — Coll. Papers, Vol. II, p. 396. 
For a detailed discussion of the theory of invariants and covariants 
of ternary forms and their applications, the student is referred to 
Aronhold's Memoirs in Crelle Bd, 39 (1850), p. 140, and Bd* 55 (1858), 
p. 97, and to Clebsch, Math. Ann., Bd. 1 (1869), p. 66. 
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and for the canonical form by 

FsX® -fv® — (2+32w*)(fi®v® +v*X® ) 

— 24m^X/xv(X® +/A® +1'*) — 24m(l + 2m®)X*/tA*v® ... (3) 

There is another irreducible contravariant, which is not 
a rational and integral function of these three. This was 
discovered by Hermite. For the semi-canonical form it is — 

{ahc -f- 8m® ) ® (c/a® — 6v® ) (av® — rX® ) (6X® — a/x® ) ; 
and for the canonical form it becomes— 


(l + 8m®)®(/x®-l/®)(v®-X®)(X®-;x®) 
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Quartic Curves — General Properties 

111. The General Equation of Quartic Curves : 

The most general equation of a curve of the fourth order 
in two variables can be written in the form — 

Uc* 4*46a3®2/ + 6ca}®^* +4idxy^ 

4"3^,rj'® +^y® + + ••• (1) 

or in the symbolic form — 

^< 4 ^ (^) 

The general equation therefore contains 14 disposable 
constants, so that the curve can be made to pass through 
14 points chosen arbitrarily, or in other words, 14 points, in 
general, determine a curve of the fourth order uniquely. 

112. Homogeneous Forms : 

The equation of a quartic in three variables passing 
through the vertex A of the fundamental triangle can be 
put into the form — 

x^Uy^’\rx^u^'\-xu^’\'U^=^0 ... (3) 

where is the tangent at A, 

If A is a double point on the curve, the equation takes 
the form — 

a/*w, =0 ... (4) 

where =0 represents the two tangents at the double 
point. 
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If A is a point of inflexion on the curve, must contain 
as a factor, and the equation of the quartic with A as a 
point of inflexion becomes — 

+^i^i«c*+«^3aj+W4,=0 ... (5) 

Similarly, the equation of a quartic passing through the 
three vertices of the fundamental triangle assumes the form — 


* * + 2/ ® + a ® + wl'y ) 


+ ay^z^-yhz*ji^^-\-cx^y^-\'2txyz{fx + gy'{‘Tiz)=0 ... ( 6 ) 

If the vertices are double points on the curve, the 
co-efiicients of aj®, 2/®, z® should be absent from the 
equation, and consequently the equation of a trinodal 
quartic with nodes at A, B, G can be written as — 


i,e,, 


ay*z^ +caj*2/* +2a:t/z(/a; + 9^2/ + ^2')=0 



A +_L +_Bt +_^ =0 ... (7) 

2 /® 2 * yz zx xy 


113. Classification of Quartic Curves: 

The most important question which has been solved in 
different ways by different geometers is the classification 
of quartic ^curves. During the first half of the eighteenth 
century, this was regarded as a very complicated problem by 
many workers on geometry. In two long papers * Abbot 
Bragelogne gave a method, based on the fact that the 
Cartesian equation of a quartic can be put into canonical 
forms, but his work does not throw much light upon the 
subject. After Bragelogne, different workers have given 
different classifications based on different principles. In 
fact, there are so many important factors to be taken into 
account, that an exhaustive list seemed impracticable. 

* Ezameu des lignes du qaarti^me ordre ou courbee du troisi^me 
genre— If Acad, Sciences^ Paris (1730). Also Note sar les lignes dn 
quartfeme ordre (tbtd). 
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114, Classification based on the nature op the points 

AT INFINITY. 

One metliod of classifying quartic curves, based on the 
nature of the curve at infinity and its behaviour with the 
line at infinity, was, however, given by Euler,* Cramer,t 
and Pliicker.J Plucker thus gave 152 forms and for each 
he gave one canonical form of equation. 

Accordingly, quartic curves were divided into the nine 
following classes, according to the nature of the four points 
at infinity on the curve : — 

(1) All four imaginary in conjugate pairs; (2) Two 
real and distinct, and two conjugate imaginaries ; 
(3) Four real and distinct ; (4) Two conjugate 
imaginary and two real and coincident ; (5) Two real 

and distinct, and two real and coincident; (6) Two 
real double points; (7) Two conjugate imaginary 
double points ; (8) One single and one triple point ; (9) A 
quadruple point. 

Each of these classes has again to be subdivided into 
many other forms, according as the line at infinity, when 
meeting the curve in two coincident points, is simply a 
tangent or a line passing through a double point, and this 
double point may again be of various kinds. Again, 
the line at infinity may be an ordinary stationary tangent 
or a tangent at a point of undulation, or may pass through 
a triple point ; or any ordinary intersection may be a point 
of inflexion or undulation on the curve, in each of these 
cases, there will be a difference in the figure. Existence at 
infinity of these higher singularities possible for a quartic 
curve must be considered in a complete classification of 
quartics. 


* Euler, Introd. in analysln infinitorum II, Lausannae 1748. 
t Oramer, Introd, & lAnalyse’des Hgnes oonrbes, Geneve (1760). 
J Pliicker Theorie der algehraischen Kurven, Boan, 1839. 

/ 
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115. Zbuthen’s Classification.* 

Zeutben takes as tbe basis of his classification of quartic 
curves the real bitangents of the curve and gives a complete 
list of the possible forms of non-singular quartics. He begins 
with the remark that the branches of a curve are of two 
kinds — odd and even , and a quartic can have only even 
circuits (ovals), and since the number of circuits can exceed 
the deficiency only by 1, a quartic can have 1, 2, 3 or 4 ovals. 
Zeuthen thus divides the bitangents into two classes — (1) 
the first kind, if its points of contact are conjugate imaginary 
or lie on the same real branch of the curve ; (2) second 
kind, if it touches two different branches. There are 
always four bitangents of the first kind, but the number 
of those of the second kind is 0, 4, 12 or 24. Hence 
follows that there are 8 real points of inflexion. Zeuthen 
calls the branch having no real bitangent or inflexion an 
oval, a branch with 1, 2, 3, or 4 real bitangents,— a 
unz folium, a bi folium, a tri folium or a quadrifolium, 

Zeuthen first shows that a conic can be described 
through the points of contact of four bitangents and 
puts the equation of a quartic into the form xyzu^Y^, 
where x, y, z, u are the bitangents and V is the conic 
through their points of contact. He analyses the possible 
forms of quartics by discussing the different positions 
of intersections of the four lines with the conic with 
respect to the quadrilateral formed by them. Thus, when 
the conic V meets all the lines in real points, Zeuthen 
divides the quartics into nine groups and thirty-six 
species in all, all other possible cases being easily deducible 
irom these. 

* H. G. Zeuthen — “ Sur lea differentes formes des courbes planes 
du quatriSme ordre, — Math. Ann., Bd. 7, p. 411. (1874). 

Klein, investigated the real branches of a curve by considering 
the Eiemann surface belonging to the curve and the corresponding 
Abel’s Integral. See Math. Ana., Bd. 10(1876) and Bd. 11(1876). 
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116. Classification based on deficiency: 

One of the most important classifications of quartios, 
however, is based on deficiency ; and they can, therefore, 
be grouped in four broad divisions, according as the defi- 
ciency is 3, 2, 1 or 0. The first group contains no singular 
points, the second contains one double point (a node 
or a cusp), the third contains two double points and 
the last has three double points. The following table 
shows the ten different species, with their corresponding 
Pliicker’s numbers, into which the quartic curves can be 
divided : — 


Def. 

Class 

Nodes 

Cusps 

K — 

Bitatig. 

T = 

Pts. of inflexion 
» = 

Degree 

n—4i 


3 

12 

0 

0 

28 

24 

4 

I 

2 

10 

1 

0 

16 

18 

4 

II 

2 

9 

0 

1 

10 

16 

4 

III 

1 

8 

2 

0 

8 

12 

4 

IV 


7 

1 

1 

4 

10 

4 

V 



0 

2 

1 

8 


! 


6 

3 

0 

4 

6 

4 

VII 


5 

2 

1 

2 

4 

4 

VIII 


4 

1 

2 

1 

2 

4 

IX 

B 

3 

0 

1 

3 

1 

0 

4 

X 


From the above table it is seen that in each of the 
last four cases the curve is unicursal. In species IX, the 
curve is also of the fourth class. In this case, therefore, 
properties of one quartic can be obtained from another 
by reciprocation. In the last case, a tri -cuspidal quartic 
is of the third class and therefore its properties can be 
deduced from those of a nodal cubic by reciprocation, 

17 
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117. Generation op Quartic Curves : 

Just as a curve of order r+z? may be generated by 
means of two projective pencils of curves of orders r and s, 
a quartic curve may be generated by means of two projec- 
tive pencils of conics or a pencil of cubics and a pencil of 
lines projectively related to it. 

A second mode of generation of a quartic by means 
of a conic and a cubic has also been given.* In this 
method a quartic is the geometrical locus of the poles of 
the tangents of the conic with respect to the cubic. A 
third method is based on the theory of bitangents, which 
we shall discuss in a subsequent section. Construction of 
a quartic through 14 given points has been given by a 
number of workers .t 


118. Generation by two projective pencils of conics: 

Let the two pencils of conics be defined by— 

P+XQ=0 ... (1) 

and P'+ftQ'=0 ... (2) 

respectively. 

where X and fx are parameters ; and P, Q ; P', Q' are 
the pairs of base-conics of the two pencils. 

If the two pencils are homographic, ^.e., if there is a 
(1, 1) correspondence between the members of the pencils, 
X and fx must be connected by the homographic relation of 
the form 

AX/i4*BX-|*C/A+I)=:0 (3) 


• Oerbaldi — Rend. Oirc, Mat, Vo). 7, p. 178 (1893). 

t Grassmanrt — Orelle, Bd. 44, p 1 ()852), Ohasles — Oomp. rend.^ 
Vol. 87, p. 872 (1853), Jonqai^res — Journal de Math,^ Vol. 1 (2), 
p. 411 (1866). 
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If, therefore, we eliminate X and /n between (1), (2) and 
(3), we obtain— 


i.e., 


A. 


PP' _B _P 
QQ' ■ Q 



+ D=0, 


APP'-BPQ'~OFQ + DQQ'=0 


(4) 


which, therefore, represents the locus of intersections of 
the corresponding members of two homographic pencils- 
The equation (4) is of the fourth degree, and therefore 
represents a quartic curve. 

Prom the form of the equation it follows that this 
curve passes through the four base-points of intersection 
of P and Q, as also through the four base-points of inter- 
section of P' and Q'. Thus the above quartic curve passes 
through the eight given fixed points. 

Again, the anharmonic ratio of a pencil of lines, which 
join four fixed points on a conic to a variable point, is 
constant and is a function of the mutual distances of the 
four points and the constants in the equation of the conic.* 
It follows, therefore, that in a pencil of conics P-fAQ, 
passing through four fixed points, each individual member 
is characterised by a definite value of this anharmonic 
ratio O', which is a linear function of the parameter A,. For 
any particular member we have, therefore, o*=A:A, where 
the value of k depends upon the position of the four base- 
points. Similarly, for the conics of the second pencil 
P'-f / aQ', we have o-' = jt'ft, where the value of Aj' depends 
upon the four fixed base-points. 

Since the two pencils are homographic, from the relation 


we obtain 


AXjLt -f- BA + 0/A “h D = 0 


t.O., Aoro-'-f-BA/o’-f CAPor'-f DA?A/assO. 


* Salmon — Conic Sections, § 259. 
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Hence, since Ic and V depend upon the base-points and are 
consequently constants, the above relation may be written as 

Okr<r^-f" ... (5) 

Thus, if T is a point of intersection of two corresponding 
members of the two pencils, whose bas5-points are P,, Qj, 
Rj, Sj and P,, Q,, R*, S, respectively, then the 
anharmonic ratios of the two pencils T(Pj R^ S^) and 
T(Pj, Q, Rj S,) are connected by the relation (5), and the 
locus of T is a quartic curve through these base-points. 

Therefore, we may define a quartic curve as follows : — 

The locus of a point T, such that the cross-ratios 
of the pencils T(Pi R^ S^) and T(Pj Q, R, S,) are 
connected by a homographic relation, is a quartic curve 
through the eight fixed points. 

Now, the points T, P^, Qj, R^, lie on the quartic. 
Therefore, the conic through these five points intersect 
the quartic in three other points U, V, W, which are also 
points on the corresponding member of the second pencil. 
The three points U, V, W possess properties analogous to 
those of T, Thus the two corresponding conics through 
Px» Qi> Si and P,, Qj, R,, Sj meet the quartic in four 
common points T, U, V, W. Hence, the latter group of 
points is residual to each of the given base-groups. 
Therefore, the two groups of base-points are co-residual 
groups on the quartic. 

119. Prom what has been said, it follows that the two 
groups of base-points are not independent, but are co- 
residual groups. Hence, in constructing the quartic we 
proceed as follows : — 

Take P^, Q^, R^, any four arbitrary points on the 
quartic. Through these four points describe a conic, 
intersecting the quartic in four other points T, tJ, V, W. 
Through these latter points and an assumed point P,, 
describe another conic, which will intersect the quartic in 
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three other points Q,, R^, S,. Thus the group P, Q, R, S, 
is co-residual to Pi Qi Ri Sj, and they may be taken as 
the base-points. 

Next consider the case when the base-point P ^ coincides 
with P,. Then, two corresponding members of the pencils 
always intersect at the point Pi(P,), and consequently in 
three other points only. The tangents at Pi(Ps) to the 
corresponding conics form two homographic pencils of lines, 
and therefore they have two self-corresponding rays,* 
Thus there are two pairs of corresponding conics which 
have a common tangent at Pi(P,). Now, since the inter- 
sections of two corresponding conics lie on the quartic, 
therefore the common tangent to a pair of corresponding 
conics is also a tangent to the quartic at P^ (Pg), Hence 
the quartic has two tangents at the point Pj (P,) which, 
therefore, is a double point on the curve. Similarly, it can 
be shown that if and Q, coincide, Qj (Qs) is a double 
point on the curve. If further R^ (Rg) coincide, it is also 
a double point. 

Hence a trinodal quartic may be defined as follows . — 

The locus of intersection of two homographic pencils of 
conics, which have three fiixed base-points common, is a 
quartic having double points at the three common points. 

120, Complex singularities: 

We have seen that quartics can be divided into ten 
species, according to the nature and number of double 
points they possess, But there are other special forms, 
which possess complex singularities, arising from the union 
of two or more of the ordinary singularities. 

(1) A TACNODE ; Two nodes may coincide as consecutive 
points on a curve, giving rise to the singularity called a 
tacnode. The tangent at a tacnode has a contact of the 
third order with the curve and therefore cannot meet the 


Scott— Modern Analytical Geometry, § 164. 
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curve in any other point. In fact, two branches of the 
curve have simple contact at a tacnode. The tacnodal 
tangent counts as two bi-tangents. 

The general equation of a quartic having a tacnode at 
the origin, with the axis of .c as the tacnodal tangent, can 
be written as 

+gxi^y^ +hxy^ ^0 ... ( 1 ) 

For, the shape of the curve near the origin is given by— 

2/* -f 
or, 

y=a,» 

2 /=X« *, and where X and /u, are the roots of 

p*+&p+e=0 ... (2) 

Hence, there are two branches of the curve whose forms 
near the origin are the same as those of the parabolas 
t/=X»*, and and consequently the two branches 

touch each other at the origin, which is therefore a tacnode, 
with 2/=0 as the tacnodal tangent, 

( 2) A Rhamphoid cusp : This is formed by the coinci- 
dence of an ordinary cusp and a node. This has been called 
so, from a fancied resemblance to the form of a beak. The 
tangent at such a point counts once as a double tangent and 
once as a stationary tangent. 

The general equation of a quartic having a rhamphoid 
cusp at the origin is — 

(y — Xu;*)® +ccy® +dy* o*y* 4•^y*=0... (3) 

This is a particular case of (1), when the roots of the 
equation (2) are equal, ^.e., when X=:/i. 
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The shape of the curve near the origin is given by— 

+ or Xoj* )* — =0. 

(3) An Oscnode : This is formed by the union of three 
nodes as consecutive points on the curve, and is called an 
oscnode^ At an oscnode two branches of the curve have a 
three-pointic contact. 

The general equation of a curve having an oscnode at 
the origin is — 

( y — Xaj • ) * 4- — Aat » ) + dy ® 

+ty*=:0 ... (4) 

The forms of the two branches of the curve near the origin 
are given by— 

y^\x* + h^x^ and 2 /=Xaj* 4- A;,®*, 
where and /c, are the roots of — 

Aj* 4"^* (dX4",^) — 0. 

These show that the two branches cross as well as touch 
each other at the origin. The oscnodal tangent counts as 
three bi-tangents, as there is only one other ordinary 
bi-tangent, 

( 4) A Tacnode-cusp : It is formed by the union of two 
nodes and a cusp, or a tacnode and a cusp, as consecutive 
points on a curve. The general equation of a curve having 
a tacnode-cusp at the origin is of the form — 

( y— AaJ* — cojy— dy* = Ary® 4- By^. 

( 5) A Triple point : Three double points may coincide at 
a point giving rise to a triple point. The general equation 
of a quartic having a triple point at the origin is of the 
form f^g 4 -«* 4 = 0 , the three tangents at the origin being 
given by =0. This is a cubic in y/r. Pour distinct 
cases are to be considered according ae the tangents are 
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(i) all real and distinct, (^V) one real and distinct and 
two real and coincident, {iii) all real and coincident, 
(tv) one real and two imaginary. Hence there are four 
species of triple points, 

(6) A Flecnode and a Biflecnode : A node may « 
point of inflexion on one or both branches of the curve 
passing through it. The two cases are distinguished as 
follow : — 

(а) A FLECNODE : It is a node, which is a point of 
inflexion on one branch cf the curve, and consequently, 
one of the tangents at which is a stationary tangent. Such 
a point may be considered as arising from the union of an 
ordinary node with a point of inflexion. Every flecnodal 
tangent has a four-pointic contact with the curve, since 
it has a three-pointic contact with the branch it touches and 
cuts the other branch. The equation of a quartio having a 
flecnode at the origin is — 

where ^4 

are expressions in as and y. is the equation of the 

flecnodal tangent. The reciprocal polar of a flecnode is a 
double tangent, which has a simple contact at one point 
with the reciprocal curve and touches it at a cusp at the 
other. 

(б) A BIFLECNODE : It is a node at which both the 
tangents are stationary tangents. Such a point may 
be regarded as arising from the union of two points 
of inflexion with a node. A biflecnode has properties 
analogous to those of points of inflexion on a cubic. The 
general equation of a quartic having a biflecnode at the 
origin is — 

+«^ 4 = 0 . 

The reciprocal polar of a biflecnode is a pair of cusps having 
a common cuspidal tangent. 
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(7) Undulation ; There is another kind of singular 
points which a quartic curve can possess, A line may meet 
a quartic in four points, and when they are consecutive 
points on the curve, it is called a 'point of undulation, 

A point of undulation is defined as a point where the 
tangent has a contact of the third order with the curve. 

In fact, as we shall see later on, a point of undulation 
is formed by the union of two points of inflexion as conse- 
cutive points on a curve. The tangent at such a point is 
equivalent to two inflexional tangents and one ordinary 
double tangent. It will be shown in § 135, that the 
equation of a quartic can be put into the form 
where a, y, S touch the quartic at the two points where 
each intersects the conic S. If now a, y, 8 are tangents 
to S, then a, y, 8 are each a tangent to the quartic which 
has a contact of the third order, ^^e., these points of contact 
will be points of undulation. Thus a quartic has only four 
real points of undulation. 


121. When a, y, 8 are tangents at points of 
undulation on a quartic, the conic S is inscribed in the 
quadrilateral. Four triangles can be formed by taking 
any three of these four tangents, and any of these triangles 
can be taken as the triangle of reference, of which S is the 
inscribed conic. But it is proved in Conics * that the 
three lines joining the vertices of any triangle circum- 
scribing a conic to the points of contact of the opposite sides 
meet in a point. Hence we obtain the theorem : — 

If a triangle is formed hy the tangents at any three real 
points of undulation, the lines joining the vertices of the 
triangle with the points of contact of the opposite sides 'meet 
in a point. 


* Salmon— Conics, § 129, 


18 
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1^2; Theorem : 

If a quartic hasi three 'points of undulation lying on a 
right line, the fourth point where the line meets the curve 
again is a point of undulation. 

This is easily proved by the principle of residuation: — 

If A, B, 0 be three collinear undulations and D the 
fourth point where ABO meets the curve again, we have 

[ A+B + C+D]=:0. 

Also [4A]=0, [4B]=:0, [40]=0, 

whence the theorem is proved. 

123. Theorem ; 

The locus of points, whose first polars break up into a 
ccnic and a right line, passes through every point, where the 
tangent has a contact of the third cnder with the quartic. 

The equation of a quartic which passes through the 
origin is — 

where u^ is the tangent at the origin. If this tangent has 
a' contact of the third order with the curve, u^ must be a 
factor in each of and u^ ; consequently the equation of 
the curve becomes — 

Ifow, the first polar of the origin is * — 

^i(3vo4-2vi+rj)=0, 

which evidently breaks up into the tangent Uy^ and a conic, 
whence the theorem follows. 

* We have seen that the first polar of any point passes through the 
double points on the curve. Hence the first polar of a fieonode breaks 
up into a line and a conic. 
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124. ^Harmonic property : 

Any line drawn through a double point on a quartic is 
harmonically divided by the curve and the first polar of the 
double point. 

Since a double point on a curve is also a double point 
on the first polar of the same point, any line drawn through 
this double point meets the quartic in two other points and 
the first polar only in one other point. 

The equation of a quartic having a double point at the 
origin 0 is— 

••• (1) 

and the equation of the first polar of 0 is — 

... ( 2 ) 

Transforming to polar co-ordinates, the equations (1) 
and (2) become — 

r*(a cos*tf+2A cos 0 sin sin® cos®^ 

t-Sy cos* 6 sin 6 + Sc' cos 6 sin* 6+d' sin® 0) 

+r*(a"co8^6+ )=0 ... (1) 

and 2r*(a cos*^-h2^ cos ^sin^H-6 sin* 0) 

+r®(a'cos® 0 + 36' cos * 0 sin 0 

+ 3c'co8 0sin* 0+d'sin® 0)=O ... (2) 

Now, if P and Q be the points in which a radius vector 
meets the quartic, and R the point where it meets the 
first polar, we obtain from equations (1) and (2) — 

OP+OQ _ 1 . 1 
OP.OQ OP OQ 

— (g'cos® 0+36' cos* 0 sin 0 + 3c' cos 0 sin* 0+d'sin® 0) 
a cos* 0+2^ cos 0 sin 0+6 sin* 0 

2 

= Qg; [by equatiom (2)] 

. J_+J-=-A_ 

** OP OQ op,’ 


z.e., (OPRQ) is a harmonic range. 
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SsB, 1. Shew that the eqoation of a quartio with a tacnode at G 
and the side OA as the tacnodal tangent can be put into the form — 

[Use Newton's diagram.] 

E». 2. Shew that the points of contact of the four tangents^ to a 
quartio from a tacnode lie on a conic touching the quartic at the 
tacnode. 

Ex. 8. If a quartic has a rhamphoid cusp at 0, the points of contact 
of the tangents drawn from C lie on a conic osculating the curve 
at G. 

Ex. 4 The line joining two undulations of a quartio meets the 
curve again in P and Q. Shew that a conic can be described having 
four-point contact with the curve at P and Q. 

Ex, 6. Show how the properties of a quartic with a triple point 
can be deduced from those of a unicursal cubic. 

[Apply a quadric inversion to the quartio with the triple point and 
any two other points on the curve as the vertices of the fundamental 
triangle. See § 207, Vol. 1, Theory of Plane Gurves.] 

125. Theorem : A qu artic curve cannot have more than two 
flecnodea. 

The equation of a quartic having three nodes at the 
vertices A, B, C of the fundamental triangle is — 

+ +c.c*2/* +xyz{ljti+my+nz):=.0. 

If A is a flecnode, the co-efficients of and x should 
have a common linear factor. This requires that 
yz{my+nz) should contain with lyz-^^hz^ +cy^ a common 
linear factor, t.e., 

lyz+bz* +cy^ s {my+nz){m'y+n^z) 

/• mm'=c, nn^^nhf and mn^+m'n=^l; 
or 6m*+cn*=Zmn (1) 

Similarly, if B is a flecnode, we must have — 




• •• 


( 2 ) 
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If now the third vertex 0 is a flecnode, we must have 
in addition — 

a?*+6m*=Zmn ... (3) 

Thus, from (1), (2), (3) we obtain — 

aZ* =6m* +cn® =zcn^ + al^ z=zlmn, 

which give— 

al* =cn^ =^lmn=^4iabc. 

But these values of the constants reduce the equation 
to a perfect square, and therefore the third vertex can- 
not be a flecnode. 

126, Theorem : If a trinodal quartic has two biflecnodes^ 
the third node must also be a bifiecnode. 

The equation of a quartic having three nodes at A, B, 
Cis- 

ay^z^ +b3^x^ +xyzilx+my+n:)=iO, 

If A is a biflecnode, the co-efficient of x should contain 
the co-efficient of a;® as a factor, ^.e., yz(my + nz) should 
contain bz^ -{-cy^ + lyz as a factor. But this requires that 
third powers of y ov z should occur, which is impossible 
since B and 0 are also nodes on the curve. Hence the 
only possible conclusion is that Z=m=n=0 ; and thus the 
co-efficient of x vanishes. Hence the equation of a quartic 
having biflecnodes at A and B is— 



The symmetry in the result shows that the third vertex 
C is also a biflecnode. 

In order that the curve may be real, one of the constants 
must have a negative sign (say c). Hence it follows that 
the nodal tangents at A and B are real, while those at C 
are imaginary. 
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127. .Harmonic prope^tirs op a biflecnope : 

A biflecnode on a quartic possesses harmonic properties 
analogous to those possessed by a point of inflexion on a 
cubic. The equation of a quartic having a biflecnode at 
the origin 0 is — 

... ( 1 ) 

The first polar ofOis — 

... ( 2 ) 

Hence the first polar of a biflecnode consists of the two 
biflecnodal tangents and another line which is called the 
harmonic 'polar of the biflecnode. 

Consider a line drawn through the biflecnode at the 
origin. Let 

u^^ax* +2hxy+by^ , v^^lx + my ; 

+46'a}®^ + 6c'aj*2/* +4c?'.^2/® +e'y^. 

Transforming to polar co-ordinates, the equation (1) 
becomes— 

r®(a cos* ^-1-2^ cos ^ sin sin* &)(vQ+rl cos $ 

-i-rmsintf)+r^ ^'a'cos^ 0+ ... )=0. 

If P and Q be the points in which the radius vector 
intersects the curve again, then 

OP + OQ __ 1 1 1 _ cos 0 + m sin $) 

opjoQ “ OP OQ ~ 

If R be the point in which the radius cuts the line 
21 ^ 0 +^ 1 = 0 , we have 

1 _ -^(Z cos 6-hm sin 
OR X 

tt m sin 0 ^ 2 

OP^^OQ”” Vo OR 

which sho:ws that OR is the harmonic mean between OP 
and OQ. Hence we obtain the theorem 

Every line drawn through a biflecnode on a quartic is 
divided harmonically by the curve and the harmonic polar. 
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128. Theorem ; 

If two right lines be drawn from a hiflecnode to meet a 
quartic in four points and their e.itremities he joined directly 
and transversely i the points of intersection will lie on the 
harmonic polar. 

This follows immediately from the harmonic properties 
of a complete quadrilateral. The method of proof is 
exactly similar to that used in § 33 in the case of a cubic 
curve. In exactly the same manner, we may deduce the 
following — The tangents at the extremities of any chord 
drawn through a hiflecnode intersect on the harmonic polar » 

129. Theorem : The harmonic polar passes through every 
double point on a quartic. 

This follows as a particular case of the theorem in 
§ 127. For, if 0 is a hiflecnode, and P a double point on 
the quartic, the line OP cannot meet the curve in any other 
point. But OP is divided harmonically by the curve and 
the harmonic polar. Hence, the point where OP meets the 
harmonic polar coincides with P. Therefore P lies on the 
harmonic polar. 

Again, since a quartic may have two other double points 
besides the hiflecnode, the line joining these double points 
is the harmonic polar of the hiflecnode, 

Em. 1. Shew that a qnartio with a hiflecnode at O can be put into 
the form — 

xyz^+u^^O or 

Ex. 2. Shew that the equation of a quartic with two real bifleo- 
nodes at A and B can be put into the form — 

(flj* ~0. 

EdD.Z, Shew that the equation* of a quartic with a fleonode'* at O 
can be “put into form— 

»yz* +2|/»UaH-»*Vg=*0, 
where and are quadratics in of atid y* 
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Eaa. 4. Use Ex, 1 to show that the points of contact of tangents 
drawn from O are collinear. 

Ex. 5. Prove that a qnartio cannot have a biflecnode and a 
flecnode. 

Ex, 6. A qnartio cannot have a cusp and a biflecnode. 

130. Let us consider the equation UW=:Y*, where 
U, V, W each represents a conic. This equation implicitly 
contains sixteen constants, but the equation of a quartic 
contains 14 independent constants and therefore the 
equation of any quartic can be reduced to this form in a 
doubly infinite number of ways. 

Let + hy* =0 ... (1) 

be the equation of a quartic. If this is to reduce to the 
form TJW=V*, the equation (1) is to be identified with 

(»* +bY+c'z^ + +c"«* + ...) 

— + ...)* =0 ( 2 ) 

which contains sixteen constants. 

If the expanded form of (2) is — 

A^* + B2/* + C»* + .*.=0 ... (3) 

comparing the co-efficients of (1) and (3), we obtain 



There are 14 conditions in the equations (4). Thus the 
16 constants must satisfy 14 conditions, and therefore the 
equation can be reduced in a doubly infinite number of ways. 

The form of the equation shows that the conics U and W 
each intersects the conic V =0 in four points lying on 
the quartic, and each of them cuts a contiguous conic 
V'=0 in four contiguous points on the quartic. Hence 
the conics U and W each touch the quartic in four points 
where they respectively meet V =;0, 
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131. System op generating conics : * 

From what has been said above, a quartic can be 
regarded as the envelope of the singly infinite system of 
conics represented by the equation 

A»U + 2XV+W=0 ... (1) 

where X is a variable parameter, and TJ =0, V =0, W =0 
represent three conics. The conics U and W belong to the 
system (1) but not V. The equation of the quartic is 
obtained in the form 

UW=V» ... (2) 

A conic consecutive to (1), given by — 

(X+SX)>U + 2(X+SX)V + W=:0 

intersects (1) in four points which are the points of 
contact with the envelope. 

Hence the conic (1) touches the quartic (2), where 
XU + V=0, and consequently XV + ^=0, i.e., in the four 
points determined by XU+Y=0 and XV+W=:0. Thus 
every conic of the family (1 ) has a quadruple contact 
with the quartic and the eight points of contact of U and 
W lie on the conic V. 

The discriminant of the form — 

X*U + 2XV + W 

is a function of the third degree in its co-efficients and 
therefore will involve X in the sixth degree. Thus, six 
values of X can be determined so that this discriminant 
vanishes; and consequently there are six conics of the 
system (1) which reduce to a pair of right lines. ]S"ow each 
of these pairs of right lines will touch the quartic in four 
points. But since a line cannot meet a quartic in more than 
four points, each line of a pair touches the quartic at two 
distinct points, i.e., each line is a bi~tangent of the quartic. 
Thus there are obtained six pairs of bi-tangents of the quartic. 

* PlScker— Theorie der Alg. Kurven, p. 228 (Bonn, 1839). 
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132. The system of generating conies (1) is included 
in the linear net — 

|U+irV+W=0 

where $ and rj are variable parameters. 

But it is known that a net of conics may always be 
regarded as the net of first polars of a cubic curve (say). 
Then 17 may be regarded as non-homogeneous projective 
co-ordinates of the pole of the polar conic. 

If we put we obtain the equation 

4^ — >7* =0 

of a conic i/r of the net, to the points of which the system 
of conics are associated as polar conics. The quartic there- 
fore may be regarded as the envelope of the first polars of 
all points of ^ with respect to or as the locus of a point, 
whose polar line with respect to €(> touches the conic ^ ; or 
finally, as the locus of the poles of tangents of ij/ w.r.t, 
and this has already been given as one method of generating 
the quartic. 

If Si and S, are two conics of the system, polars 
of two points Pi and on i/r, the conic, which passes 
through the eight points of contact with the quartic, is the 
polar w,rd. of the intersection of the tangents to at 
Pi and Pg. 

The curves and are called “ Leithurven ” or the 
directing curves and the conics of the system generating 
conics of the quartic. 

Again, the polar conics of points on a line with respect 
to a curve of the fourth order envelope a second quartic, 
and in this way from a given quartic can be derived a 
second quartic. With the help of this theorem, it can be 
easily established that the six points on the Steinerian, 
which correspond to six collinear points on the Hessian, 
lie on one and the same conic. For further discussion on 
the subject, see Kohn — Crelle, Bd, 107, p. 6 (1891), 
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133. System oe generating cubics: 

There are 64 triply infinite systems of curves of the 
third order which envelope a given curve of order four, i.e,, 
which have six-pointic contact with the quartic.* They 
belong to two difEerent classes. The first. 36 in number, 
contains a singly infinite system of degenerate cubics, 
consisting of lines and conics, in each case the line touches 
the quartic once, and the conic touches it thrice and goes 
through the two remaining points where the line meets 
the quartic. By means of Hesse’s space-representation, 
the system may be made to correspond to points in space. 

The second system, 28 in number, are determined by 
the bitangents of the quartic. If a bitangent is taken as 
the side «=0 of the fundamental triangle, then the equation 
of the quartic may be written as where 

^3 is a cubic touching the curve, and belongs to the 
system determined by the bitangent, c/), =0 is the equation 
of a conic, which passes through the points of contact of 
the bitangent and also through the six points where the 
curve touches the quartic. The twelve points of contact 
of two enveloping curves of one and the same system, 
whether it is of the first or the second class, again lie on a 
curve of the third order. There are 64 curves in each 
system of enveloping curves, which have four-pointic contact 
with the quartic. 

Two curves of the third order belong to the first or the 
second class, according as they have a common conic having 
trijple contact or three collinear points of intersection.f 

Bx, A line is drawn through eaoh of the points of contact of a bi- 
tangent of a quartic. Show that a cubic touches the quartic at the six 
points in which these two lines meet the curve again. 


* Hesse— Bd. 49, p. 243 (1855). Clebsch— JtfafA. Annaletif 
Bd. 3, p. 46 (1871). 

t Rosati — Giorn di Mat, Vol. 38, p. 165 (1900). 
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134 . ClKCDITS OF A QUARTIC: 

The part of a curve traced out by a real point has been 
called its circuit and is said to be odd or even according 
as it is met by any line in an odd or even number of 
points * A non-singular quartic therefore cannot have an 
odd circuit, nor can it have more than four even circuits, 
For, if it had five, the conic through a point on each circuit 
would meet the quartic in ten points. 

Again, a non-singular quartic can be projected into a 
closed curve, consisting of one, two, three or four ovals. 

Klein’s theorem t gives for a non-singular quartic, that 
if there is no inflexion, there are four ideal bitangents, 
none meeting the curve in real points. If there is an 
inflexion, it can be shown by projecting the inflexional 
tangent to infinity, that there is some line which meets 
the curve in no real point. In any case, there is some 
line not meeting the curve in real points, whence the 
theorem follows. 

If there are two ovals, one may lie inside the other, or 
may be external to it. In the first case, the inner oval can 
have no inflexion, for in that case the inflexional tangent 
meets the inner oval in four points and the outer oval in two 
points at least. But this is not possible for a curve of 
order four. 

In case of three or four ovals, no oval can lie inside 
another. For in that case a line may be found to meet the 
quartic in more than four points. If two ovals are external 
to each other, they will have four and only four common 
tangents which are bitangents of the curve. 


* Zeuthen— MitA. Ann. Bd. 7, p. 410 (1874). See also Hilton— Plane 
Alg. Curves, Chapter XX. 

t F. Klein — Math. Ann. Bd. 10(1876), p. 199. 
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Theory of Bttangents 

135. The hi tangents of a quartic have been studied in 
some details by workers in geometry. The configuration of 
28 real bitangents was first discussed by Steiner and 
Pliicker. In this chapter, we shall consider the several 
methods, but it is convenient to prove at the outset the 
following important theorem ; 

Theorem : The ’points of contact of any four hitangents of 
a quartic lie on a conic. 

The equation UW = Y® can be written in the form — 

(A®U+2AY + W)()a*U+2^V + W) 

= {A/^U+(A+^)V + W}® ... (1) 

as can easily be verified by multiplying out both sides of 
the equation, where X and y. are arbitrary parameters. 
From what has been said in a previous article it follows 
that both the conics, represented by the factors on the left, 
touch the quartic at the four points, where each meets 
the conic — 

A/4U + (A+fi)V + W=:0. 

Hence the two sets of four points at which any two of 
the enveloping conics touch the quartic lie on another 
conic. 

Again, if we determine A and /x such that 

A»U+2AY + W and ^*U + 2/>tV+W 
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each represents a pair of right lines, the equation ( 1 ) takes 
the form — 

a)8y8=S* ... (2) 

^here SisA/iU+(\+/A)V + W, 

in which the above values of A and fi have been substituted. 
From the form of the equation (2) it follows that each of 
the lines a, fi, y, 8 touches the quartic at two points, where 
it meets the conic S=0, and therefore is a bitangent to 
the quartic, and the eight points of contact of these four 
bi-tangents lie on the conic S=0. 

Notice tha^^ the reduction of the equation to the form 
5x6 

(2) can be effected in only — ^ =15 different ways. For 

A and /a have each six different values and when we give 
any value to A, we must give to fi any one of the five 
remaining values. 

136. Configuration of the bitangents : 

We have just now shown that the enveloping conics of 
a quartic and the conics through the points of contact of 
any pair of them belong to the system included in the 
equation — 

ZU+mV+nW=0, 

But if ZU-f-mV+nW=0 

represents a pair of right lines, their intersection lies on 
the Jacobian of tJ, V, W,* Hence it follows that if the 
points of contact of an enveloping conic are joined by three 
pairs of right lines, the intersection of each pair lies on the 
Jacobian of U, V, W. But this Jacobian is the Hessian 
of a certain cubic of which 

ZU+mV+wW=0 

is the net of polar conics. Therefore each of these lines 
touches the Cayleyan of the cubic. 


Salmon — Conios, $ 388. 
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Again, since the six pairs of bitangents are included in 
the form — 

X-U+2XV+W, 

it follows that these bitangents all touch the Cayleyan, and 
the intersection of each pair lies on the Jacobian of the 
system. It further appears that the lines which join 
directly or transversely the points of contact of any pair 
of these bitangents all touch the Cay ley an, and they intersect 
on the Jacobian. 

137. Salmon’s Theorem ; * 

Through the four joints of ccmtact of any two hitangentB^ 
five conics can he described^ each of which passes through the 
four points of contact of two other hitangents. 

The equation of a quartic may be written as UW=V*. 
If now W breaks up into two linear factors a, /?, we have 
aj8.U=V ... (I) 

and a, are bitangents of the quartic. This equation can 
again be written as — 

aj8(\»U4-2\V + a)3) = (a)8+\V)* ... (2) 

Now, the discriminant of — 

X*U + 2XV+a^ 

is of the sixth degree in X and contains X as a factor. 
The value X=0 corresponds to the bitangents a and p. 
The other five values of X, for which the discriminant 
vanishes, will reduce 

X>U+2XV+a)8 

to a pair of right lines. 

Therefore there are five different ways in which the 
equation (1) can be reduced to the form — 

a^ 78 =(a^+XV)* (3) 


Salmon— H. P, Curves, § 266, 
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These conics pass through the points of contact of the four 
bitangents a, y, B, which proves the theorem. 

Since X can be chosen in five ways, there are six pairs 
of bitangents, namely a=0, ^=0, and five pairs ^uch 

as 7 = 0 , 8=0. 

A non-singular quartic has 28 bitangents, and there are 
therefore |.28.27 or 378 pairs of bitangents. Each of these 
pairs gives rise to five different conics, but each conic may 
arise from any one of the six different pairs formed by the 
four bitangents which correspond to that conic. Hence 
there are in all Jx378 or 315 conics, each of which passes 
through the points of contact of four bitangents of a 
quartic.* 

138. The equation (2) of the last article enables us to 
deduce a number of theorems on the points of contact of 
bitangents. Thus, a conic through the points of contact 
of two bitangents meets the curve again in four points 
where a second conic touches the quartic. 

For the first conic being a^+XV=0, the second 
conic is — 

X*U+2XV-f-a/?=0; 

Similarly, the eight other intersections with the quartic 
of two conics through the points of contact of two bitan- 
gents lie on a conic. 

For, if we take — 

aj3+X,V=0 and a)8-fX,V=0 

as the conics, the required conic is — 

X,X,U+(X,+X,)V+a^=0. 


* This investigation is due to Salmon. Other workers have dig- 
cuBBed the system of these conics— Cayley— Ooll. Papers, Vol. VII, 
p. 123. Hesse— Crelle, Bd. 49, p. 243. 
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139. Steiner- Plucker’s Method: 

The configuration of the bitangents of a quartic, deter- 
mined by the nets of conics as stated before, was first 
investigated by Steiner and Pliicker. 

The equation of the quartic is put into the form-* 
a^y8==V* 

where a, y, 8 are any four bitangents. He states that 
there are 315 conics, such as V, on which lie by four the 
points of contact of the 28 bitangents and that each net 
contains six bitangents and the six intersections of the 
individual pairs lie on a conic to which all the conics of 
the series are ajpolar* Thus the 378 points of intersection 
of the hi tan gents are said to lie by six on 63 conics to 
which the nets are apolar. But Pliicker does not show how 
the six points of contact of any three bitangents lie bn 
a conic, and he draws an erroneous conclusion, as pointed 
out by Salmon, with regard to the number of conics passing 
through eight points of contact of bitangents. 

Steiner’s Group : The six pairs of bitangents belonging 
to a net such that the points of contact of any two pairs 
lie on a conic are said to form a Steiner’s Group, or Set, or 
Double Six, or a Steiner’s Complex. 

Definition : Three bitangents of a quartic are called 
syzygetic or asyzygetic^ according as their six points of 
contact do or do not lie on a conic. 

Four bitangents are said to be syzygetic or asyzygetic 
according as their eight points of contact do or do not lie 
on a conic. 

For fuller discussion the student is referred to Fro- 
benius — Grelle Bd. 103, p. 169 (1888), and Geiser— GreWe 
Bd. 72, p. 370 (1872), Kohn— OrcZie Bd. 107, p. 1 (1890j. 

* A cnrye of order n and a carve of class n are said to be apolar 
or harmonic, if their mixed bilinear invariant called the harmonizant 
vanishes. See Battaglini — Napoli Atti., Vol. 4, p, 1 (1868). 

20 
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140. We shall now proye that the equation oi the 
quartic may be reduced to the form — 

'>/gLb+ Vcd Vef rzQ 

where a, b, c, d, e, / are three pairs of bitangents. *Thi8 
form of the equation is very convenient for studying the 
configuration of hitangents, specially the properties of 
Steiner’s Groups. From equation (3) § 137, we jnay write 
the equation of the quartic /=0 in either of the forms--^ 

and /sa6e/^W®=0 ... (4) 

whence we obtain — 

= (V" - W*) s (V + W)( V- W) 

Since a, b jueet the quartic only in their points of contact, 
the quartic cannot pass through the intersection of a, 6. 
Consequently, a cannot be a factor of V+W and hot 
y — -W, or vice versa. For then. 

Vsi(V+W)+KV-W) 

vanishes, when a=0 and 6=^0 ; and this shows that the 
ourye passes through the intersection of a and b. 

Hence we must have— 

a6s/f(y + W) and cd--ef={V + W)lk 
where, putting /j=l, we obtain — 

— 4/s — 4iahcd + 4V * s — 4a6cd +(ah + cd—ef)* 

4-e*/* — 2a6cd— 2a6e/— 2cd(3/ 

whence the equation pf the quartic may he written in 
the form — 

v^a6-p A/cd + y ^/=:0 (5) 

The symmetry in this result shows that the eight points of 
contact of cx=0, dsO, esO, f^O lie on a conic, 
whence we obtain the theorem : 

eight points of contact of any two •pairs of hitangents 
li$ on a conic, 
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1. Show that the 37S intersections of the 2S bitangents liei by 
threes oft straight lines. 

[T^is ftiay be proved by coinparing the two forms of V in tbe 
article^] 

2. Three or fo»r concurrent bitangents are syzygetic, 

f Let three bitangents be given by— 

06 ^ + ihiy’^y^ —0 and y^O. 

l%e equation of the quartic is — 

(»*+2;i.rry + y®)U = V^] 

141. Properties of a Steiner’s Group. 

Twa Steiner’s groups are said to be syzygetic or a8y:ygetic 
according as they have four or six common bitangents. The 
twelve bitangents of a Steiner’s group possess a, number of 
important properties. We shall now show that each hitan- 
gent of any pair of a group is cut by the other five pairs in an 
involution to which the points of contact of the bitangent belong. 

Denote the bitangents of the group by the letters— 

Cl, 6, c, c^, e, g^ hy ty jy ky I, 

Taking the bitangents k, Z as the lines «=0, yssO, the 
equation of the curve may be written as-^ 

i,^U-V»s.2/(U+2A;V + Zc*a:2/)-(V + A;^-y)»=:0 

Hence, the line-pairs ah, cd, efy gh, ijy are included 
almong the conics — 

U 4'2/cV-f fc®ir2/=0 

which are cut by a!=0 in an involution. 

Again, the twelve bitangents of a group touch the same curve 
of the third dais. 

For, the envelope of a line divided by three conics in an 
involution is a curve of the third class, touching the 
conics. 

This curve is in fact the Cayleyan of the net and is again 
touched by the lines joining directly and transversely the 
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points of contact of each pair, i.e., the remaining sides of 
the six complete quadrilaterals formed by the points of 
contact of any pair of bitangents. The intersections of each 
pair of bitangents, and also those of each pair of joining 
lines, lie on a cubic, which is the Jacobian of the net. There 
are twelve conics corresponding to each group, each of which 
touches the quarbic twice with ordinary contact, and once so 
as to meet it in four consecutive points, the twelve points of 
higher contact lying on the cubic last mentioned. 

142. Hesse’s Method : 

Hesse’s method * of studying the configuration of 
bitangents and the associated conics introduces considera- 
tions from the geometry of three dimensions, and was 
minutely discussed by Prof. Cayley, t and by NOther.J: 
He connects the theory of bitangents with that of the 
bundles of surfaces of the second order. If U, V, W are any 
three quadric surfaces, then the bundle is represented by 
the equation — 

ajU-f 2/V-f «W=0 ... (1) 

The cones belonging to this bundle are determined by the 
values of x, y, 0 , obtained by equating to zero the discrimi- 
nant of (1). The discriminant is of the fourth order, 
and represents a curve of the fourth order, if x, y, z 
are regarded as homogeneous point co-ordinates in a 
plane. Thus there is established a (1, 1) correspondence 
between this quartic and the space-curve of the sixth order 
through the vertices of the cones. In fact, for each point 
of the quartic a system of values of aj, y, z is determined 
for which the discriminant vanishes, and consequently 
this gives a cone in the bundle or the vertices of the cones. 
On the other hand, corresponding to a cone in the bundle, 

* Hesse — Crelle, Bd. 49, p. 243 (1855) 
t Cayley— Bd. 68, p. 176 (1868V 
J Ndfcher— Ann, Bd |6, p. 89 (1879). 
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a system of values of £c, z is obtained for which the 
discriminant vanishes and a point of the quartic is obtained. 

A linear relation between x, z represents a line in 
the plane and a fixed pencil in the bundle of surfaces. To 
the four points in which the line cuts the curve correspond 
the vertices of the four cones contained in the pencil. 
If the line is a bitangent, then the basis-curve of the pencil 
consists of a space-curve of order three and one of the 
double lines through the vertices ; the space-curve passes 
through six of the eight points common to the surfaces of 
the bundle ; while the line joins the remaining two points. 
Thus the bitangents of the quartic are placed in a simple 
relation to the 28 lines joining the eight points of the 
pencil. If we denote the eight points in space by means of 
the numerals 1 to 8, to each combination of two of the num- 
bers 1 to 8, there corresponds one bitangent of the quartic. 

Thus Hesse introduces a notation by means of which 
the configuration of the 28 bitangents and the associated 
conics can be easily determined. 

The 378 pairs of bitangents will be represented by the 
two similar types of symbols (12,13), etc., and (12.34), 
etc. There are then 1,260 triads of bitangents, whose six 
points of contact lie on a conic and they belong to two 
different types (12. 23. 34) etc. and (12. 34. 56) etc. 

There are 315 tetrads of bitangents whose eight points of 
contact lie on a conic, and belong to two different types 
(12. 23. 34. 41) etc., and (12. 34. 56. 78) etc. 

There are 1,008 groups of six bitangents which touch 
a conic and they may be represented by one of the following 
three types of symbols (12. 23. 31, 45. 56. 64), (12. 34. 35. 
36. 37. 38), (12. 13. 14. 56. 57. 58). 

There are 5,040 groups of six bitangents which intersect 
in pairs in three collinear points and they may be repre- 
sented by one of the following types : (12. 23. 31, 14. 45. 51), 
(12. 23. 34. 45. 56. 61), (12. 34. 35. 36. 67. 68). 
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143. Application op Hessb’s notation: 

Hesse’s notation, although not symmetrical, is perhaps 
as convenient as any we can find. 

Combination in pairs of the eight symbols 1, 2, 3, 4, 5, 
6,7,8, gives ns 28 symbols 12, 13,... 78, which may be 
Used to denote the 28 bitangents. The notation serves to 
correctly represent the geometrical relations of the 28 
bitangents^ For the notation might suggest that the 
bitangent 12 was related in a different manner to the bi tan- 
gents 13, 14, etc., and to the bitangents 34, 56, etc., but 
there is no real geometric difference between the relations 
of any pair of bitangents. 

We again apply the symbol such that 12, 34, 56, 78 
denote the bi tangents whose eight points of contact lie on 
a conic. The same property will then belong to every 
tetrad of bitangents represented by a similar set of duads, 
i.e., by any four duads containing all the eight symbols. 
But it will be found that there are only 105 arrangements 
of the eight symbols into sets such as 12, 34, 56, 78. The 
remaining 210 conics correspond to four bitangents repre- 
sented by the symbols such as 12, 23, 34, 41, ^^6., the duads 
formed cyclically from any arrangement of four of the 
eight symbols. It is found that there are then 210 such 
tetrads. 

. Hence the group belonging to the pair 12, 34 consists of 
56, 78 ; 57, 68 ; 58, 67 ; 13, 24 ; 14, 23 ; 

and the group belonging to the pair such as 12, 13 is- - 
24,34; 25,35; 26,36 ; 27,37; 28,38, 

Thus we see that the notation shows completely how 
the bitangents are to be combined in groups. But although 
the notation suggests that the first 105 conics differ in 
their properties from the last 210 conics, this is not actually 
the case, since the 315 conics are of the same nature. 
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The notation has been fully discussed by Prof. Cayley. * 
He exhibits in a ts^ble the geometrical relations of the 
bitangents, taken singly in twos^ threes or fours^ and the 
number of terms belonging to each type of arrangement of 
the symbols. For a detailed study of these symbols, the 
student is referred to the paper by Prof. Cayley and to 
Salmon’s H, P. Curves §§ 259-262. 

144. Pontene,t however, has given a method of visual- 
izing the notation of Hesse by considering a quartic 
/gr4“€=0, where c is a small constant, and /=0, gf=0 
are equal ellipses of small eccentricity and nearly concen- 
tric, the major axis of one being parallel to the minor axis 
of the other. The quartic thus consists of four portions 





each lying inside one ellipse and outside the other. The 
portions are narrow ovals each touched by one bitangent, 
while any two ovals have four common bitangents. The 
quartic has 28 real bitangents, each touching the curve 
in points which lie very close to two of the points denoted 
by the symbols 1, 2, 3, 4, 5, 6, 7, 8, in the figure. 

# Cayley— Bd. 68 (1868). 

t G. Fontene— Bull, de la Soo. Math de France, Vol, 27, 
p.2a9 (1899). 

See also Hilton— plane Alg. Curves, p. 342- 
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Next suppose thafc the ellipses are nearly equal, so that 
in the limit the ovals are indefinitely narrow. The bitan- 
gents may now be regarded as the 28 lines joining in pairs 
the eight points 1, 2, 3, 4, 5, 6, 7, 8. 
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The bitangenta are then denoted by 12 or 21, 13 or 31, 
etc. It is readily seen that three bitangents are syzygetic 
if (1) their symbols involve six distinct digits, namely, 12, 
34, 56 ; or (2) their symbols contain two digits twice and 
two digits once, namely 12, 23, 34. 

Similarly, four bitangents are syzygetic^ if they can be 
represented by either of the two symbols of the types 

12, 34, 66, 78 ; or 12, 23, 34, 41. 

From the figure it will be easily seen that the four 
bi tangents either join four distinct pairs of points or are 
the sides of a quadrilateral, whence it follows that there 
are Groups of the two types — 

18 17, .28 27, 38 37, 48 47, 58 57, 68 67 ; 
or 14 23, 24 31, 34 12, 58 67, 68 75, 78 66. 

There are then or 28 Complexes of the first type and 

or 35 Complexes of the second type, altogether making 
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up the sixty-three Complexes, and this is the complete list 
of possible sets of three or four syzygetic bitangents. 

This explains the notatien used by Hesse and the 
students are referred for further details to the works cited 
before. 

145. Gtbiser’s Method .* 

Another mode of connecting the theory of bitangents 
with spac e -geometry was used by Geiser.* From any point 
on a cubic surface can be drawn a quartic cone touching 
the surface, and this intersects any plane in a general 
quartic curve. The cone will be non-singular, its bitangent- 
planes being the tangent plane to the cubic at the vertex 
and the planes joining the vertex to the 27 lines on the 
surface. The 28 bi tangents of the quartic are the lines 
in which these planes are met by the plane of the quartic. 
He thus establishes a relation between the 28 bitangents of 
a quartic with the 27 lines on a cubic surface. 

Zeuthen shows that his classification of quartios with 
regard to the reality of their bitangents leads by a difEerent 
process to the results obtained by Schlafli in classifying 
cubic surfaces with respect to the reality of their right 
lines. 

146. Aronhold’s Method : 

Aronhold has shown that when seven arbitrary lines are 
given, a quartic curve can be found having these lines as 
bitangents, and of which the other bitangents can be found 
by linear construction. 

The method depends on properties of a system of curves 
of the third class having seven common tangents and can be 
explained briefly as follows : 


* Geiser — Math. Ann, Bd. 1 (1869), p. 129. See also Zeuthen — ibid, 
Bd. 8 (1876), p. 1. 

21 
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Let us consider two curves <t> and ij/ of class three, having 
seven fixed common tangents. They have then two other 
common tangents, which intersect at any point P (say), 
if now we keep ^ fixed and vary if/ in such a way that it 
always touches the seven given lines, then through P there 
passes a tangent a of <^, which may be called the coresidual * 
of with respect to the seven given lines. The tangent a 
intersects this curve which is of order 6, in four other 
points. At these four points, and at no other, will the curve 
fj} be touched by any other curve of class 3 having those 
seven lines as tangents. Hence follows that the locus of 
the points of contact of the two curves of class three of 
this system is a curve of order four,t and in fact, is a 
general quartic having the seven given lines as bitangents. 
In order to determine the remaining 21 bitangents, we have 
to find 21 curves of the third class belonging to the system, 
which break up into a conic and a line. Five of the seven 
given lines must touch the conic, and the remaining two 
intersect on the line. The coresidual lines to these 21 
degenerate curves are the bitangents sought, which can 
be obtained by linear construction only. 

Th e set of seven lines, which are themselves bitangents 
of the quartic, is called an “ Aronhold Seven,” They are 
such that the points of contact of any three do not lie on 
a conic, z.e,, no three of these seven are syzygetic. 


* If we have a system of ourves of the third class tonohing seven 
given lines, and consider any one curve of the system, the eighth and 
ninth tangents, common to it with any other curve of the system, 
intersect on a fixed tangent of the selected curve, which may be called 
the coresidual, for that curve, of the seven given tangents. 

f This can be easily seen by considering a system of cubios through 
seven given points. If the remaining two points coincide, i.e., if the 
cables touch, the envelope of the common tangent is a curve of the 
fourth class. The reciprocal property will establish the theorem. 
See Salmon— H. P. Curves, §§ 263-64. 
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147. Linear construction of bitangents : * 

The bitangents of a qnartic can accordingly be found 
from the seven given bitangents by linear constructions. 
From what has been said above, we have in fact to construct 
the coresidual tangents for the several systems 12345, 
67, etc., where 12345 denotes the conic touching the first 
five lines, and 67 is the point of intersection of the other 
two. Now, the two systems 12345 67 and 12346 57 have 
obviously seven common tangents, and the remaining 
common tangents are the tangents to 12345 from the 
point 57, and to 12346 from 67. But when one point on 
a tangent to a conic is given, the remaining tangent can be 
obtained by linear constructions with the help of Brian- 
chon’s theorem. Thus the two tangents and their intersec- 
tion are obtained. The remaining tangents drawn from 
the point to each of the two conics will be the two required 
coresiduals, and consequently two of the bitangents. The 
same may be obtained by considering the three systems 
12345, 67 ; 12346, 57 ; 12347, 56. We determine, as 

before, the remaining eighth and ninth tangents common to 
each pair of systems, the three intersections of these pairs 
of tangents, being joined, will give three of the required 
bitangents. The bitangent which is the coresidual for 
the system 12345, 67 may be called the bitangent (67) ; 
and thus the 21 bitangents may be denoted by combinations 
of the symbols 1, 2, 3, 4, 5, 6, 7. In addition to these, 
there are the seven given lines as bitangents. If now we 
introduce for symmetry a new symbol 8, the seven lines 
may be denoted by (18), (28), (38), (48), (58), (68), (78) 
and this leads to a algorithm identical with that of Hesse. 

For a complete discussion of the method, the student 
is referred to Aronhold’s original paper in Berlin Monats- 
berichte — (1864), p. 499 ; Timerding — Math. Ann. Bd. 53 
(1900), p. 193. 


* Salmon’s H. P. Curves, §§ 263-268. 
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148, Method op characteristics *. 

In order to investigate the bitangents of a quartic 
E. Pascal * has introduced a method in which bitangents 
are represented by means of so-called odd characteristics' of 
genus 3. Each bitangent is represented by the symbol 



where ky either 0 or 1, and the sum 

is an odd number (1 or 3). In this representation, the four 
bi tangents, whose points of contact lie on a conic, are repre- 
sented by four characteristics, whose corresponding elements 
give an even sum (0 or 2), For a study of the theory, the 
reader is referred to Ndther — Miinchen Abhandlungen, Bd. 
17 (1879), p. 105, and Math, Ann. Bd. 28 (1886), p. ^4. 


149. Investigation by Kummer’s configuration : 

Kummer had remarked that oc* of surfaces of order 
4 with 16 nodes and 16 singular tangent planes pass 
through a general quartic. These 16 tangent planes cut out 
16 bitangents of the quartic, so that the 12 remaining 
bitangents form a Steiner’s Group.t The 16 of the 28 
bitangents, which are obtained excluding the Steiner’s 
Group and which could be determined on the plane of 
a Kummer’s configuration in the above manner, are said 
to form a Kummer’s Group. The 16 bitangents of a 


* B. Pascal — Ann. di Mat, Vol. 20(1893), pp. 163, 269 and Vol. 21 
(1893), p. 86, 

t In this way the theory of bitangents of Oiani has been deve- 
loped — Ann. di Mat., Vol. 2 (8) (1897), p. 63. 
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Kummer’s Group touch by six 16 conics. It follows further 
that the r points, in which two hitangents of a Kunimer’s 
Group intersect, lie by threes on 240 lines tt, and these lines 
pass by threes through 1280 points, 320 of those points 
are obtained as follows : — The 6 points, in which the pairs 
of bitangents of the Steiner’s Group, complementary to the 
Kummer’s Group, intersect, determine a complete hexagon. 
The points, in which each side of this hexagon is met by 
the pairs of opposite sides of the complete quadrilateral 
formed by the four vertices of the hexagon not lying on it, 
determine an involution, whose double points are denoted 
by M (say). The 30 points M thus obtained lie by threes 
on 60 lines w, which form 15 quadrilaterals with vertices M. 
The 60 lines m pass by threes through 320 points s, which 
are the required points. 

If we consider the 63 Kummer’s Group, we may say 
that the 378 points of intersection of the 28 bitangents 
lie by threes on 5040 lines tt, which again pass by 
threes through 6720 points s and ( 0480 points k. Each 
line TT contains four points s and 36 points k. The 6720 
points s lie by fours on 15120 lines <t. The 60480 points k 
lie by threes on 20160 lines c, which pass through the 
6720 points 5 by threes, and through 15120 points ^ by fours. 
For other details, see H. Webers— Algebra Bd. 2 (1900).* 

Ex. 1. Shew that there are 288 Aronhold Sevens of bitangents, 
of which 72 contain any given bitangent and 16 contain any two 
given bitangents . 

E<0. 2. Using Aronhold’s method shew that the intersections of 
the bitangents lie, three by three, on straight lines. 

[See Salmon — H. P. Curves, § 266]. 

Ex. 3. Shew that the six intersections of each pair of a Steiner’s 
Group lie on a conic. 


* De Paolis, considering a quartic as an intermediary curve in a 
plane transformation of order three and deficiency one, obtained the 
properties and the equations of the 28 bitangents (1878). 
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150. The real bitangents : 

Pliicker* gave the following example for skewing that 
the 28 bitangents of a quartic are all real. In this case 
the quartic must necessarily be quadripartite. These 'four 
branches have therefore ^CaX4=24 common tangents, 
which are bitangents of the quartic. 

There must be other four bitangents for which Pliicker 
starts with the equation— 

= — a;* !)(«— f)— 2(2/* + 2)}* =0- 

The circle within the parenthesis is circumscribed about 
the triangle (y*— aj^)(£r 5 — 1). Therefore the curve has 
double points at the three vertices, and f=0 is a 
bitangent, as shown in the figure by the thick line. 



Let us now consider the curve 11= A:, for small integral 
positive or negative values of Ic. 

The curve 0=/i: does not meet 11=0 in any finite 
point, and it deviates less from the form of the curve O, the 
less we suppose k, and according as k is positive or negative, 
it is altogether within or without H. When k is negative, 
the curve is altogether without, and it is unipartite and 


Flicker — Theorie der Algebraisohen Kurven, p. 247. 


BITANGENTS 


16? 


has 28 real bitangents. When the curve is within, it 
consists of four ovals, one in each of the compartments 
into which the curve O is divided. Each oval has one 
tangent touching it doubly. Hence there are four hi tan- 
gents belonging to the ovals. 

Again, any two ovals have four common tangents and 
the four ovals can be grouped into six such pairs. There 
are therefore 24 bitangents, and thus altogether there are 
28 real bitangents. 

Thus, in the above example, there are 4 bitangents of 
the first kind and 24 of the second kind, as was otherwise 
obtained by Zeuthen. 

In fact, the number of real bitangents of a quartic is 4, 
8, 16 or 28. 

For, if the quartic has r(r=l, 2, 3, 4) ovals external 
to each other, it has also ^(r— l)x4 bitangents of the 
second kind. But it has four bitangents of the first kind. 
Hence the curve has 0, 4, 12 or 24 bitangents of the second 
kind and four of the first kind, which proves the pro- 
position. 

Ea. 1. Show that the curve + + has exactly four 

real bitangents. 

[Tracing the curve it will be seen that it consists of a single oval 
touched in real points by three bitangents. The line a + y + z^O is 
the fourth real bitangent.] 

Et». 2. The eight points of contact of the four bitangents of the 
first kind He on a conic. 

E», 3. Three bitangents of a quartic f orm a triangle ABC, whose 
sides touch the quartic at Pj and P^, and Q^, R, and R^. Show 
that the conic PiQ,QaRiRa passes through either P^, or the 
harmonic conjugate of P^ w,r.t, B and C. 

E(b, 4. Two external ovals cannot be enclosed within the triangle 
formed by any three bitangents of the first kind. 

Ea, 5. Two external ovals of a quartic have two bitangents having 
the ovals on the same side and two bitangents having the ovals on 
opposite sides. 
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151. Real inflexions and undulations: 

When a tangent touches a single branch at two real 
points, it is evident that the arc at each of these points 

is convex towards the tangent. Therefore, intermediate 

% 

between these two convex parts, there must be a part of the 
arc which is concave towards the tangent. This concave 
part must therefore be separated from the convex parts by 
a 'point of inflexion at each extremity. Therefore, corres- 
ponding to each bitangent of the first kind, there are two 
real points of inflexion. Conversely, the existence of two 
real points of inflexion on a single branch implies the 
presence of a bitangent of the first kind. Now, since there 
are only four such bitangents, a quartic curve cannot have 
'more than eight real points of inflexion. 

If, however, the two points of inflexion coincide, the 
bitangent touches the curve at four consecutive points and 
the point of contact becomes a point of undulation. Hence, 
since there are only eight real points of inflexion, a quartic 
can have at the most four real points of undulation. 

Ex.\. The tangents at three collinear inflexions of a quartic meet 
the curve again in collinear points. 

Ex. 2. The line joining two undulations of a quartic meets the 
curve again in P, Q. Show that a conic can be described having four- 
pointic contact with the curve at P and Q. 

Ex. 3, Show that there are six real inflexions on the quartic— 

and that they He on the conic yz + z» + xy^O. 
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Unicursal Quartics 
152. Rational Quartics:* 

If a quartio is rational (or unicursal) of deficiency zero, 
then the co-ordinates of any point can be represented by 

X : y : z z=z 

where /i, /*, /s are rational functions of a parameter. 

Quartics of species VII, VIII, IX, and X belong to this 
class, and include besides quartics with a triple point or 
other kinds of higher singularities equivalent to three 
double points. While discussing Quadric Inversion, wo have 
seen that a rational quartio can be obtained from a conic 
by a quadric transformation. SchrOtert considered such a 
quartio as the locus of a point common to the corresponding 
tangents to two projective conics. When, however, one conic 
reduces to a point, the locus becomes a rational cubic. 
Stahl I defined a rational quartic as the plane projection of a 
rational curve in space of order four. 

From the above parametric representation of a unicursal 
quartic, the Cartesian and tangential equations of the curve, 
its singularities, collinearity of points, etc., can be easily ob- 
tained.! 

^ For general methods of treatment of rational curves, the stude**^ 
should consult Meyer’s Apolctrit^kt und RatioTiale S^UTven, 
f SohrSter — CrsWe, Bd, 64, p. 32 (1867). 
t Stahl— OrsZIs, Bd. 101, p. 300 (1887). 

§ Brill— MTofh. Ann., Bd. 12, p. 90 (1877). See also^Theorv 
CurveB, Vol. I, Ghap.tXlII. 

22 
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A Tinicursal quartic has four bitangents, six inflexions 
and is of class six, as can easily be verified by Pliicker’s 
formules. 

Properties of a unicursal quartic are best studied ^by 
the method of quadric inversion, but geometrical processes 
are at times useful and convenient. We may project two 
of the double points into the circular points at infinity and 
then invert with respect to the third double point. A 
conic is thus obtained, from each of whose properties a pro- 
perty of the quartic can be deduced. It is to be noted, 
however, that this method will be convenient if the two 
projected double points are of the same kind, but there is 
no such restriction in the case of quadric transformation. 

The properties of a tricuspid al quartic can be easily 
derived from those of a nodal cubic by reciprocation. 

Eflj. 1. Show that any quartic with a node and a pair of cusps can 
be projected into a lima^on. 

[Projecting the cusps into the circular points at infinity with the 
node at the origin, we get a lima^on, which is the inverse of a conic 
w,r,t, a focus.] 

Ex. 2. Show that the locus of the intersection of the tangents at 
corresponding points of homographic ranges on two given conics is a 
unicursal quartic. 

[Take the equation of the corresponding tangents as — 

A*U + 2xV + W = 0 and A*U' + 2 aV' + W'-O 
where U, V, W, XT', V', W' are linear expressions in x, y, z.] 

Ex. 3. Prove that the cuspidal tangents of a tricuspidal quartic 
meet in a point. 

[This may be obtained by reciprocating the theorem ; The three 
inflexions of a nodal cubic are collinear.j 

Ex. 4. Show how the properties of quartics belonging to species 
IX can be deduced from those of a lima9on by projection and recipro- 
cation. 

Ex, 6. A pencil of quartics w ith three given nodes through four 
other fixed points cuts any line through a node in an involution. 

[Applying a quadric inversion, we get a pencil of conics which cuts 
any lint in an invClution.] 
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153. Trinodal Quartics : 

We have already seen that the equation of a trinodal 
quartic having three nodes at the three vertices A, B, C of 
the triangle of reference can be written as 


or 




+^+??+2j^=0 

yz zx Jcy 


ay^z^ + hz^x* •\r2xyz (fx+gy + hz):!=0 


••* (1) 

... ( 2 ) 


The tangents at the nodes A, B, C are given respectively 
by cy* +bz* +2fyz=z0y az* +cx^ +2gzx=0, 

bx^ +ay* + 2hxy=0. 


The equation (2) can be put into the form 
(ayz + hzx+giyY + (ca--g^)x*y* 

—2{gh-^af)x^yz+(ab^h^)z*x* =0 
or (ayz-{-hzx + g.cy)^ -^x^(By^ — 2 F 2/2 + C 2 f *)=0 

where A, B, C, denote the co-factors of a, b, c,..,etc. in 
the determinant 

a h g 

h b f 

9 f 0 


This shows that the lines By* — 2F2/0=O touch 
the quartic at the points (other than the nodes) where 
the conic ayz + hzx+gxy=^0 meets it. These lines through 
A therefore represent the tangents which can be drawn 
to the curve from the node A. Similarly, the equations of 
the tangents from B and 0 can be obtained. 

Putting X®, ft®, V* for a, b and c respectively, the 
equation (2) can be written as — 

X®y® 2 ® -f /ji® 3 ®<f* -f v*af*y* -{‘2xyz (/jr-f-yy + hz)=:^0 
i.e. (Xyz-^ fizx + vxy)^ 

+ 2xyz{(f—ixv)x+(,g—v\)y + {h—kn)z}=0 
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which shows that the line 

Ps(/— vX)y+(^— V)«=0 (3; 

touches the quartic at the points where the conic 
Xyz + /AZ dJ + V 2/ = 0 
xneet^ it, ^^e., it is a hitangent. 

Since the equation of the quartic remain! unaltered when 
the sign of any one of the quantities X, /x, v is changed, 
we obtain the other bitangents by writing —X, — ju, ~v res- 
pectively for X, fi, V in (3). 

Thus the equations of the four bitangents can be written as 

(/± + (^± v'afc)0=O 

where one or all signs are to be taken negatively. If now we 
write for a moment 

u^f.c^gy-^kzy Vbc. .c=a, Vca, \^ab. 2=7, 

the four bitangents (0) are represented by 

0 s (w—a — — i8+y)(t^-fa+)8— y) 
= (t^* — a* — — y’)* — 4()S*y* +y®a* -f +2a)Sy«^) 


s=5 — a* — —y^ )* — 4a5cU. 

Therefore the equation of the quartic U may be written 
in the form — 

4iahcTJ^{{ fs-\-gy-\'hzy 0=0 

i^howing that the points of contact of the bitangents lie on 
the hitangential conic. 

( + gy +hp ) * — ( 6cd5 * 4- cay, • + ahz • ) = 0 


Theory of Plane OurveB, VoL I, § 14&. 
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E», 1. Tangents are drawn to a trinodal qnartio from two nodes. 
Prove that the points of oontaot lie on a conic through the two 
nodes. 

[Project the nodes into the circular points and invert w.r.t the 
third node. The inverse is a conic which intersects a pair of directrices 
in concyclic points. For a direct analy tK proof, see Basset — Cuhics 
and QuarticSf p. 180.] 

Ew. 2. Deduce the tangential equation of the trinodal quartic. 

[The lire \aj +/a 2 / + vz=:0 touches the quartic 

a/a?* +hly^ +clz^ + 2flyz + 2glzso + 2hlay^0 
when also A/a? + fify + v/z: = 0 

and ax^ +hy^ -i-cz^ +2fyz + 2gzx + 2hxy = 0 

touch. Hence the tact-invariant of these two conics will, give the 
required tangential equation]. 

Ex. 3. Show that the diagonals of the quadrilateral formed by 
the bitangents ere 

Hi/ + — A» =»0, Ha? + F«— Bi/==0 and G» + F?/ — Csj^O. 

Ex, 4, Show that the triangle formed by the diagonals is in plane- 
perspective with the triangle formed by the node';. 

Ex, 5. Show that the triangle formed by any three bitangents is 
in plane perspective ith the triangle formed by the nodes, and the 
four centres of perspective form a quadrangle with this latter as its 
harmonic triangle. 

[The centres of perspective are ± 'v/ a , + y/h , + a/ c .] 


154. The equation 

+ + r V s =0 

where q, r, s are linear expressions in a?, y, z. 

On rationalising, the equation becomes — 

(p* +g* +r* •^s*^2pq"-2qr-^2r8’—2ps 

~2pr— 2^5) ^ =:64ipqr8 


or {2(p* i-g* +r*+fi*)— (p+g+r+s)*}*=c64pgr« 
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This shows that the given equation represents a quartic 
Curve with p, g, r, s as bitangents, the bitangential conic 
being 

2(p^ + ^s^) — (p+q fr+5)>=0 

The given equation can also be written as — 

[(p—r) + (3^—5)]* -~8[(p— r) + (qs)y(pq’{-rs) 

4*16[(p— r)g + (gr—s)r]®=0 
each term of which contains either 

(p— r)® or (p— r)(gf— 5) or (g— «)* 

Hence, the point p— r=0, s=0 is a double point 

(a node^. 

Similarly, the points p— 5=0, g— r=0 and r— 5=0, 
p— ^=0 are nodes on the locus. 

Therefore the given equation represents a trinodal quar- 
tic with p, r, 5 as bitangents. The converse theorem is 
also true, namely, the equation of a trinodal quartic can be 
put into the above form, 

155. Application op Quadric Inversion. 

While discussing the process of quadric inversion, we 
had occasion to consider some of the properties of a trinodal 
quartic. We shall now consider some other properties by 
the application of the same process. 

A trinodal quartic has four bitangents and six points of 
inflexion, 

Now, applying the principles of quadric inversion, the 
bitangents correspond to conics through the nodes A, B, 0, 
having double contact with the conic and the stationary 
tangents correspond to conics through^ A, B, 0, osculating 
the adjoint conic. Hence we obtain the theorem : 

Through three given points there can be drawn four conics 
having double contact with a given conic and six conics which 
osculate a given conic. 
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Various other properties of the curve can similarly be 
established ; but it is important to carefully note the corres- 
pondence of the adjont conic and the quartio derived from 
it. The conic meets the sides of the triangle in points to 
which the tangents at the opposite vertices correspond. 
Hence, according as the conic meets a side in two imagi- 
nary points, touches it or meets it in two real points, 
the quartic has at the opposite vertex an acnode, a cusp 
or a orunode. 

156. Conics associated with a trinodal quartic. 

A trinodal quartic possesses six points of inflexion. 
The six nodal tangents, so also the six inflexional tangents, 
touch a conic. In fact, there are a number of conics asso- 
ciated with a trinodal quartic which we shall discuss in 
this article. Ferrers'^ proved that the six inflexional tan- 
gents touch one and the same conic, but left the correlative 
theorem that the six points of inflexion lie on a conic un- 
considered. The complete solution of this and other cognate 
problems has, however, been given in an exhaustive me- 
moir by Brill.t The memoir is so interesting andiuseful 
to students of analysis that we have preferred to give an 
extract in the form of an appendix at the end of this 
volume. " A direct method of obtaining the actual expression 
for the inflexions-conic has, however, been recently given 
by Richmond and Stuart. J A number of interesting 
properties of the trinodal quartic have been discussed 
by R. A. Roberts, § and among others, from the tan- 
gential equation of the quartic he deduces the equation of 
the conics enveloped by the six inflexional tangents and the 
nodal tangents. 

♦ Ferrers — Quarterly Journal^ Vol. 18, p. 73 (1882). 

t Brill— Maffc. Ann,, Bd. 12, pp. 98-122 (1877). 

J Proo. of the London Math. Soc,, Vol. 2 (1), p. 130 (1903). 

§ Roberts — Proo. Lond. Math. Soo., Vol. 16, pp. 44-60 (1884). 
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OoNic 1 : The six nodal tangents of a trinodal quartie touch 
am and the same conicJ* 

Consider the tangents at the node C. 

Let 6-c* +ay^+2hxy^(l^X'^m^y)(l^a‘+m^y)rzO 
whence +Wj//j = + 2A/6 and mim^ll^l^:=^alh. 

Thus the ratios m^ll^ and m^/Zg are given as the roots 
of the equation 

bm^ -~2hlm+al^ =0. 

Similarly, if we find the corresponding equations satis- 
fied by the parameters of the other two pairs of tangents, 
it will be seen that these six tangents touch the conic 

aZ* -f-5rw® +CW* "-2/m7^--2^nZ— 2AZm=0 (1) 

For, if in this equation we put ti=0, we obtain the equa- 
tion satisfied by the parameters of the nodal tangents at C. 

Equation (1), when expressed in point co-ordinates, may 
be written as — 

(6c—/* )iJ* + (ca— gf*) 2 /* +(a6— A*)^* 

+ 2(gfA-|-q/* }yz + 2( fh-{‘hg)zx-^2(fg‘hch)j:y=:0 

i.e, (Afc* +B2/* -f-C«* +2Fyz+2Gtzx + 2Hj(y) 

’^4i(afyz+hgzx+chxy)=0 ... (2) 

Equation (2) may again be expressed in the form — 

C 2 /» -f 6^* + 2fyz + Zc* { (6c — /> )x+(fg + ch)y + (fh+bg)z}* z=z0 
where A;*{a6c— a/*— 6^*— cfe*— 2/gf6.}=l. 

Therefore the chord of contact of the nodal tangents 
at A is represented by the equation 

(6c — /* )x+(fg^ch)y + (fh+bg)z=zO 
Other chords can be similarly obtained. 


* Theory of Plane Curves, Vol. I, § 216, Ex. 1. 
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Conic IIJ: The six ^points where the nodal tangents meet 
the sides of the nodal triangle lie on a conic. 

The intersections of the tangents with the sides are 
given by — 

£6 3 = 0 , ct/® +62® -{-2/3(2? =0 
2 (= 0 , az® -fcaj® 4-2^2®== 0 
0 =0, 6 aj® -hay® -f 2/i.ajy=0. 

Hence the conic — 

hcx^ -h cay ® -f abz ® -h ^ofyz -h ^hgzx + 2 chxy =0 
passes through the points in question. 

Conic III : From each node of a trinodal quartic two 
tangents can he drawn to the curve, and these six tangents touch 
one and the same conic.* 

The equation of the tangents drawn from the nodes are — 
By® +O2?® - 2Fy2?=0 
C2®-hA?c*— 2G0ur=O 
Aaj® +By® — 2Hajy = 0 . 

Proceeding exactly as in Conic 1 , we find that the 
tangential equation of the conic touched by these tangents 
is — 

BCZ* -hCAm* -h ABn® -h 2 A(y/i— a/)mw 

-h 2 B( /Zt— fey )wZ -h 2 C(/y — c/i) Zm =0 
and the point-equation is obtained in the form— 

A®aaj® 4-B®fey® -hC*C2;® -h2/BCy2-h2yCA2fa5-h2fe-ABa!y=:0. 


* Theory of Plane Curves, Vol 1 , §216, Em. 1. 

23 



176 


THEORY OF PLANE CURVES 


Conic IV : The six tangents drawn from the nodes meet 
the sides of the nodal triangle in si.e 'points lying on a conic. 

These points are given by — 

ojsaO, Bi/* +02*-- 2P2/2f=:0 

2/=0, 02* + Ac*— 2G2{B=0 

0=0, Aoj* + 81 /* — 2H*c2/=0. 
whence they are found to lie on the conic — 

Aoj* d-Bi/* 4 'C; 2 ?* — 21^yz — 2G2?.c— 2Haj^=0. 

Conic V ; The six inflexional tangents of a trinodal 
quartic touch one and the same conic. 

If the line \x-\‘ py^\-vz^Q be an inflexional tangent, 
it has three-point contact with the quartic. If now we 
apply a quadric transformation, i.e.^ replace .t, y, z by 1/a?, 
1/y, Ijz respectively in the equations of the line and the 
quartic, the resulting conics, namely, 

SsAyj2;+/A2faj+va;y=0 ,,, (1) 

and Rsaoj* + 6y* +C 2 * -f 2 /y 2 -b 2 y^a? + 2Aajy=0 ... (2) 

will have also three-point contact. 

But the conditions that these two conics may have a 
contact of the second order are given by — 

3A/0=@/@'=®73A' ... (3) 

where A^ahc+ 2/y^— a/* ch* 

A's 2 X/x,v 

®m2(gh^af)\+2(hf--bg)p+2ifg^ch)v 
©'s — aX* — 6/4* — cv* 4-2//iv+2yvX+2XA/i. 


Salmon— Oonio Sootions, § 872, 
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These conditions are equivalent to the two equations-^. 

and 3A'®=®'V 

The first equation is one of order two in X, /x, v, 
and consequently represents tangentially a conic touched by 
the line 

Xoj-f /A2/ + V2=0, 

the six inflexional tangents touch the conic — 

3A®'=©* ... (4) 

The second equation represents a curve of the fourth 
class, which is also touched by the six inflexional tangents. 

The point-equation of the conic (4) is obtained in the 
form— 

4(aA*a;* +cC^z^ +2f BCyz-\-2gCAzx+2hABxy) 

= ^{Ax^ +By^ +Gz^ + 2Fyz + 2Gzx+2Kxy) 

+ 4 A ( < 3 / 2 / ^ "h ^9^ d" 2/) ' 


Conic VI : The six inflexions of a trinodal quartic lie 
on a conic. 

Brill, by applying the theory of quadratic forms, 
determined a cubic passing through the inflexions. Then by 
the application of certain identities and quadratic trans- 
formation obtained the actual expression for tlie conic which 
passes through the six points of inflexion. 

We give here a direct proof of the theorem, which has 
been givep by Richmond and Stuart and is considered to 
be simpler and less complicated. 

* Richmond and Stuart— Proc. Lond. Math. 80c. ^ Vol. II (1) (1903), 

p. 130. 
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Consider the conics (1) and (2) of the last theorem, and 
suppose they have a three-point contact at (a/, y\ z') 
and let 

L spa; 4- ^2/ 4- ^2 = 0 

be the line joining. this point to their fourth intersection 
so that 

The tangent to (2) at y\ z*) being — 

Tsx(ax'+hy* ■^gz')-{'y(hx^ -^hy'+fz') + z(gx' +fy' + cz') 

we must have SsR4-A;TL=0.* 

Equating the co-efficients of oj®, y®, 2 ^ on the right- 
hand side to zero, we obtain — 

h='p(a)(i^-jrhy' + gz')la=q(hx'’{-hy^-\rfz')lb^r(g/+fy' + cz')/c 

whence 

+ W . _o 

ajo'+hy'+gz' hx' + by'+fz' gx'+fy' + ci' 

Therefore, the locus of the point of osculation y\ 2 ;') 
is the cubic — 

(d—a>{hf + hy^fz){gx^fy’\'Cz)^ 4- ••• =0 

Since the point (a?', y/ J) lies on the conic (2), it also 
lies on the locus 

B,{ghx 4- hfy +fgz) =@, 
which may be written as 

2Ayz{hy+gz)+2Bzx(fz’i‘hx)+ZGxy{gx+fy) 

+ (4iahC’^4ifgh — ^)xyz = 0 . 

If now we replace x, y, z by l/aj» 1/p, l^jz, the resulting 
equation will give a curve passing through the points where 


^ Salmon— Conic Sections, § 261 
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the line + /X 2 /+V 2;=0 osculates the quartic, the 

points of inflexion. 

Thus, the inflexions are found to lie on the cubic — 

^ = 2Lx^{gy + hz) + 2Bt/® {hz +fx) 4* 2Gz^( fx -h gy) 

+ ( 4a6c — 4/gf^ — A)^2/^=^* 

This euhic meets the quartic in twelve points, namely, 
twice at each vertex of the triangle of reference and the 
six inflexions. But the conic— 

= ghyz + hfzx +fgxy =0 

is found to touch the cubic at the vertices, and consequently 
it passes through six of the twelve intersections, and hence 
by Cayley’s theorem,* the other six intersections, namely, 
the inflexions, must lie on a conic. 

The actual expression for the conic is obtained from the 
identity — 

KU-f.M^s4>{2A(^G4-m)aj*4- ••• + 

— (4/F®4-2gf^A+3a/A'»2/2J-~ ••• — * * } 

where 

K s (afghA + bfghB + cfghC + 2bcgh¥ + 2cahfGr + 2abfgli ) 
and Msf(gG+kH)x+g(hH+fF)y + h(fF+ga).^. 

Thus the six inflexions lie on the conic — 

2A(^G-f*^H.).u* -f" *** 4* • • • 

— (4/P*4-2^^A4'3a/A)2/z— — •• =0, 

t e., on the conic— 

2(aA*£i}* 4" ... 4* 'i"2fBCyZ“j^ ... 4* ...) 

— 2A(Aaj* 4-By* +Cz^ --Fyz^Q-zx-^Hxy) 

4- A (^fy^ 4- bgzx 4- ehxy , =0. 

* Theory of Plane Oorves, Vol. I, § 80. 
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Conic VII : The six 'points where the nodal tangents meet 
the quartic again lie on a eonic* 

Let Ai, A,, Bj, and C^, Og be the points, wliere 
the tangents at A, B, C respectively meet the quartic agkin. 

Let Xaj+/A2/+»'«=0 represent the line CjCg, 

The lines joining the node C(0, 0, 1) to the four points 
‘W'here CjOg intersects the quartic are given by— 

(at/ • + 6 a}* + 2X^2/ ) ( + /A^) ® — 2a;2/ ( /a*. + ) 

+cv*aj*2/*=0. 

The nodal tangents ay* + 2Xa;^=:0 are one pair of 
these lines, and if 

Pa?® + 2Qa:y+Ry* =0 

represents the other pair, by identifying the equation with 

(ay * + 6a?® + 2hxy)(Fx^ -f 2Qa?y + Ry ® ) =0 
we obtain, 

X : /A : v'=ighc : fca : — 5(/P+yG) 

and P : Q : R=6*cy* : /y(a6c+4/yX— 2a/*— 26y®) : a^cf*. 

Thus the line OiCg is represented by the equation 

be ,ca 2f/F+yGr) 

-a: + -~y= 

f 9 fg 


Similarly, the lines AjA,, BiB, are represented by 


and 


ca , ah 

“2/ + -T-* 

9 h 


_ 2(gG+feH ) 

gh 


h f 


* The proof given here is taken from Prof. Hilton’s Plane 
Algebraic Curves, Chap. XVII, p. 276. For a second proof, see 
Basset’s Quhics and Quartics, § 194. 
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Bat from the identity — 

sz^{abz^+2(2fg-^ch)xy+2hgzx+2afyz} 

it follows at once that the four points A^, Aj and .B,, B, 
lie on the conic — 

abz^+2(2fg^ch)xy + 2bgzx+2afyz=^0 ... (1) 

Consequently, the said four points also lie on the conic — 
k{abz* +2{2fg—ch)xy+2bgzx + 2afyz} 

( gh g h ) 

(6c^..2(m+/F) a6.-) 

17* ■"7f " 

If now we can show that this conic also passes through 
Cl and C, for some value of Ar, the proposition is proved. 
In fact, in that case, for some value of A*, the above 
equation will be symmetrical, and by comparing the 
co-efficients of »*, y*, the required value of A: is found 
to be — 

{2h{f¥^gQ^)-\^abfg}lfgh- 

and for this value of A;, the equation of the conic becomes — 
2bc(g0t+hB.)x^+ — + ••• 

4a/* — 8pgh)yz+ + ••• 

It is to be noticed that the conic (1) passes through the 
nodes A and B. Thus vre obtain the theorem : 

A conic can be described through any two nodes and the 
four points at which the tangents at these nodes meet the quartie 
again. 
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Conic VIII : The six ^points of contact of the tangents 
drawn from the nodes to the quartic lie on a conic. 

The method of proof is exactly the same as in the 
preceding case. 

Let the points of contact be denoted by aj, 
and Yi, y* respectively. 

The equations of the tangents are given in § 153. 

Proceeding as before, the lines a^a^, yiV*? 

fouisid to be given by — 

^yl9 + Gzjh = (gGt + hH)xlgh 

Gzlh+ A.7/=(m +f¥)ylhf 

and A.x/f+ By/g = (f P 4- g^)zlfg. 

From the identity — 

(B2/® ~ 2P2/^ + 0;s* )(Aaj* ) - AU 

s (C« * — Pt/z; — + Ha?2/) * 

the points a^, a^, are found to lie on the conic — 

Gz^ — P^2; — G^zx-^-^xy^O, 

Consequently, they must also lie on the conic — 

h^Gz* — ^yz — Grzx 4- Hjny) 

z=i{(Bylg 4- Gz/h— ( gG 4 hH)xlgh} 

{ Aaj//4 Gz/h 4 (hR +fF)y/hf } . 

This conic also passes through and y*, if we take — 

k=:(fhF+ghG+fgG)/fgh\ 

and the equation then reduces to— 

aA*»* 45B*y* 4cC*2!^ +2fBGyz+2gGAzx-h2hABxy 
= A(Aaj* 4Bi/* 40«*— Fy0— G««— Hojy) 
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157. A geometrical proof of the theorem that the six 
inflexions lie on a conic is interesting.* 

The geometrical treatment is efEected by the combination 
of the methods of projection and cyclic inversion. 

If two nodes are projected into the two circular points at 
infinity, the system of conics circumscribing the nodal tri- 
angle is transformed into a system of circles passing through 
a fixed point, namely, the projection of the third node. 
Since there are six inflexional tangents which correspond to 
six conics circumscribing the nodal triangle and osculating 
the adjoint conic, we have six circles passing through a 
fixed point and osculating the conic which is the projection 
of the adjoint conic. The centres of all these circles lie on a 
conic, t 

Now, invert cyclically with regard to the fixed point. 
Taking one of the circles, the end of the diameter through 
the fixed point lies on a conic C (similar to the conic of 
centres). It is easy to see that the first negative pedal of 
the inverse of C is the inverse of the point of osculation, 
but the same negative pedal is the polar reciprocal of the 
inverse. Hence the polar reciprocal of the inverse of the in- 
verse of C is the inverse of the point of osculation. Thus 
the point of osculation lies on the inverse of the polar reci- 
procal of C, which is a conic, and its inverse is a trinodal 
quartic having the fixed point and the two circular points 
as nodes. This trinodal quartic then passes through all the 
six points of osculation. 

Now, going back to the original system, this quartic 
corresponds to a quartic co-trinodal with the original quartic, 
and the problem is solved. 


* This proof was oommuuicafced by Mr. A. 0. Bose of Wie University 
of Calcutta. 

t Malet’s Theorem— See Casey’s Analytical Geometry (1893), 
p. 471. 
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E». 1, Show that the bitangential conic, the conic through the 
inflexions and the conic touched by the inflexional tangents pass 
through the same four points. 

[If Sj, Sj and S, are the conics respectively, prove that 
S,~2Sa'^3AS,] 

Ex. 2. Show that the points of contact of tangents drawn from 
A and B are collinear, if the tangents from C are harmonic conjugates 
with respect to CA and OB. 

[The conic C« ** — + \lxy=0 reduces to a pair of lines, if 

H=0 and the tangents from 0 are then A»’ + B7/*=0]. 

Ex, 3. The tangents at 0 are harmonic conjugates w.r.f. CA 
and OB. Shew that the points of contact of tangents drawn from A 
lie on a line through B, and that the remaining intersections of the 
curve with the tangents at A lie on a line through the same point. 

[We have h—0. The equation of becomes G« — C 2 != 0 .] 

Ex. 4. The nodal tangents meet the quartio again respectively in 
A i, Ag j B i, Bj j Oj, Gj. Shew that the intersections of Aj Ajj and 
BO, BiB.^ and CA, OiOg and AB are collinear, 

[The line is hcghx + rnhfy + ahfgz—0.] 

V 

Ex. 5. Find the condition that the eight points of contact of the 
bitangents lie on two lines [The bitangential conic degenerates.] 

158. Tricuspidal Quabtics: 

A unicursal quartic may have all its double points as 
cusps and it is called a tricuspidal quartic. The results 
established for a tri nodal quartic are applicable, with 
some modifications, to tricuspidal quartics. A tricuspidal 
quartic can be projected into a Oardioid or a three-cusped 
hypocycloid, and it is the reciprocal polar of a nodal cubic. 
Consequently, its properties can be derived from those of 
these latter three curves. 

If in the equation of the trinodal quartic, we assume 
that the tangents at each double point are coincident, we 
must have— 

/= q- VbCj 17= + v'ca and h=: + VoS 
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Hence the equation of the tricuspidal quartic takes 
the form — 

<// < * 4-6/^* H-c/j® +2 /2/^+2 Vcajzv +2 2/=0 

We may take, without loss of generality, all the signs 
negative. Then putting Va .r, Vh y, V c z for .r, i/, s 
i*espectively, the above equation reduces to the form— 

l/^* + l/2/*4-lA“-%c-2/^.r-2/.y=G 
or, y*2;* ® 4*-^ — 2*ry2:(a;4-2/ + 2')=0 ... (1) 

which may be written in the form — 

-I -A -A 

.t. aq., 2^0 

The cuspidal tangents are « = c=-t’, which 

evidently meet in the point .t'=t/=2?. 

Applying the quadric inversion, i.e. putting 1/X, 1/Y, 
1/Z for y, 2', we obtain the equation of the adjoint conic 

X» -f-y * 4Z» ~2YZ-2ZX-2XY=0 
which can be written as — 

(X + Y-Z)®=4XY. 

Now putting X + Y— Z=2/xX, we obtain 4/x*X*=4XY 

^^e. fj,^X=:Y 

Again, we have 2/xX(X + Y--Z)=4XY 

;;t(X + Y-Z) = 2Y, and consequently (l-/x)®X=Z 

Thus X : Y: Z = 1 : /x* : (l-ja)® 
and consequently, 



i. e., the co-ordinates are expressed in terms of a para- 
meter fi. 
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Writing the equation (1) in the form 

(2/w + r.i+a^)*=4u2/i(» +2/ + ^) 

it is at once evident that the line j+ 2 / + ^=0 is the only 
bitangent which is also real. The points of contact are 
its intersections with the conic yz + z.i-^,iyz=.0. It will 
thus be readily seen that the points of contact are real, 
when two of the cusps are imaginary, and imaginary, when 
all the cusps are real. 

169. Theorem : Any tricusfidal quartic may he 'project^ 
ed into a three-cusped hypocycloid or into a Gardioid. 

Since any triangle can be projected into an equilateral 
triangle such that any given point may coincide with any 
given point, we may project the tricuspidal quartic, such 
that the cuspidal triangle projects into a real equilateral 
triangle whose centre of gravity coincides with the point of 
concurrence of the cuspidal tangents. The projection is 
then a three-cusped hypocycloid, or again, if we project the 
points of contact of the bitangent into the circular points at 
infinity, the projection is a three-cusped hypocycloid, which 
is a tricuspidal quartic, the line at infinity touching it at 
the circular points. 

If, however, we project two of the cusps of a tricuspidal 
quartic into the circular points, the projection is a lima^on 
with a finite cusp, ^,e., a Gardioid, which is the inverse of 
a parabola w.r,t. the focus. 

1. Show that the theorem that the three inflexions of a nodal 
cubic are collinear reciprocates into the theorem — The cuspidal 
tangents of a tricuspidal quartic are concurrent. 

2. Three conics are drawn through the cusps touching the 
curve elsewhere. Show that the remaining intersections of the conics 
are ooUinear. 

[ By inverting ws.t, the focus of a parabola, the theorem that the 
circle circumscribing the triangle formed by three tangents passes 
through the focus, we obtain a Gardioid and three circles through the 
iinite cusp, touching it, with their other common points collinear, 
which, when projected into a tricuspidal quartic, proves the theorem,] 
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160. QuARTICS with a node and two CUSPS: 

When the nodes B and G of the trinodal qnartic (§ 153) 
reduce to cusps, we must have ca=Qf* and and 

the equation of a quartic having a node at A and two cusps 
at B and C may be written as — 

-rclz^ +2fyz±2Vcalz.c + 2'\/ahluy=^0, 

Now replacing r, y^ z respectively by 

V a Xj \^b 2/, Vc Zy 

we may write the equation, taking the negative sign in the 
ambiguity, in the form — 

1 + 1+L+ _^_l_A=o 

y* 2* yzVi)c zx xy 

i.e. y^z^ +x^y^ -f* ^^x^yz —2xy^z—2xyz^ =0 

which may again be written as — 

y'^z^ •\-x^y^=i2dyz{hrC+y+z) ... ( 1 ) 

In order to express the equation in the parametric form, 
consider its intersections with a conic through A, B, C, 
touching the cuspidal tangent at B(Bay) ; for instance — 

the conic y{z--x)^tzx 

meets the quartic in a variable point whose co-ordinates 
can be expressed in terms of t, 

W riting the equation (1) in the form 

{yz-\-zX’\‘iiiyy:=z2joyz{{k-\rl)9i+2y^2z] 
it is at once inferred that the line 

(A + l).i+2y+2z=0 

is a bitangent, the points of contact lying on the conic 
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Eliminating x between this equation and the equation 
of the bi tangent, it is found that the lines joining the 
points of contact to the node are given by 


22 /* + 2 ^*-( A '~8 ^ 2 / 21 = 0 . 


The, line joining the inflexions may be obtained by consi- 
dering the intersections of the curve and its Hessian, aiid 
if f be eliminated between their equations, we obtain the 
equation of the lines joining the inflexions to the node A in 
the form — 

9Xk^l)(y^ + 2 ^) z =:2 k^+k + l6)yt. 

The reciprocal of a quartic with one node and two 
cusps is a similar quartic, and consequently each of its 
properties can be duplicated by reciprocation. When the 
cusps are projected into the circular points, the curve 
becomes the inverse of a conic with respect to a focus, z.e., a 
lima^on. 


Ex, 1. Show that the hitangent, the line through the cusps and the 
inflexional line are concurrent. 

Ex, 2. If a quartic has cusps at B and C and a node at A, show 
that the points of contact of the tangents drawn from the cusps and 
those of the bi tangent lie on a conic through the cusps. 

Ex 3. Prove that the cusps, the inflexions and the points where 
the nodal tangents meet the quartic again lie on a conic. 

Ex, 4. Prove that the inflexions are unreal or real, according as k 
does or does not lie between 1 and 7. 

Ex, 5. Prove that the locus of the intersection of the tangents at 
the extremities of a nodal chord is a nodal cubic through the cusps. 

[This can be easily established by projecting the cusps into the 
circular points at infinity. The projected curve is a lima9on, the 
corresponding theorem becomes — The locus of intersection of the 
tangents at the extremities of a nodal ciiord is a nodal (u'rcular cubic. 
Or, prove it directly from the equation of the curve ] 



UNICiniSAL QUARTICS 


19 ; 


161. THEOliEM : 

In a quartic with two cusps and a node, the nodal tangents, 
together with the lines joining the node to the intersection of 
the cuspidal tangents and to that of the hitangent ivith the line 
through the cusps, form a harmonic pencil. 

Let the equation of the quartic be taken in the form — 

+ :) ••• ( 1 ) 

Let P be the intersection of the cuspidal tangents and Q 
the point where the bitangent meets the line BC through 
the cusps. 

The tangents at the cusps B and C are respectively 
2 :— aj=0 and ,<t— i/=0 

so that the equation of AP is y=:z ... (2) 

The bitangent is the line — 

(^ + l).i' + 22/ + 2.=0 

so that the line AQ is given by — 

... (S) 

The nodal tangents are given by — 
y^ +z* — 2Jxyz=0 

Writing A:=cosh^, these tangents become — 


y—ze =0 I 
y -: e -'=0 } 


(4) 


which shows that the four lines (2), (^1) and (4 , form a 
harmonic pencil. 

If the two cusps are projected into the circular points 
we obtain the theorem : In a limagon, the nodal tangents 
the line joining the node with the triple focus and the line 
drawn through the node parallel to the hitangent form a 
harmonic pencil. 
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162. QuARTICS with complex singularities E<^UtVALENT 

TO THRICE DOUBLE POINTS : 

I. QuarHos with a tacnode and anothpr double 'point : 

We shall show that a taciiodal quartic can also be 
obtained from a conic by the application of the quadric 
tr*ansformation already explained. 

The equation of a quartic iiaving a tacnode ai- C with 
y=0 as the tacnodal tangent may be written as— 

=.aiy*Z'\‘hy^z+cjQ^y+di&*y^+e.ey^'^fy^ 

If we suppose that the point B is a node, we must have 
and the equation reduces to — 


Writing this equation in the form — 

( 2 / 2 ) ’ + (yz) + r/(.. y){yz) + d'( ♦=* ) * 

) +/(a;2/)® = 0 

it is seen that it is a quadratic function of (.uy), (t*) and 
{yz). Hence, replacing 2 /, 2 i respectively by xy, yz 

in the general equation of a conic, we obtain the equation 
of a quartic with a tacnode and a node. 

Thus, if we write — 

j(>! : y : \ yz 

we obtain reciprocally — 

X \ y : z=^x*y' : 

so that by applying a special quadric transformation,"* 
we may study the properties of this quartic. 


♦ Theory of Plane Corves, Vol. I, § 218 (1), 
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Similarly, when the node is a cusp or the taonode 
becomes a node-cusp, we may obtain similar transforma- 
tions, so that the theory applies to the case of unicursal 
quartics with two distinct double points, one of them a node 
or cusp and the other a tacnode or a node-cusp. 

In particular cases, the above equation can be reduced 
to a simpler form, for instance, the sides z and a* may be 
taken as the harmonic conjugates of the nodal tangents at 
B, we must have then a=0 and the equation (1) 
becomes — 

( 2 /«— maj® ) m'aj* ) 

or, the same may be reduced, by changing constants, to 
the form — 

(ya+a!*)*=(l— ... (2) 

If B is a cusp, we must have (i=0, i.e., q=0. 


Was, 1. Obtain the equations of the bitangents of the quartio — 

[The bitangents are 2z—{l±Ve)(p»-i qy), the points of contact 
lying on the conic 

22 /i 8 + 2aj® — (l~e)(2»® + posy ■¥ qy*)"] 

Ex, 2, Prove that the points of contact of tangents drawn from 
A lie on a conic which touches the qnartic at the taonode. 

[The first polar (polar cubic) of A consists of the side BC and the 
required conic.] 

Bas, 3. Prove that the ratio of the radii of curvature of the two 
branches of the quartic (any curve in general) is unaltered by 
projection. 

Ex, 4. Show that the equation 

+2zyUi+u^—0 

represents a quartic with a tacnode at C. Obtain its equation when 
B is a node or a cusp. 

25 
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!!• Quartzes with an osenode : 

The equation of a quartic with an osenode at C is of 
the form — 

+f>vy^ •jrgy* =(X 

which is evidently a quadratic function of y: — ma;*, jcy and 
2/*, and from the transformation — 

: y' : : t/* : yz-^mc* 

we obtain reciprocally 

X : y : : y'* : 

Thus the theory also extends to this case as well,"* 
t.c., we may obtain its properties from those of a conic by 
quadric inversion. 

For particular values of the constants, the equation can 
be made to represent a quartic with a taonode-cusp. 

Ex, Obtain the equation of a quartic with a superlinear branch 
of order three in the form [See Theory of Plane 

Curves, Vol. I, § 266.] 

III. Quartzes with a triple 'point : 

A quartic with a triple point is also a unicursal 
curve, but the foregoing method is not applicable. In this 
case, in order to express the co-ordinates of any point in 
terms of a parameter, we consider a line drawn through 
the triple point, which intersects the curve in only one 
other point. 

Thus, if C is the triple point, the equation of the quartic 
is 2^3 =^4, where and are polynomials of order 
three and four respectively in .c, y. 

Now, consider the line y-^ztx. The intersections are 
given by 2;08=£c®^, where ©3 and 0^ denote cubic and 
quartic functions of t. Hence » : y : : t®^ : 0^. 


Theory of Plane Currei, Vol. I, 5 21S. 
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By a suitable choice of the constants, the equatioh of 
the cubic can be reduced to simpler forms. Suppose that 
the real tangents at the triple point are y, so 

that Wg = Replacing ^ by and then 

determining p, q such that the co-efficients of x^y and 
xy^ are zero, the equation can be written in the form — 

... (3) 

If any two points of the quartic are projected into the 
circular points and then the curve inverted with respect to 
the triple point, we obtain a unicursal cubic. Hence from the 
properties of a unicursal cubic, we may deduce the proper- 
ties of a quartic with a triple point. (See Ex. 5, § 124.) 

Thus from the theorem that the tangentials of three 
colli near points of a cubic are collinear, we obtain the 
theorem : 

The three conics osculating a quartic at the triple point 
and passing through two other points on the quartic meet 
the quartic again in points lying on a conic through the three 
points. 

Ex, 1. Show that the quartic = has an undulation and that 
it is the reciprocal of a curve of similar nature. 

Est. 2. Prove that 

+ v^ 8 —0 

represents a quartic with a triple point, having p, r, s as bi tangents, 
where p, q, r, s are such that the lines p*s, g = and r^t are 
concurrent. 

E 9 , 3. If the equation of a quartic with a triple point can be 
reduced to the form — 

xyz^x-k-if^ — ax* +2hx^y“ +hy* 

point out the relation with the sides of the triangle of reference. 

jE7», 4. If two tangents at the triple point at C coincide with, the 
line a! = 0, the equation can be put into the form — 

x^yz==ax*^ + y^{2x + y). 

• Show "that the inflexions lie on th© conic dy» + 2zk =* 2a» 
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163. Unicursal quartics with flecnodes and biflbc- 

NODES : 

If C is a flecnode on the trinodal quartic (1) of § 153, the 
co-efficients of z and z® should have a common linear factor, 

z.e,, and 6^5® 

must have a common linear factor, which requires that 

2/^^=a/®-f6^® 

Similarly, when B is a flecnode, we must have — 

2fgh = ® a/® . 

Both these conditions are found to be satisfied, if we put 

a=4!h^q, h=plip+qY, c=Yp and g=2fh(p+q), 

so that the equation of a quartic with flecnodes at B and 0 
can be written as— 

4fe*gt/®2:® l{p + q) ® -|-4/®p.«®y® 

+ 2xyz{fx + 2fh(p + q)y-^hz}=^0 ... (1) 

If A is to be a flecnode, we must have and the 
equation reduces to a perfect square. Hence, we obtain the 
theorem that a quartic cannot have more than two flecnodes. 

Assuming suitable values for the constants in the equa- 
tion (1), it may be reduced to the simpler form— 

2(/— l)i/®2;® 4-2®»® -f ^**2/® +2/,ry2j(a?-h2/ + 2)=:0 

In the case of a biflecnode, .ry(/dj + gf2^) should contain 

hx^ '^2hxy'\^ay'^ 

as a factor, and this requires that f=g=zO. 

The equation of a quartic with three biflecnodes is — 

a/x^ +hfy^ +c/z^=:0 ... (2)^ 
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In order that the quartic may be real, it is necessary 
that the sign of one of the constants should be different 
from those of the other two. If now we write — c for c, 
it follows that when a, 6, c are all positive, the nodal tan-^ 
gents at A and B are all real, while those at 0 are imagi- 
nary. Hence, of the three biflecnodes, one is an acnode 
and the other two crunodes. 

Putting Va Vh Vc z for ar, y, z respectively, 
the equation of such a quartic can be written as — 

... (3) 

The tangents at the crunodes A and B are y^z and 
2 + » respectively, which form a quadrilateral with diagonals 
intersecting at (0, 0, 1), z.e., the acnode. 

The co-ordinates of any point on the curve (3) may be 
expressed in the form 

X : y : 0 =: 1 /( 1 — ^*) : 1/i^t : 

or, =sec0 : cosec ^ : 1, where t==tan^6. 

Again, the quaitic maybe real, if two biflecnodes are 
imaginary and the third one real. 

Consider the equation — 

+/tAy*a* =0 

where a, y are any real or imaginary lines forming a tri- 
angle. 

If now we put a=^, 7 = 3 /— the equation 

can be written in the form — 

X(y* + Jc^z*)^ (py* -~2kqyz^ph^z^)=0 


This is then the equation of a quartic having a real 
biflecnode at A and two imaginary ones at the points where 
X intersects the lines y+ihz and y-^ilcz. 
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’ : If now we change the constants, ^^e., put 

. , A:=l, and A : : v=l : % : — 

the equation of a quartic having a real biflecnode at A and 
two imaginary ones at the points where the lines y-jriz, 
y^izlmeet the side x can be put into the form — 

(y^+z*y=z2x*yz 

If, again, the line x moves off to infinity, and y, z are 
two rectangular axes through the real node A, we obtain the 
equation in the form — 

(2/*+2!*)»=2a*y2 
r*=a* sin 20 , 
which is the lemniscate of Bernoulli. 

Ex, 1. Obtain the equation of a quartic having a pair of fieonodea 
at B and C and a cusp at A in the form — 

+ ju/v + I'/a?)* =4A(\/» + vjx) 

Ex. 2. Find the bitangents of the quartio in Ex. 1. 

Ex. 3. Shew that everj quartic having three biflecnodes may be 
projected into a lemniscate of Bernoulli. 

Ex, 4. A quartic has flecuodea at B and C and a node at A. Show 
that the points of contact of the tangents drawn from A, B, 0 lie on 
a conic passing through B and 0. 

Ex, 5. The points where the tangents at A, B, G meet the quartic 
again lie on a second conic through B and C. 

Ex. 6. Show that a unicursal curve cannot hare— 

(i) a fleonode and two cusps (n) a flecnode and a bifleonode 
(m) a bifleonode and a cusp. 



CHAPTER IX 

Binodal and Bicircular Quartics 

164. Quartics with deficiency one or two: 

Quartics with deficiency one or two have been studied ir 
connection with the theory of hi tangents. The case when the 
quartic is of deficiency two has received little attention and 
no attempt is made for a complete discussion here. Quartics 
of deficiency one, t.e., possessing two nodes (or cu^ps), 
specially the case where these are the circular points fit 
infinity, have been exhaustively studied under the name of 
hicircular quartics,* All the projective properties of these 
curves may therefore be derived from those of binodal 
quartics, although some may be obtained directly. Quartics 
with two cusps at the circular points have been studied 
under the name of Gartesians^f whose properties may again 
be derived from those of bicuspidal quartics. We prefer to 
insert at the end of this volume (Appendix II) some of the 
results as obtained by Dr. Casey. 

It will be noticed that bicircular quartics belong to the 
species IV, Vll or VllI and the Cartesians belong to the 
species VI, IX or X, 

The case when one circular point is a cusp and the other 
a node on a quartic, when the curve is certainly imaginary, 
has accordingly been little noticed. It may be pointed out 
that for a binodal quartic a theory of the inscription of 
polygons , analogous to Poncelet’s theory in regard to conics, 
has been developed by Steiner.J [See the references given 
under article 14.] 

* For discussion of the complete theory, see Oasey’s paper — Proo. 
of the Royal Irish Academy, Vol. 10, p. 44 (1869). 

t Cayley — This curve was first studied by Des Cartes. 

VoH6, p. 364. 

} Steiner— Ceomstrischs Jkhrsaixe, CrsUs, Bd. 3.2, p. 186 (1846). 
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165. The Equation op a bicirgular quartic : 

The general equation of a quartic curve is — 

where =0 represents four right lines drawn through 
the origin, parallel to the asymptotes of the curve. 

If the curve passes through the circular points I and J, 
the circular lines y+{x:=0 are parallel to the asymptotes 
whose points of contact are at I or J. If, again, I and J are 
nodes on the curve, the nodal tangents at each of I and J 
reduce to two coincident tangents, which are consequently 
two coincident {asymptotes of the curve. Hence, the four 
asymptotes reduce to a pair of coincident lines, parallel to 


Thus, 

Again, each of the lines y+ix:sz0 must meet the curve 
in two coincident points at I or J. 

Let u^^ax^+Shx*y + dcxy^ +dy^ 

Substituting 2/=+zaj in the equation of the curve, we find 
0. + const, x+u^^O, 

Ifow, since each of the lines y4;^«=0 meets the curve 
in two points at I or J, two roots of this equation should be 
infinite, the co-efficients of the two highest powers of x 
should vanish. 

The co-efficient of is zero ; the co-efficient of will 
be zero, if 

a-j~3z5— ’30 

whence and 3c=a. 
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Thus the equation of a quartic having two nodes at the 
circular points I and J may be written as — 


in the form — 

(.<» ® + 2/ * ) * + 2 ( i.c + my ) (^ ® + 2/ * ) 

+ a£B® +2/t»t/ + 6y* +2y.f + 2/y+c=0 ... (1) 

This equation contains eight independent constants, as 
it should be ; for the general equation of a quartic contains 
14 disposable constants ; that I and J are nodes on the curve 
is equivalent to six conditions, and consequently reduces the 
number of constants by six. 

166. Other forms op the equation : 

The above equation can be written in the symbolic 
form— 

r* H-v, + t; J 4-t?o=0. 

Adding and subtracting to the equation, we obtain — 
(r* + 2i4?ir* -h Wj* ) =Wi® — v, — 

i.e., (r»+Wi)*=Wj*— z;o. 

Now, i’,on the left evidently represents a circle and 

the right-hand side is the equation of a conic. Hence the 
equation of a bicircular quartic can be written in the form 
0* = S, or, 0*=I.S, where C is a circle, S is any conic, 
and I is the line at infinity. 

The second form of the equation shows that the conic S 
and the line at infinity each touches the quartic at the points 
where the quartic is met by the circle 0. The circle meets 
the quartic twice at each of the two circular points at 

26 
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iiiKnity and in four finite points, and at these four points 
the conic S touches the quartic. The line at infinity meets 
the cii-cle at the cii*cular points, vvhicli are two nodes on the 
curve. 

Conversely, if the equation of a quartic can be brought 
to the form (J*=S, where C is a circle and S any conic, 
the curve is a bicircular quartic. 

Again, we may write — 

(C + /0*=S + 2A:C + ;r^ 

z.e., (y*=S', where G' represents a circle and S' represents 
the conic S + 2/eCq-A;®. 

Now, since there is only one constant k involved in this 
reduction, the equation can bo reduced to the above form 
in a singly infinite number of ways. The circles G + h 
evidently have the same centre for all values of i,e , it 
represonis a system of conconti'ic circles. 

Kx. Sliow tliafc tlio tMiuatioii of a bicircular quartic can bo written 
in tlio furru — 

nn- + tn" + cto- + 2fviv + 2ywu + 2kn c = 0 
where H, i\ ((’ reproaeiit three circles. 


1G7. Cenkkation of Binodal and Bicikcular Quartics : 

We have seen that the equation of a quartic can be 
expressed as a quadratic function of U, V, W, where 
IJ, V, W represent three conics. Thus wo may i*egard its 
equation reduced to tlie form ITW — V®, without loss of 
generality. b\)r a noii-singulai* quartic, the.se conics cannot 
have a coninion point, for, the coninion point becomes a 
double point on the quartic. In the case of binodal quartics, 
however, U, V, W may be taken as three conics passing 
each through the two nodes. Thus a binodal quartic may 
be regarded as the envelope of — 

A«U4-2AV+W=0, 

where U, V, W are three conics through the two nodes. 
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If the two nodes are at the cironlar points at infinit}^ 
/.e., in the case of hicircnlar quartics, the conics U, V^, W are 
all circles. Hence we may regard a hicircnlar qn»artic as the 
envelope of the variable circle — 

X®U4-2XV + W=:0 
where U, V, W represent three circles. 

Again, the enveloping conic X2U + 2XV-f WrsO touclios 
tlie quartic at the four points given by — 

XU + V=0, XV + W=0. 

Now, when U, V, W are all circles, besides tlio two cii’cnlar 
points, the two circles XU + V and XV + W intei’sect 
in two other finite points, which are the points oF contact 
of the enveloping circle with the bicircular quartic. 

Therefore, each of the variable circles X*TJ + 2XV + W =0 
has double contact with the bicircular (juartic, the cliord of 
contact being the radical axis of the two circles — 

XU-f-V=0, XV + W=0. 

Now, if L, M, N be the linear parts in the e(| nations 
of U, V, W respectively, the radical axis is — 

X(L~M) + (M~-N)=0, 

which evidently passes through the fixed point 1 j=M=N, 

the radical centre of the three circles U, V, W. 

Thus the enveloping circle has double contact witli the 
bicircular quartic, the chord of contact always jiassing 
through a fixed point. 

Ex. Show that at the point of contact of a tangent rlrawii from 
the radical centre of U, V, W, a circle can be drawn having four-point 
contact with the curve, and that theut* iiointa are eqnidiatanf fjoui the 
radical centre. 



^04 THEORY Otf PLANK CURVES 

168. It is proved in Treatises on Conics * that the 
Jacobian of three circles consists of the line at infinity and 
another circle which cuts them all oithogonallj^ and that 
the Jacobian of three circles included in the form — 

ZU + mV-h^W=0 

is the same as that of the circles U, V, W. Hence, the 
circles included in the above form, and in particular, in the 
form — 

X»U + 2A.V + W=0 

have a common Jacobian, t-.c., a common orthogonal circle. 
Thus the enveloping circles always cut a fixed circle ortho- 
gonally. 

Again, if (.<* 1 , 2/11 and (♦’ 3 , t/^, 2 ; J 

are the co-ordinates of the centrefs of the three circles 
U, V, W, the co-ordinates of the centre of the variable 
circle are given by — 

.r : y : +2X2/, -by* 

: -4- 2X^2 

Eliminating X between these equations, we obtain the 
locus of the centre x, y, z as conic. Hence, from what has 
been said in the preceding article, it follows that — 

The hicircular quartic UW = F* may he regarded as the 
envelope of a variable circle whose centre moves along a fit ed 
conic and which cuts a fived circle orthogonally. 

When U, V, W are conics through the two nodes of 
the binodal quartic UW=V*, it may be regarded as 
the envelope of the variable conic — 

X*U+2XV + W 

passing through the fixed points ; the variable conics have 
a common Jacobian conic J, and the locus of the pole of 
the line joining the fixed points w/r.t. the conics of the 
system is a fixed conic F. 


* Salmon — Conics § 388, Ess. 8. 
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Ex. 1. If the conics J and F touch, show that the point of contact 
is an additional node of the binodal quartic. 

Ex, 2. If J and F tonch twice, show that the quartic reduces to 
two conics. [The quartic has four nodes, etc.] 

Ex. 3. If the conic F passes throup^h a node of the binodal quartic, 
the node reduces to a cusp, and when P passes through both the nodes, 
the quartic becomes a bicuspidal quartic. 

Ex. 4. If the locus of centres F is a circle for a bicircular quartic, 
the curve becomes a Cartesian. 

Ex. 5. When F touches the line joining the nodes, show that the 
quartic reduces to a cubic and the line ; and deduce that if the conic 
of centres of a bicircular quartic is a parabola, the quartic degenerates 
into a circular cubic together with the line at infinity. 


169. The converse theorem : 

Tlie envelope of a variable circle whose centre moves 
along a fixed conic and which cuts a fixed circle orthogo- 
nally is a bicii'cular quartic. 

Let + ... (1) 

be a fixed circle, 

and = l ... (2) 

be a fixed conic- 

The co-ordinates of any point on the conic may be taken 
as (a cos 0, h sin 0), and the equation of a variable circle of 
radius r, w th centr3 (a cos 0, 6 sin 6) may be written as — 

(ic—acos -l-(y — 6 sin =r* ... (3) 

Now, fdie condition that this circle cuts (1) orthogonally 
gives — 

(a cos ^ +/ j ® + (6 sin 6^ + ^) « = (/» -f gr * - c) -f r * 

^.e., r^=zc+2afGO^0 + 2bg siiiO+a^ cos* 0+b* sin* 0 ... (4) 

Eliminating r* between (3) and (4), we obtain the 
equation of a variable circle which cuts (1) orthogonally 
and whose centre moves along (2). 
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The equation of the variable circle thus becomes — 

■—2a.v cos 0—2by sin 6=c + 2af cos $ + 2bg sin $ 
or, 2a{''+f) cos 6 + 2b(y+g) sin ••• (5) 

In order to determine the envelope of (5), as 0 varies, 
we differentiate it with respect to 0, and obtain — 

— 2a(jj+/) sin tf+ 2 ?)( 2 / + ^ 7 ) cos ^=0 ... (6) 

Squaring (5) and (6), and adding, we obtain the envelope 
of the variable circle (5) in the form— 

= ... (7) 

which represents a bicircular quartic. 

170. Centre of inversion : 

Transferring the origin to the centre of the 

fixed circle, the equation (7) reduces to — 

4a*, c* 4-46*2/® ={<*?* 4-2/® — ^/.t; — 2gy^8^}* , 

where B is the radius the fixed circle, 

i,e., 4(a*«* 4-6*2/® ) = (^® (^) 

If now the quartic be inverted, referred to the new origin, 
with respect to the fixed circle, it is inverted into itself. 
For, the inverse of (8) is — 

4~ (a*»* 4-6*2/*)= i ? r* — \ 
or, 4(a*»* 4-h*2/*)~(^* 

^^e., the curve is self-inverse with regard to the fixed circle. 

It is on this account that the centre 5^) of the 

fixed circle is called the centre of inversion^ and the fixed 
circle is called the circle of iiiversum. The variable circle is 
called the generating circle. Tlie fixed cc?nic is called the 
focal or ‘deferent’ conic \ for, as will be shown later on, it 
passes through four foci of the quartic. 
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171.^ Theorem : 

There are four circles of inversion and four corresponding 
focal conics associated with any bicircular quartic. 

Taking the centre of the fixed circle as origin and the 
axes of co-ordinates parallel to the principal axes of the 
conic, the equation of the quartic can be written as — 

+2f,i '{*2gy + c'=^{.t^ +y^ ... (9) 

or, introducing a parameter A., 

= (,.‘-‘+2/*“-^)* - (10) 

The conic — 

(a'-2X) + (b'--2X)y‘^ +2fx + 2f y^d +\^ =0 

evidently touches the quartic at four points lying on the 
circle 

Now, this equation can be written in the form — 


i'+.'-ix } ■ + (6'-2i) {s+ j ■ 

Thus, if this is to be of the same form as (7) of § 169, 
we must have — 

c'+\«_ /* - g'* -0 

^ a'-2\ h'-2X 


which is a biquadratic in X and gives four values of X. 
Hence there are four different ways of reducing the equation 
of a bicircnlar quartic to the form (7). 
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Corresponding to each value of X, we obtain a dlrcle of 
inversion and a corresponding focal conic. By comparing 

the equation (11) with (7) of § 169, we obtain — 
4«»=a'-2\; 46>=6'-2\; , g= c=A 


Therefore the equation of the focal conic is — 

4ajV(a ~2A) + 42/»/ 6'-2X) = 1 ... (12) 

which represents a system of confocal conics for different 
values of X. 

The equation of the circle of inversion becomes — 


+^='> 


%'y 

6'-2A. 


which represents a circle whose centre is the point 

(-.JL - y' ) 

\ a'-2k ’ h'-2\) 

Eliminating X between the three eq nations — 

ZlL and c'4-X*~ II- 


.7 ' 


a'— 2X' 


(13) 


(i'~2X 6'-2X 


=0 


the four centres of inversion are given as the intersections of 
the two rectangular hyperbolas — 

(a' - 6') .ty +/V — ^ 

and 4/y((;*-t/*)-h4(^'*~-/*).oy 

+ ^'(4c'-a'’»)*+A6'*-4c')^~(a'-6')/y=0. 


Therefore, by a known theorem in conics, it follows that 
the four centres of inversion are such that each is the 
orchocentre of the triangle formed by the other three. 

Thus a bicircular qnartic may be regarded as the 
envelope of a variable circle which cuts any of the four fixed 
circles orthogonally and whose centre moves along any of the 
four corresponding confocal conics (focal conics). The centres 
of these four fixed circles are such that each is the orthocentre 
of the triangle formed by the other three, 
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172. Focal conics*. 

The four poMs of intersection of a circle of diversion with 
the corresponding focal conic are the foci of the hicircular 
quartic. 

Let P, Q, R, S be tlie four points of intersection of the 
fixed circle with the fixed conic (§ 169). 

Consider the variable circle with centre at the point P, 
cutting the circle of inversion orthogonally. If r be the 
radius of the variable circle and r' that of the fixed circle, 
since the two circles are orthogonal, we must have — 

r'*=r'»+r» 

whence r=0, t.e., the variable circle is of zero radius, or a 

point-circle. But each generating circle has double contact 
with the quartic (§167). Hence, at P we have a point 
circle which has double contact with the curve, ^.e., the 
point P is a focus. Similarly, the other three intersections 
Q, R,s are also foci of the bi circular quartic. 

Since there are four circles of inversion and four corres- 
ponding focal conics associated with any bicircular quartic, 
we obtain Dr. Hart’s theorem, namely, there are sixteen foci of 
a hicircular quartic, ivhich lie on four circles, four on each circle, 

173. A. Theorem on binodal quartics; 

The above theorem can be deduced from a more general 
theorem on binodal quartics, namely, — 

The anharmonic ratios of the two pencils of four tangents, 
which can he drawn to a binodal quartic from the two nodes, 
are equal* 

The equation of a binodal quartic, having nodes at the 
vertices B and C of the triangle of reference, is — 

+2ji;yz(my + nz) 

+ + hy* +C 2 * -H 2fyz + 2gzx + 2hry)=z0. 

* Of. Oayley — “ Memoir oa Polyzomal Curves ” — Coll. Papers, 
Vol. 6, p. 629 (1868). 

?7 
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The pairs of tangents at B and C are respectively given 
by— 

j*+2»w2,e+6j!*=0 and y® + 2 »/y + = 0 . 

Now choose y and 2 ; to be the harmonic conjugates of x 
with respect to the nodal tangents at C and B respectively. 
This requires that m=0 and n=0, and the nodal 
tangents are — 

and 

The equation of the quartic can then be written as — 

+ +C2*+2/y2;4-%«2ic + 2Air2/)=0 ... (1) 

The equation of the four tangents drawn from the point 
B may be obtained by tirst writing down the equation of 
the first polar of B and then eliminating y between this and 
the equation of the curve. But the result of elimination 
of y between the first polar dfldy^O and /=:0 is the 
same as the condition for a double root of the equation /=0, 
regarded as an equation in y. Thus, tlie equation of the 
tangents is — 

( 2 * +2^2f.c+C2 *) = .(/* 

i.ti,, ( a6 — * ) /? * + (2bg-~-‘2fh) .c^z + {a + bc — /* 

+ 2y;rs* +C2*=0 ... (2) 

The six anharnionic ratios of this pencil are given by 

!!*-= (o-»-or.fl|» 

27J» c<r+l)> (<r-2)* (cr-J-)* •" 

where I and J are the invariants of (2). 


* Burnside and Panton — Theory of Equations. Vol, I, Ex. 16, 
pp. 148450. 
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But [=c(a6-/.«)-4. + ’ 

^ 4 4 .^6 

^abc'-ch^ —g(hg—fh) + i\(a+ fee— /* )* 

=zahc--ch^-hg^ +fgh+^(a + hc-f ^ ) * 

and J=(a6-A») (^t^.r/*). ^ 

6 4 6 4 

—(ah—h’‘) —c _ (« + 6c-/>)» 

(ao ft J~-- c. — jg -.. --216— 

I .e . , 6 J = ( abc --ch^)(a+ fee—/* ) + i( fe .7 * — /(Z^) (a + — /* ) 

— |gf*(afe— |c(fegr— /7i)«-3V(«t + fec-/*)». 
:=(abc’--ch^ ’-hg^ --\fgh){a + fee—/* ) — §/* (e/i* + hg* ) 
+Sbcfgh+fg^ -^V(a + fee-/* ) « . 

Thus we see that I and J are symmetrical between fe 
and c, as well as g and li ; and consequently the equation (3) 
remains unchanged when we interchange fe and c, as also 
g and li. But, by this interchange we obtain only the 
equation of the four tangents drawn from C. Hence the 
anharmonic ratios of the two pencils are equal. 

Since the two pencils are homographic, a conic can be 
described through the points of intersection of the corres- 
ponding rays of the two pencils, which also passes through 
the nodes. Again, since there are four orders in which the 
legs of the second pencil can be taken without altering the 
anharmonic ratio, it follows that the sixteen points of inter- 
section of the first pencil with the second lie on four conics, 
each passing through the two nodes. 

In the case of a bicircular quartic, the nodes are at the 
circular points and the points of intersection of the tangents 
become the foci of the curve, whence the truth of Dr. Hart’s 
theorem follows. 
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174. Pour mutually orthocional cirolks of inversion : 

Let P, Q, R, S be four concyclic foci, i.c., the four points 
in which a circle of inversion intersects the corresponding 
focal conic. Let PR, QS ; PQ, RS ; and PS, QR respec- 
tively intersect in the three points A, B, C. The triangle 
ABC is self-con jugate with respect to all conics through 
PQRS. Hence it is self- conjugate with respect to the circle 
of inversion, and conseqiiently the centre of the circle is 
the orthocentre D of the triangle ABO, and the four points 
A, B, C, I) are such that each is the orthocentre of the 
triangle formed by the other three. Thus we may state 
the following theorem : 

The centres of three circles for loluch the hicircular quart ic 
is self-inverse are the vertices of the common self-conjugaie 
triangle of the fourth circle and its focal conic. 

B 


C 

with centres A, B, C, describe three circles U, V, W 
such that the orthocentre D is the radical centre of the three 
circles. Then the circle of inversion intersects orthogonally 
each of U, V, W, and consequently also the circle — 

ZU+wV +nW =0 

But the envelope of ZU + mV -f-wW =0 is the bicircular 
quartic — 

XIT* + /aV® + vW* =0 

provided mV/i + aVmO ... (1) 
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The co-ordinates of the centre of the variable circle are 
found to be proportional to /, m, n. Hence, from (1) 
the centre moves along the conic — 

l\ + y^ IfjL + z^ r=0 (2) 

which is a conic w.r.t. which the triangle ABC is self- 
conjugate, ^^e., it is one of the conics through P, Q, R, S, 

Thus the bicircular (piartic may be generated as the 
envelope of the variable circle — 

ZU -f mV + nW =0 

which CTits the circle of inversion I, as well as each of the 
circles U, V, W orthogonally, and whose centre moves along 
the focal conic (2). 

If follows, therefore, that the bicircular quartic can also 
be generated as the envelope of a variable circle which 
cuts each of the four mutually orthogonal circles I, U, V, W 
orthogonally, and whose centre moves along a corresponding 
focal conic. 

175. Thk fouh okntrks ok tnvkesion : 

We shall now show that the points A, B, C, D are four 
centres of inversion of the bicircular (juartic, that is to say, 
the quartic is self -in verse with respect to each of the circles 
with centres A, B, C and D. 

Since each of the circles IJ, V, W intersects I orthogo- 
nally, the radii of U, V, W respectively are tlie 

tangents drawn to 1 from their centres A, B, G. 

Take A to be the origin, ABtlieaxisof .?*, and a line 
through A perpendiculai' to AB as the axis c)f ?/ ; and put 


BC=n, CX-h, Al5=r. 

Then the co-ordinates of B and 0 are respectively — 
(c, 0 / and (6 cos A, 6 sin A) 
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/. The equations of U, V, W are respectively — 

V = (.t:--c)*+y*~ra*=.«*+t/»--2cu; + c*—r/==0 

Ws(.6— &COS A)® 4- (y— 6 sin A)*— 

= jj® +2/*—2^(.t* COS A+ysin A) + (&* — r,® )=0 

But a®=r/+r,® ; 6®=:r,*+r,» ; c»=ri»+r,» 

/. IJ=«* +2/® — r^* =0 V = .jj® — 2c«+rj*=0 

Ws.c® +2/® -“26 (.e COS A 4- 2/ sin A)+r^® =0. 

Now, the equation of the quartic is — 

XU*4-ftV®4-vW®=0, 

Let us invert this with respect to the circle U. 

Now, if the inverses of U, V, W w.r.t, the circle U are 
respectively denoted by XT', V', W', then, we must have — 

r®U'=-r,*U; r^Y'-r^^V ; r^W'=zr*W 

and the inverse of — 

XU®4-/^V*+vW®=0 

is the same curve, which proves the proposition. 

Thus A is a centre of inversion. Similarly B and C are 
also centres of inversion. 

E». 1. Prove that the four circles of inversion are mutually 
orthogonal. 

Eto, 2. Show that the four centres of inversion form four triangles 
having a common nine-points circle. 

E«. 3. Prove that the radical axis of two circles is the line 
joining the centres of the remaining two. 

Eat. 4. Show that if the four real foci of a bioircular quartic are 
concyclic, the curve consists of two ovals, and three of the four circles 
of inversion are real. 
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176. Theorem : 

If a circle of inversion touches its correspojiding focal conic, 
the point of contact is a node on the quartic ; and ivhen it oscu- 
lates the focal conic, the point of contact is a cusp. 

Let P (.(/, y') be the point where the focal conic touches 
the circle of inversion given in § 169. Then the equation 
of the hicircular quartic referred to O, the centre of the focal 
conic, as origin is — 

4a»(.c+/)*+46*(y+9^)* = C«*+2/*-c)» ... (1) 


Since the circle and the conic have a common tangent 
at the point P (.c', 2/')> we have the following conditions 
satisfied — 


a;'* q- y a -f. 2fx' + 2gy’ + c =0 

+2/' V^*=l 





... ( 2 ) 

... (3) 

... (4) 


Now, transferring the origin to the point y') the 
equation ( 1 ) becomes — 

4a*(aj + cc'+/)*+46®(2/+y'+3F)* 

= + + ... (5) 

The constant term in this equation is — 

4a* (»' +/; • + 46* (y + ~ (.t'* +2/'* -c) » 

which vanishes by virtue of the relations (2), (3) and (4) 
The linear term is — 

^{8a*(y+/)-4.ij'(.t'»+y'*-c)} 

+2/{86»(y'+gf)— 4y'(aj'*+2/'®— c)} 

and by virtue of the said relations, the co-efficients of both 
X and y are found to be zero. 

Hence, the point P is a double point on the curve, 
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The quadratic term is found to be — 
,<;• {4(/> — «•) +?/» —c] 


+ 2/“ {^(y “ —b * ) + 2(j;'* + j/'“ — c) } +8 
which reduces to 

4 I *{,«'«— (I * — (/.t ' + (/)/'+(!) } 

+ 4y> [y’^ — (/a' + '/!/' + e)} +8.oy jy 

Now, from relations (4) wc easily obtain — 

(■»-'+/) (y'+g) 


— (/*' + £/*/' + C): 


y 


(, '+f 

where p is the length of the perpendicular drawn from O 
on the tangent, and S is the radius of the circle of inver- 
sion. 

Thus the equation of the tangents is reduced to 

+pS--a*} +p8--b^} + 2x'y\cy=0 

Hence, the point P will be a node, a cusp or a conjugate 
point, according as 

i.e., according as pS a® -|-6® — c'® — 

i.e,, according as jp^ ^0 

since in the conic, we have a=6*/p® =«* -4-6® — (ic^®+2/ 

JTow, if p is the diameter conjugate to OP, we have 

pp=a6, t.e, p®=a®6*/p® 
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Hence, the point P is a node, a cusp or a conjugate 
point, according as 

p8— p*=0, according as 

When p® =pS, 8 becomes the radius of curvature at P, 
t.e., the circle of inversion osculates the conic at the point P, 
which is a cusp. 

It is to be noticed that, the point of contact P must be 
real, otherwise the quartic would^ have three imaginary 
double points. Hence, two real foci coincide at P. 

Thus, when a hiaircular quartic possesses a real node^ it 
arises from the union of two real single foci, and when there is a 
real cusp, it is formed by the union of three real single foci. 


Ex. 1. If the cirole of inversion has doable contact with the focal 
conic, the biciroular quartic reduces to two circles. 

[Bach point of contact is a doable point. The curve then possess- 
ing four double points degenerates into two conics through the circular 
points.] 

Ex, 2. Prove that the circles of curvature of a biciroular quartic 
at its intersections with a cirole of inversion have four-point contact. 


177. The Bitangents of a binodal quartic ; 

We have already seen that the generating conic — 

A*U+2XV+W=0 

of the quartic UW =V* breaks up into two right lines 
for six different values of A, and these right lines are 
bitangents of the quartic. In the case of a binodal quartic, 
the conics — 

U, V, W and A®U+2AV+W 

all pass through the two nodes ; and consequently, when 
this latter represents right lines, it denotes two lines pass- 
ing one through each of the nodes, or else, tha line through 

28 
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the nodes and another line. In the first case, the lines are 
not proper bitangents, but ordinary tangents through the 
nodes. In the second case, one is a proper bitangent, and 
the other is the nodal line. Thus we obtain — 

A hinodal quartic has only two proper hitangents. 

For, when U, V, W have two common points, V and W 
will be of the forms — 

kU + hU and A;'U + LN; 

and X»U + 2XV+W 

becomes (X® +2XA; + A:')U + L(2XM + N) 

Hence, this will have L for a factor, if X® + 2Xk+k^^0 

The two values of X given by this equation will give us 
two bitangents of the form 2XM + N=:0. The other four 
values of X, which reduces the equation to the product 
of two linear factors, give the tangents drawn through the 
nodes. 


1 . Show how the equation of a binodal quartio with nodes 
at A and B can be reduced to the form — 

(»* +qz^) + 2k9iyz^ +2(/£c + gfi/ + h2)2® = 0 

Eso. 2. Prove that the points of contact of the tangents drawn 
from 0 to the quartio of Eai. 1 lie on the conic — 

+ 2 ( p <2 + 2 / 1 ) 2 * + gyz +fzx + lcxy^O 
[The first polar of 0 degenerates,] 

Ex, 3. Prove that the points of contact of any two pairs of bitan* 
gents of a binodal quartio lie on a conic. 

Ex, 4. Prove that the sixteen intersections of tangfents drawn to 
a binodal quartic from the nodes lie by fours on four conics touching 
the nodal tangents. 

Ex. 5. All binodal quartios with two given nodes passing through 
seven other fixed points pass through an eighth fixed point. 

[Project the nodes into circular points and inverting w.r t. one fixed 
point, obtain a pencil of circular cubics through six points.] 
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178. Proper bitangents op bicircular quartics : 

When Uj V, W are three circles, the curve has two nodes 
at the circular points. 

In this case, if X*U4-2XV4-W is to represent two 
right lines, one of them will be the line at infinity and the 
other will touch the curve in two points and will therefore 
be a proper bitangent. 

But X*U4-2XV 4- W=0 is now of the form— 

(aX® +26X + c)(a;* + 2 /*) + linear terms =0 

Hence, we must have aX* +26X+c=0, which gives two 
values of X. Corresponding to each value, we obtain a pro- 
per bitangent whose equation may be written in the form — 

2XM+N=0 

and this evidently passes through the point M=N=0, 
^.e., the radical centre of U, V, W, which is a centre of 
inversion. 

This also follows from the fact that the enveloping circle 
has double contact with the curve, the chord of contact 
passing through the radical centre. 

Thus through a centre of inversion there pass two proper 
bitangents of the bicircular quartic ; and since there are 
four centres of inversion, a hicircular quartic has eight proper 
hitangents^ 

We may obtain the same results from other considera- 
tions. If the variable circle becomes a right line, its centre 
passes to infinity, and must consequently be the point at 
infinity on one of the two asymptotes of the fixed conic. The 
two bitangents are therefore the perpendiculars drawn from 
the centre of the Jacobian on these asymptotes. 
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179. The same thing also follows from the equation — 
4a*(i»4-/)* +2/® — c)* 

Writing this equation in the form — 

{2a{x +/) + 2 z 6(2/ + ^) } {2a( « +f)--2ih{y + ^) } 

= (iu* +2/*— c)* 

the factors on the left represent the two bitangents through 
the point S'). 

These are real or imaginary, according as the focal conic 
+2/®/6® =1 

is a hyperbola or an ellipse. 

Thus, through a centre of inversion there pass two 
bitangents of the curve, and consequently there are eight 
bitangents. 

The generating circle (§ 169) 

2a(aj+/) cos ^+26(2/+S') sin 'C ... (1) 

touches the quartic, the chord of contact being — 

26(2/4*5') cos 2a(aj4-/) sin ^=0 ... (2) 

which evidently passes through the fixed point (— ■/, — g) 
^^e., the centre of the fixed circle. 

Thus we obtain a more general theorem : 

If a circle has double contact with a hicircular quartic^ 
the chord of contact passes through one of four ficed points. 

Ex. 1. Prove that the bi tangents through the cen'-re of a circle of 
inversion are perpendicular to the asymptotes of the corresponding 
focal conic. . > 

Ex. 2. Show that the directrices corresponding to four concyclic 
foci are concurrent in the centre of the circle. 

Ex. 3. Show h6w the equation of a bicircular quartic can be reduced 
to the form — 

(a?* +y®)“ +a»® •¥2hxy + by^ + 2yaj + 2yV + c = 0 
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180. Cyclic Points : 

If the line (2) is a tangent to (1), it will also be a 
tangent to the bicircular quartic at a point where the circle 
(1) has a third order contact with the curve, i.e., the point 
of contact is a cyclic point on the curve. 

'^^’ow, the line (2) touches (1), when the perpendicular 
drawn from the centre on the line is equal to the radius of 
the circle, ^.e., the condition of contact is a function of the 
parameter and gives certain finite values of 6, and therefore 
the curve has a finite number of cyclic points, which are 
the points of contact of the tangents drawn from a centre 
of inversion. Thus we obtain the theorem : 

The points of contact of tangents drawn from a centre of 
inversion to a bicircular quartic are the cyclic points on the 
curve. 

Again, since the generating circle (1) intersects the circle 
of inversion orthogonally, whose centre lies on the line (2), 
it follows that, when the line (2) touches the circle (1), the 
point of contact lies on the circle of inversion and this point 
is a cyclic point on the quartic. Hence the four finite points 
in which the circle of inversion cuts the bicircular quartic 
are cyclic points on the latter. 

Since there are four circles of inversion, these circles 
intersect the quartic in sixteen finite points, which are cyclic 
points on the curve. The same thing also follows from the 
fact that, from each centre of inversion four ordinary 
tangents can be drawn to the curve, whose points of contact 
are cyclic points. We have seen that these points also lie 
on the circles of inversion. Therefore the lengths of the 
four tangents drawn from a centre of inversion are equal. 
Thus we obtain the theorem : 

Each bicircular quartic has sijcteen cyclic points which lie 
on four circles, four on each circle. 

Ex, The normals at the points where a bicircnlar quartic meets 
a circle of inversion touch the corresponding focal conic. 





THEORY OF PLANE CURVES 


181. Singular Foci ; 

Consider the bicircular quartic represented by— 

4a* (a? * +46* (y • = (£B* — o) * 

The singular foci of the curve are the real points of 
intersection of the nodal tangents at the two circular points 
I and J* 

The circular line y=^iJ+A; intersects the curve in 
points whose abscissae are determined by the equation — 

4a*(aj+/)* +46*(^a5 + A:+gr)» = {A;(2^aj + A;)— c}* 

If, therefore, the line is to be a nodal tangent, three roots 
of this equation should be infinite ; and consequently, the 
co-efficients of a?*, aj* and ic* must vanish. 

It is evident that for all values of k, the co-efficients of 
a* and a® are zero. The co-efficient of a* will be zero, 

if, 4a*-46*+4A;*=:0 

i.e., if, a*— 6* =— A;* 

whence Ac=+iA/a* — 6* 

Therefore, the equations of the nodal tangents at a 

circular point are — 

2/=^(»+ V^a*— 6*) 

Similarly, the nodal tangents at the other circular 
point are — 

y =— i’(i»+ \/a*— 6*) 

Hence, the singular (double) foci are the real points of 
intersection of these tangents, namely, the points — 

yssO, — 6* = +ae 

which are the common foci of the system of focal 
conics. Similarly, the other two imaginary singular 


• Theory of Plane OorveB, VoU I, § 169. 
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foci can be determined, and they are found to be the 

imaginary points 

( 0 , 

Thus we may state the following theorem : 

The singular foci of a hicircular quartic are the foci of the 
focal conic. 

182 . The Inverse op a bicircular quartic : 

The inverse of a hicircular quartic is another hicircular 
quartic ; hut when the origin of inversion lies on the curve ^ the 
inverse is a circular cubic. 

The general equation of a bicircular quartic can be 
written as — 

The inverse of this with respect to the origin is — 

which is also a hicircular quartic. 

If, however, the origin lies on the curve, the constant 
term Vq is absent, and the inverse reduces to — 

which is evidently a circular cubic. 

1- The bisectors of the angle between any pair of bitangents 
of a biciroular quartic are parallel and perpendicular to the line joining 
the real singular foci. 

jEf». 2. A two-circuited bicircular quartic consists of two ovals, one 
inside the other. Prove that the focal conic through the real foci is a 
hyperbola and the other focal conics are ellipses. 

Ex. 3. If in Ex. 2 the ovals are external to each other, the focal 
conic through the real foci is an ellipse and the other focal conics are 
hyperbolas. 

Ex, 4. Show that the four centres of inversion lie on a rectan- 
gular hyperbola whose asymptotes are parallel and perpendicular to the 
line joining the real singular foci and which passes through the mid- 
point of this line. 
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183. Inverses op the foci : 

Since the foci of a curve are inverted into the foci of its 
inverse, if we invert a bicircular quartic with respect to a 
circle of inversion, the sixteen foci will be inverted ihto 
the sixteen foci of the inverse curve, and although the curve 
is its own inverse, each individual focus will not be inverted 
into itself. We shall now investigate the relation between 
these foci and their inverse points. 

Let a^, ajj, a,, be the foci on the circle with centre 
A. Similarly, let (/3j, /3s, /3*), (y,, y,, ya. 7 *) and 

( 8 ,, 8 ,, Sj, 8 ^) be the groups of foci on the circles with 
rentsce B, C, and D respectively. 

Invert the curve with respect to the circle A. Then 
the foci »!, ftaj ^ 4 . inverted into themselves. ThF 
inverse of a focus on B, will be a focus of the inverse 
curve, ^.e., a focus of the curve itself. Therefore, the inverse 
of must be one of the remaining 11 foci, ^.e., the line 
must pass through one of these remaining foci. Three 
different cases are to be considered 

The inverse of may be — 

({) one of the three points /Jj, ^ 3 , ; 

(w) one of the points of the y group ; 

(m) one of the points of the S group. 

(]) When the inverse of p^ is one of the points 
P%^ P&i circle B is inverted into itself, and conse- 

quently, the y group is inverted into the 8 group, or they are 
the inverses of themselves. 

(2) When is inverted into one of the foci of the 
y group, then the circle B is inverted into fche circle C, and 
consequently, the points A, B, C are collinear. In this case, 
the 8 group cannot be inverted into any of the three groups 
a, P, or y. For, the a group is its own inverse and P group 
inverts into the y group. Consequently, the 8 group is 
inverted into itself. 
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( 3 ) In this case the ^ group is inverted into the S group, 
while the y group is inverted into itself. 

Now, since the bicircular quartic has four circles of 
inversion, any property which holds for any two must also 
hold for the remaining two. The relation between the 
four circles must be symmetrical. Hence, the only symme- 
trical relation which may exist between them is that each 
of the groups is inverted into itself. 

This will be true also for the other three centres of 
inversion. Hence, the four circles of inversion, when inver- 
ted with respect to any one of them, are inverted into 
themselves (§ 175 ). 

184 . The pour centres op inversion: 

When A is the centre of inversion, a^, Ug, ag, are 
inverted each into itself. But 8^ cannot be inverted into 
itself, and since the circle D is inverted into itself, the 
inverse of will be one of the three foci 8^, 83, 8^ (say 8,). 
Then A, 8^, 8^ are in one right line. Consequently A, 83, 8^ 
are in one right line. 



Thus, A is a diagonal point of the quadrangle 8^83838^. 
Similarly, if B is the centre of inversion, 8^, 8,, 83, 8^ are 
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inverted into themselves, and consequently B is collinear 
with 8183 and 8384. Hence B is a diagonal point of the 
same quadrangle. Similarly, the centre C is the third 
diagonal point of 8^838384. Also, D is the centre of^ the 
circle 8^8,8384,. 

Hence ABC is self -con jugate with respect to the circle 
whose centre is D, and consequently D is the orthocentre 
of the triangle ABC. 

Similarly, it can be shown that any of the four points 
A,B, C, D, will be the orthocentre of the triangle formed 
by the other three, as was otherwise shown in § 174 . 

Ett. Show how to find the singular focus of a bicircular quartio 
when the circles of inversion and any point on the curve are given. 


185 , Circles op inversion mutually orthogonal ; 

From what has been said above it follows that the circles 
of inversion cut each other orthogonally. For, considering 
the circles A and D, 8^ and 8^ are inverse points with 
respect to the circle A. 

.% A 8 i.A 83 =:r® 

where r is the radius of the circle A. 

But the product A 8 ^,AB^ is equal to the square of the 
length of the tangent drawn from A to the circle D. 

ASj.ASj =r* = square of the tangent from A to D. 

Thus the point of contact of the tangent drawn from 
A is a point on the circle A, the two circles A and 
D cut orthogonally. 

Similarly, the same relation will be found to exist 
between any two of them, 

Hence the circles cut each other orthogonally, as was 
otherwise shown in article 174 , 
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186. Inverse op cyclic points: 

It was shown that the cyclic points are the intersections 
of the quartic with the circles of inversion. Therefore, the 
cyclic points on the curve are inverted into cyclic points on 
the inverse curve. 

For, at a cyclic point four consecutive points lie on a 
circle. When the curve is inverted, these four consecutive 
points are inverted into four consecutive points on the 
inverse curve and the circle is inverted into a circle through 
four consecutive points on the inverse curve. Hence the 
inverse of a cyclic point is a cyclic point ; and since these 
points lie on the circles of inversion, all the above properties, 
which we have established for the foci, are also true for the 
cyclic points. 

187. Bicircular quartic with three given poci : 

The locx^s of a point, whose distances from three fi.ved points 
are connected by the relation Zp4*wp' + wp"=0, is a hicircular 
quartic having those three fixed points for foci^ 

Take O, one of the fixed points, as origin and another 
point A situated on the axis of a; at a distance c from the 
origin. Let {x\ y') be the co-ordinates of the third 
fixed point B. 

Now, if P be the point (aj, y), we have — 

pa=a}® +2/* ; p'* = (a;— c)*+y* 

and p"* =(a;— »')* + )“ 

Zp+mp'+wp"=Z>/a5* +2/* c) + 2 /* 

+71 a?') +(y— 2/0 * =0 

i,e., IVu + ... (1) 

where u, v, w are point-circles, whose centres are O, A 
and B respectively. 
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Bationalising the equation, we obtain — 

+m*v* — 2w*w* w 

— 2n2Z®w— 2i*m*wu=0 ... ^2) 

which is evidently the equation of a bicircular quartio, when 
Uy Vy w are circles 

Now the circle w=0 meets this quartic, where 
m*?;® z.e. {m^v — n*w)^^0 

i,e,y u^O touches the quartic at the two finite points, where 
m*t;— n®tf;=:0 meets it. Thus the point circle w=0 has 
double contact with the bicircular quartic, or what is the 
same thing, the point O is a focus of the curve. Similarly, it 
can be shown that A and B are each a focus of the curve. 
We shall more fully discuss the properties of these curves 
in a subsequent chapter. 

Show that ip + tnp' + represents a two-circuited 

bicircular quartic. 

188. The fourth focus of the concyclic group : 

We shall determine the fourth focus of the bicircular 
quartic which is concyclic with the three given foci. 

The circle 


touches the quartic 


... (1) 


Z + w V + w a/2^; = 0 

... (2) 

if 

i;+ +«*=o 

A ^ V 

... (3) 


Hence the quartic (2) may be regarded as the envelope 
of (1), provided the condition (3) is satisfied. 
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Now, (1) will be a point-circle if the discriminant 
vanishes, ^^e., if 

(X+fi+v){fic^ + y'*)}— — (c/x— v*b')*=0 ... (4) 

Now put OB* = 6* = a)'*-f2/'* 

and AB* = a* = (a?'— c)*+y'* 

2caj'=a*-5*-c*. 


/. The equation (4) becomes — 

(X+/A-|-v){/jLC* -4-v6*} — v*6* --/A*c® — /Ltv(fe* -fc® — a®)=0 
or, /Ava® +Xv6® 4-X/ac® =0 


t.e., 




... (5) 


Therefore, when the conditions (3) and (5) are satisfied, 
the equation (2) represents a point-circle having double 
contact with the curve. Hence, solving (3) and (5) we 
obtain the values of X. /a, v, and the fourth focus is thereby 
determined. 


189 Theorem : * 

If four concyclic foci of a hicircular quartic are given^ 
through any point there can be described two such quartics and 
they cut each other at right angles. 

The equation of a bicircular quartic having three given 

foci is — _ _ 

l'\/u + mVv-\rn'\/w=:0 ... (1) 

The fourth focus is determined by — 


Xm / lAV + w = 0 

where ^ • — =0 ... (2) 

A fJL V 

Y+ - + - =0 - (3) 

A p V 


* Salmon — H. P. Carves, § 277. 
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When the fourth focus is given, the values of X, /a, v are 
given also. Hence, if the curve passes through any point 
(oj', y\ z')^ we must have — 

Z A/tt' + m = 0 



But these two equations determine two sets of values of 
Z, m, w, when (x\ y\ z') is fixed. Hence, two curves can be 
described through any given point. 

Let 

and V Vu+rnI Vw^O 

represent the two quartics. Since they are confocal, 
have four foci common, we must have — 


\ 


fJL V 



m* 



Eliminating X, / a , v between these three equations, we 
obtain — 

+c*(Z*7w'® — Z'*w*)=:0 ... f4) 

which is the condition that the two curves may be confocal. 

In order to prove that the two curves cut each other 
orthogonally, it will be sufficient to find the condition that 
the generating circles of the two curves, namely, 

\u+fiv+vw=^0 and \^u+fjJv+v'w=Q 

cut each other orthogonally. This condition is found, after 
calculation, to be — 


a*(fiv'+ft^r)+^*(^^^+r*X)+c*(X/A'^HX^/A)=0 ••• (5) 



BINODAL ANB BIOIKCULAR QBABTICS 


231 


But the circle touches the quartic 

lVu-\rmVv'\-n'\/w^O 



If we take A. : /u, : v = - : ^ 
P P 

the circle - u-{-^v-\-~w=zO 

P P P 


n 

P 


... ( 6 ) 


touches the quartic at the point, where a/v, Vw are 

P) p'» p"* 

Similarly, - tt?=zO 

P P P 


touches the second quartic— 

V Vu'^m' Vv-{-n^ Vw=0 

at the same point. These two circles cut orthogonally, if 

+ Im' + Vm 

p'p PP" PP 


But solving the two equations — 

Ip+mp' + np'=:0 and Vp+'m'p+n'p':=:0 
for p, p', p", we obtain — 

pip': p'=zmn^ — m'n : nl'^ — n'l : Im' — Vm. 
Substituting these values in (7), we find — 

which is the same condition that the two curves are con- 
focal, whence the truth of the theorem follows. 


Ex. 1. Prove that Ip + mp' + np''=^0 represents a circular cubic, 
if l±m±n = 0. 

[The co-eflaoient of (a >*+^*)2 should vanish.] 

Ex. 2. Show that the locus of the common vertex of two triangles 
whose bases are given and the vertical angles are eq nal is a circular 
cubic. 
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190, Bicircular quartics with a third double point : 

Bicircular quartics can be divided into two classes, 
according as the curve has two or three nodes. The case 
of two nodes we have already discussed. Now we shull 
study some properties of a bicircular quartic having a third 
node in the finite part of the plane. 

The inverse of a conic with respect to any pointy not on the 
curve, is a hicircular quartic having a third double point at 
the centre of inversion ; and this point will he an acnode, a 
cusp or a crunode, according as the conic is an ellipse, a parabola 
or a hyperbola. 

The equation of a conic, referred to any point as origin, is 
u^ +^o 

The inverse of this curve is — 

+ + ... ( 1 ) 

which is evidently a bicircular quartic with a double point 
at the origin. It will be a node, a cusp or a conjugate point, 
according as u^ represents a pair of lines, (1) real and 
distinct, (2) coincident, or (3) imaginary ; i,e., according as 
the given conic is a hyperbola, a parabola or an ellipse. 

The inverse of the conic =1 w.rd, any 

point (a)', 2/0 is 

h^{x^ ja^ + y^ lb^)+2k^r^(x'xla^ +y'^lb^) 

+ (aj'«/a"+2/'V^*-lK=0 ... (2) 

When the centre of inversion is a focus of the conic, the 
inverse is a cartesian. It is to be noticed, however, that 
in this case, the inverse of an ellipse or a hyperbola is 
called a limacon and that of a parabola is called a cardioid. 
The inverse of a rectangular hyperbola with respect to its 
centre is the lemniscate of Bernoulli, which possesses a 
pair of biflecnodes at the circular points. 

When the origin lies on the conic, the inverse reduces 
to a nodal circular cubic. 
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191. The pedal op a conic : 

The •pedal of a central conic with respect to any point in its 
plane is a hicircular quartic^ having a third double point at 
the origin, which is a node, a cusp or a conjugate point, ac- 
cording as the origin lies without, on or within the conic. 

Let the equation of a conic be— 

+ 63/® +2^t’2/ + 2/2/ + 2^.c + c=0 ... (1) 

The condition that any line x cos 0-hy sin 0=p touches 
this conic may be written as— 

A cos® d + B sin® ^? + Cp* — 2Fp sin $—2Gp cos $ 

4-2H sin ^ cos ^=0 ... (2) 

where A, B, C, ... are the minors of the determinant 


h b f 
9/0 


The co-ordinates of the foot of the perpendicular drawn 
from the origin are (p cos 0, p sin 0), 

Multiplying (2) by p* and substituting x and y for 
p cos $, p sin 0, and p® =u;® +2/®, we obtain — 

Aaj® + Bi/ * + 0 (»* + 2 / ® )® - 2(Ft/ -+ G«) (u; * + 2 / ® ) 

-f*2Hc{^=0 

i.e., C(.^*+2/»)*-2cF2/ + Gx;)(^®+2/*) 

+ (A.t» -f Bt/® + 2H ty) =0 

which is a biciroular quartic, having a third double point 
at the origin. 

Now, the tangents at the double point are given by— 
Aoj* 4-2H.(^ + By* =0 


80 
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and these are real and distinct, coincident or imaginary, 
according as AB— H* <, =, or >0 

I ^ 

i.e., according as <, =, or >0 

i.e., according as c <, =, or >0 ...*‘(3) 

Now, when the origin lies outside the conic, two real 
tangents can be drawn to it and the triangle formed by 
these tangents and their chord of contact is real. When 
the point lies on the conic, the area vanishes, and when it 
lies inside the conic, the triangle is imaginary. 

The expression for area of the triangle is — 

c a/ — A- c 
{(a6— A} 

which is real, zero, or imaginary, according as A.c is 
negative, zero or positive, which is the same condition as (3), 
whence the truth of the theorem follows. 

If 0=0, r.e., a6— /i*=0, the given conic becomes a 
parabola, and the curve reduces to a circular cubic. Hence, 
the pedal of a parabola is a circular cubic. 

The pedal of the ellipse + 1 /®/^* referred to any 

point (a;', y*) is — 

(a?* -f-y® + + 

and the origin is a node, a cusp or a conjugate point 
according as — 

x'* /a^ +y'^ fb^ >, =, or <1 

^ e. , according as the point yO lies without, on, or 
within the ellipse. 

The pedal of the parabola y^=z4sax is the circular 
cubic — 

(aj* +y^ +xx' + yy')x=ay^ , 

* Sir Asutosh Mukhopadhyay — A Memoir on Plane Analytical 
Geometry — Journal of the Asiatic Society of Bengal, Vol. 56, Part II, 
No. 3 (1877), § 21. 
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192. Bicircular quartics with a pair op flecnodes : 

We shall now consider a bicircular quartic having a pair 
of flecnodes at the circular points. 

The equation of a quartic having flecnodes at B and C is 
giv'en by equation (1) of Article 163. 

If now we project B and C to the circular points at 
infinity, we must put — 

.c = I, y^$ + ir) and 2 =^— 

in the equation, which then becomes — 

+ 2l(^^+rj^){fl + 2fh(p + q){i + irj)^H^ 

If this is to be a real curve, we must have — 

/(p + ^)=l, and putting fq=:a', l/hq^b^ 

the equation reduces to the form — 

+ a'6'«{(3-2a')i’-(l-2a0>7*}=0 ... (1) 

which, therefore, is the equation of a bicircular quartic, 
having a pair of flecnodes at the circular points. 

The origin is evidently a node ; it will be a cusp with 
7 ]zz 0 as the cuspidal tangent, if 2a' =3, and the equation 
then reduces to — 

( f * +^*)2 + =0 ••• ( 2 ) 

When, however, l-—2a'=:0, the equation reduces to 
the form — 


which is the square of a circle. 
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If we compare the equation (1) with (2) of § 190, we 
find that = 26'(a* 4-6*)=3a® 4*6® 

whence (.c'® — a®)(a^ +6® )* =a;'®6®(3a® +6*) 

i,e,, aj'®(a®-6»)==(a*+6»)* 

Thus, the co-ordinates of the centre of inversion are — 


a;' = -f 




2 /'= 0 . 


When, however, the conic is a parabola, the equation of 
the quartic becomes — 

The centre of inversion is found to be the point 
(—3a, 0). 


Ex, 1. If the circular lines through the origin are taken as the 
inflexional tangents of a quartic, with flecnodes at the circular points, 
show that the equation of the curve can be put into the form — 

+ c) + fc = 0 

where the ordinary tangents at the circular points meet at the point 

(-?. 0 ). 

Ex. 2. Any focal ordinate of a conic meets the director circle in a 
point P. If the tangent at P meets the transverse axis in Q, prove 
that the inverse of the conic w.r.t^ Q as origin is a quartic with flee- 
nodes at the circular points. 

Ex. 3. Show that the inverse of a parabola, referred to a point on 
the opposite aide of the directrix at a distance equal to that of the 
focus, is a bicircular quartic with a pair of flecnodes at the circular 
points. 

Ex. 4. Prove that a unicursal quartic with two unreal flecnodes 
can be projected into the inverse of a conic with respect to the reflec- 
tion of a focus in the corresponding directrix. 

Ex. 6. A bicircular quartic has flecnodes at the circular points and 
a finite node. Shew that the points of contact of the tangents drawn 
from the node and those of the circular tangents are concyclio. 
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193, Bicuspidal QUARTICS^: 

Bicuspidal quartic curves may be studied as limiting 
cases of binodal quartics. 

The equation of a quartic with nodes at B and C can be 
written (§ 173) as — 

2/*2® + aj®(aa3* +62/* +cs* + 2/2/2: + 2^;».t; + 2^ajy)=0 
the tangents at B and C being respectively — 
z^+hx^=0 and 2/*+^®*==^ 

If these are cusps, we must have 6=0, and c=0, and A 
is the intersection of the cuspidal tangents. 

Putting gf=/i,=l and a=/*+2m, the equation of 
the curve can then be put into the form — 

(yz+fx^)^ + 2(mx'^y+z)x^=:0 ... ( 1 ) 

which may again be written as— 

+2a;*[(/X+jn— \»/2)»*+Xy2! + zj;+ity]=0 ... (2) 

showing that the conic — 

(fX+m’—X^I2)x^'jr^yz+zx + xy=0 ... (3) 

touches the curve at the points, other than B and 0, where 
yz + {f-X)x*=zO 

meets it. 

The conic (3) will degenerate into a pair of right lines, 
if the discriminant vanishes, 

^.e., if X(A.* — 2fX * — 27n\+2)=0 ... (4) 


* J. de Vries — On bicuspidal curves of order four — Proo. Acad., 
Amsterdam (1909). 



TttBORY OF PLANE CURVES 


2»8 


The root \=0, shows that the line m,c + 2 / + 3=0 is 
a- bitangent, as is evident from equation (1), the points of 
contact lying on the conic yz+fx^ =0. 

In fact, the conic (3) consists of the line BC and the 
bitangent. 

The other three roots of (4) will give the tangents v 
can be drawn from the cusps to the curve. 

When the two cusps are at the circular points at 
infinity, the curve is called a Cartesian, which was 
originally studied by Descartes. We shall have occasion to 
discuss the properties of such curves in some details in a 
subsequent chapter of this volume. 

1. If Aj, A.^, Ag aro the roots of A® — 2/A® —2mA + 2 = 0, 
show that 2 ; + Ai» = 0, z + \^S6=:0 and 25 + A 3»=0 represent the 
tangents drawn from B to the curve, and i/ + Ai«=0, etc., those 
drawn from C. 

Ex, 2. Prove that the conic through the points of contact of the 
bitangent and those of the tangents drawn from B touches the curve 
at B. 

[The conic is yz+fx^=‘2z{mz + y + z).'] 

Ex. 3. Show that the points of contact of the other four tangents 
drawn to the curve from any point of the bitangent lie on a conic 
through the cusps. 

Ex, 4. Prove that the eight inflexions lie on a cubic through the 
cusps and the intersection of the cuspidal line with the bitangent. 
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Circular Cubics as Degenerate Bicircular Quartics 

194. The circular cubic: 

We have seen that a binodal quartic reduces to a cubic 
and the line joining the nodes, when the focal conic touches 
this line. In the case of a bicircular quartic, the line 
joining the nodes is the line at infinity, and consequently, 
when the focal conic becomes a parabola, the bipiroular 
quartic reduces to a circular cubic and the line at infinity. 

A circular cubic can he regarded as the envelope of a 
variable circle which cuts a fifed circle orthogonally and whose 
centre moves along a parabola. 

Let y*=:4aaj (1) 

be a fixed parabola 

and +2/aj+2gry+c=0 ... (2) 

be a fixed circle. 

Taking any point {at^,2at) on the parabola as centre, 
the equation of a circle cutting the circle (2) orthogonally 
isf — 

(a?— a^*)* + (y— 2a^ i.2a/-f-4a*)^’ +4iagt+c 

i.e., 2a(x+f)t*+4M(y+g)t=x*+y’-7C ... (3) 

Differentiating this with respect to t, we obtain — 
4a(c+/)<+4o(2/+p)=0 
which gives —(y+g)l{'e+f) 


• See § 169. 
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The envelope of the variable circle (3) becomes — 

2a -4a. 

(•*+/) (*+/) 

{^z*+y* —c){x+f) + 2a{y+gy=0 •••. (4) 


which is the equation of a circular cubic and conse- 
quently, a circular cubic is a degenerate bicircular quartic. 
All the properties established for a bicircular quartic must 
then hold for a circular cubic. If the focus of the parabola 
be taken as the origin, the equation (4) will be transformed 
into the form — 

(aj+/)(a5® 4-2/*) + a<J3 + % + c=:0. 

Since a bicircular quartic has four circles of inversion 
and four corresponding focal conics belonging to the same 
confocal system, the focal conics have the same real foci 
and axes. Consequently, when one focal conic is a parabola, 
the other three must be parabolas, and a circular cubic can 
be generated by taking any of them as focal conic. Taking 
the centre of the fixed circle as the origin, and 
the co-ordinates of the focus of the focal parabola, and a as 
the focal distance, the equation of the circular cubic is 
obtained in the form— 

(x+2a)(x* +y^) + x(2fx + 2gy-^S^)=:0. 


195, The asymptote : 

The equation (4) of the cubic shows that the curve 
passes through the two circular points at infinity and 
through another point at infinity in the direction of the 
line aj+/=0, which must be a real point. The line x+f=0 
is a tangent to the curve at the centre of inversion 
But ^+/=0 gives the direction of the real asymptote to 
the cubic. Therefore the tangent £c+/=0 meets the cubic 
again in a real point at infinity. 

Thus the four centres of inversion lie on the four 
tangents which can be drawn to the curve from the real 
point at infinity. These tangents are therefore parallel to 
the real asymptote. 
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196. Self-inverse circular cubic: 

Taking the point of contact of one of these tangents as 
origin and the tangent at the origin as the axis of the 
equation of the cubic can he written in the form — 

£p(£c* + 2/® ) + « ‘ 

which remains unchanged, if we write — 

for and y respectively, t.e., if we invert the curve with 

I 

respect to the circle of radius and centre at the origin. 

Hence, the cubic is self-inverse with regard to this circle. 

Since there are four tangents and four corresponding 
points of contact, we obtain the theorem : 

A circular cubic is self -inverse with resjpect to four circles. 

If, however, the origin is not on the cubic, the inverse 
is a hi-circular quartic. It is to be noted that the circular 
cubic passes through the four cenires of inversion. Since 
the cubic is self-inverse, the system of four circles are also 
self-inverse with respect to any one of them. The circles 
are then all mutually orthogonal. 

Eso. 1. Obtain the equation of a circular cubic in the form — 

»(»* + 2/*) + aa>* +2A»i/ + 2flf» + 2/y=s0 

[Take the origin at the point where the real asymptote meets 
the curve.] 

EsD. 2. Show that the tangents to a circular cubic drawn from a 
point where the tangent is parallel to the real asymptote are all equal. 

Ex, S. Show the cubic — »{»* + 1/®) + aa> ■ + 2A*t/ + 

is self-inverse with respect to the circle the corresponding 

focal parabola being (y + h)^ ^b{2x + a) 

Ex. 4s. Prove that the centres of throe circles of inversion are the 
vertices of the common self -con jugate tiiangle of the focal parabola and 
the fourth circle of inveision. 

Ex, 6. If a circular cubic be inverted from the point where the 
asymptote meets the curve, prove that the origin is a point of inflexion on 
the inverse curve. 

SI 
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19T. Real CIRCLES OP INVERSION : 

We have shown that the four centres of inversion of a 
hiciroular quartic are such that each is the orthocentre 
of the triangle determined by the other three and the 
triangle is self -con jugate with respect to the circle with 
that as centre; the radical axis of any two circles must pass 
through the centres of the other two. This is also true in 
the case of a circular cubic, but in this case, the four centres 
lie on the curve. 

Thus, in general^ of the four circles of inversion, one is 
imaginary and the other three real. 

Let A, B, C, D be the four centres, and consider the 
triangle ABC, which is self-conjugate with respect to the 
circle with D as centre. 

Let AD, BD, CD meet the opposite sides in E, F, Gr 
respectively. Since A is the pole of BC, we must have — 

DA.DE==r*, where r is the radius of the circle. 

Now, when A and E lie on the same side of the centre 
D, DA and DE are of the same sign, and consequently 
the product DA. DE is positive, making r real. But if A 
and 'E are on opposite sides of D, DA and DE are of 
opposite signs, and consequently the product DA. DE is 
a negative quantity, and the radius r is imaginary. 


A 



Now, it is seen that if the four centres are all real, of 
the four triangles formed by them, one is acute-angled and 
the other three obtuse-angled, and in the case of an acute- 
angled triangle the radius becomes imaginary. 
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Hence, of the four circles of inversion one is imaginary 
and the other three real. 

It is to be noted, however, that the curve is in this 
case bipartite, if the curve is unipartite, two of the 
circles are real and the other two have unreal centres. 

If we invert the cubic with respect to a real circle of 
inversion whose centre is B (say), then the inverse of D 
will be a point on the cubic. For, since AOD is self- 
conjugate with respect to the circle B, BD. BF=r*, and F 
is the inverse of D, but the cubic is inverted into itself. 
Hence the inverse F of D lies also on the cubic. Similarly, 
E and Gr are also points on the curve. This is not, how- 
ever, true for the bicircular quartic. 

Since E, F, G are the feet of tlie perpendiculars of the 
triangle ABC, we obtain tlie theorem : 

Every circular cubic passes through the four centres of in- 
versioyi and also through the feet of the perpendiculars of the 
triangle formed by joining any three centres of inversion, 

Wx. Prove that the tanj^ents to a circular cubic at the centres of 
inversion are parallel to the asymptote. 

198. Theorem : 

If a line through a centre of inversion intersects the circular 
cubic in two points^ a circle can be drawn having simple contact 
with the cubic at these two points. 



Let A be a centre of inversion, and let any line through 
A intersect the cubic in two other points B and 0, Then 
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A is the point of contact of a tans^ent drawn from the 
real point K at; infinity on the curve. Now consider a line 
A'B'C' consecutive to ABC. 

The following three cuhics then pass through the Qight 
points A, B, C, A', IV, C', K and I : — 

(z) The given cubic ; 

(u) The cubic consisting of the three lines ABO, a'B'C' 
and KIJ ; 

(m) The line A'AK and a conic determined by B, C, 
B', C', T. 

Therefore they must pass through a ninth common 
point J. 

Hence, the six points B, C, B', C', I, *1 lie on a conic, 
which is evidently a circle ; and when ABC, A'B'C' coincide, 
the circle has double contact with the cubic at B and C. 
The same easily follows from the fact that the generating 
circle of a bicircular quartic has double contact with the 
curve, the chord of contact passing through a centre of 
inversion, and the circular cubic being a degenerate bicircular 
quartic, the truth of the proposition is manifest. 

199. Foci op circular cubics : 

It has been shown that the sixteen foci of a bicircular 
quartic lie by fours on four circles. The same must then 
be true of a circular cubic. 

Suppose A is one of the circles of inversion and let a 
tangent drawn from the circular point 1 to the cubic meet 
A at a. If now the cubic is inverted w.r L the circle A, the 
cubic is inverted into itself and the tangent la is inverted 
into the tangent Ja, and consequently, the point a is a focus. 
Now, since four tangents can be drawn from I to the cubic, 
besides the tangent at T, and there are four corresponding 
tangents from J, they intersect in sixteen points, each of 
which is a focus of the cubic. 
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Hencft, the sixteen foci of a circular cubic lie by fours 
on four circles of inversion. 

From what has been said above, it follows that the 
pencil of tangents drawn from I and that drawn from J 
have the same cross -ratio, since the circle passes through 
the points I and J. Projecting the points I and J into 
two finite points of the plane, we obtain Salmon’s theorem 
on the constant cross-ratio property of a cubic.* 

If a is real, the other real foci will be obtained by 
inverting a repeatedly with respect to the remaining three 
circles of inversion. The circle A will remain unaltered 
and the four real foci lie on this. 

200 . Thr singular focus : 

Suppose the four concyclic foci 8i, ^4 lie 

circle with centre D. Then the diagonal points A, B, 0 of 
the quadrangle §183838^ are the other three centres of 
inversion and D is the orthocentre of the triangle ABC. 

Now, taking ABC for the triangle of reference, the 
equation of a conic through 83, 83, 8^^ may be written as 

Zuj* -f my* +W2* =0 ... (1) 

If this is to be a parabola, we must have — 

a®/Z-f /ncxO ... (2) 

where a, 6, c are the lengths of the sides of the triangle ABC. 

Now, if E, P, G be the mid-points of the sides of the 
triangle ABC, the equation of the line EP is % + r:— at;= 0 , 
which evidently touches the parabola, in virtue of the 
relation (2). 

Similarly, PG and EG touch the same parabola. 

Hence, the focal parabola is inscribed in the triangle 
EPG and its focus lies on the circle circumscribing the 


See § 61. 
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triangle EFO-, ^.e,, the nine-points circle of the triangle 

ABC. 

Hence, the focus of the focal parabola lies on the nine- 
points circle of the triangle formed by the three centres of 
inversion. But the four triangles formed by the four centres 
A, B, 0, D of inversion, taken three at a time, have a 
common nine-points circle. Hence we obtain the theorem : — 

The singular focus of the circular cubic lies on the common 
nine^polnts circle of the triangles formed by any three of the 
four centres of inversion. 

Again, since the focal parabola touches the sides of the 
triangle formed by joining the mid-points E, F, G of 
the triangle ABC, the directrix of tlie parabola passes 
thiough the orthocentre of the triangle EFG.* But the 
orthocentre of EFG is the circumcentre of the triangle ABC. 
Hence the directrix passes through the circumcentre of the 
triangle ABC. Thus we obtain the theorem : — 

The directrices of the focal yaraholas respectively pass 
through the centres of the circles circumscribing the triangles 
formed by the centres of inversion., taken three at a time. 

E». 1. Find the singular focus of the cubic — 

+'?/*) + «»* +2hxy •\-2gSD + 2fy = 0 
[The singular focus is the point — ( — a/2,--?i.).] 

Ex. 2. The normals to a circular cubic at its intersections with 
a circle of inversion touch a parabola with focus at the singular focus 
and axis perpendicular to the asymptote, i e., the corresponding focal 
parabola. 

Ex. 3. The cross-ratio of the pencil subtended by four ooncyclio foci 
at any point of the focal parabola through them is equal to that of the 
four corresponding directrices. 

Ex. 4. Provo that circular cubics with the same real asymptote, 
singular focus, and self-inverse with respect to the same point have a 
common foe al parabola. 


* Salmon— Conics, § 297, Ex. 14. 
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201. Circular cubtcs with given foci : 

Suppose the focal parabola intersects the circle of inver- 
sion in the four foci a^, a,, Ug, a^. Then the chords 
and are equally inclined to the axis of the parabola, 

i,e,, the axis bisects the angle between the two chords.* 
Since there are two bisectors mutually perpendicular, in the 
pencil of conics through the four points, there are two 
parabolas, whose axes are mutually orthogonal. 

Hence, given four coney die foci, there are two circular etthies, 
the axes of whose focal parabolas are mutually orthogonal. 

This is a particular case of the theorem in article 189, 
which was originally obtained from geometrical considera- 
tions by Dr. Hart. The two cubics have seven common 
points, which can be geometrically determined with the 
help of article 13. 

Ea. 1. Four coney olio foci are given. Show that there are two 
oironlar cubics whose real asymptotes are perpendicular. 

Ex. 2. The line-pairs joining four concyclic foci of a circular cubic 
are equally inclined to the real asymptote. 

Ex, 3. A conic passes through four given concyclic points. Prove 
that the locus of the foci is a pair of circular cubics with the given 
points for foci. 

202, Intersections with a circle*. 

If a circle intersects a circular cubic in four points, the 
opposite sides of the quadrangle formed by these four points 
intersect the cubic again in three pairs of points. The line 
joining each pair of these points ts parallel to the asymptote. 

Let the circle intersect the cubic in four points A, B, 0, 
D. Let the pairs of oppo.site sides AB, CD; AG, BD ; 
BO, AD intersect the cubic again in the three pairs of 
points E, F ; E', F' ; E", F" respectively. Then the lines 
EB\ E'F', E"if" are parallel to the asymptote of the cubic. 


• Salmon — Conics, § 244>. 
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Taking ABO as the triangle of reference, the equation 
of a circle and a conic through the points A, B, C, D may 
be taken respectively as — 

T s ayz + hzx + cry = 0 
and S ^fyz + gzx + hxy =0 

The cubic is then represented by t^jT=TS ... (1) 

where w ^ s + my + nz 

The equation of CD is obtained, by eliminating z 
between T and S, in the form — 

c{jy-¥gx)-}i{ay-)rhx) ... (2) 

Substituting in (1) from (2), we obtain — 

(cw j — M ) ( + 630) + c.t’t/ ) = 0 

showing that the lino M=0 ... (3) 

passes through the point F, where CD meets the cubic again. 

Since, by putting s=0 in (1) and (3) we obtain the 
same equation, it is clear that the line (3) also passes 
through the point E where AB meets the cubic, ^.e., (3) is 
the equation of EF. 

But cu^’—hl is evidently parallel to the asymptote of 
the cubic, showing that EF is parallel to the asymptote. 
Similarly, E'F', E"P" are found to bo parallel to the same 
asymptote. 

It follows that if the sides GE, EF and GF of the 
triangle EFG in § 199 be produced to meet the cubic in 
F', G', E' respectively the lines GG', FF', EE', are parallel 
to the asymptote. 

For, the four points A,G,E,C are the intersections of the 
cubic and a circle, and AC, EG meet the cubic again in F 
and F', FF' is parallel to the asymptote. 
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The following particular cases should be noticed : 

I. If A and B coincide, the circle touches the cubic at 
A, the line AB being the tangent, and we obtain the 
theorem 

If a circle touch a circular cubic at A and intersect it in 
two points G and D, the line joining the tangential of A to the 
third point where CD cuts the cubic again is parallel to the 
asymptote, » 

II. If A, B as well as C, D coincide, the circle has 
double contact with the cubic, and we obtain : — 

If a circle has double contact with a circular cubic^ the 
line joining the tangentials of the points of contact is parallel 
to the asymptote and the chord of contact intersects the curve 
at a third point where again the tangent is parallel to the 
asymptote^ t.e., the point is a centre of inversion, 

III. If the three points A, B, C coincide, the circle 
becomes the circle of curvature at A, and the line AD is the 
chord of curvature. Hence we obtain the theorem : 

The line joining the tangential of a point A and the third 
point where the chord of curvature at A intersects the cubic 
again is parallel to the asymptote. 

IV. If the four points A, B, C, D coincide, the point A 
becomes a cyclic point, and the theorem becomes : — 

The tangent at a cyclic point of a circular cubic intersects 
the cubic again in a centre of inversion. 

Since the tangent at the tangential of the cyclic 
point is parallel to the asymptote, that point must be 
a centre of inversion. Thus, the cyclic points are the 
points of contact of the tangents drawn from the centres 
of inversion, and conse(][uently there are sixteen cyclic 
points. 


32 
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203. The inverse op a circular cubic : 

We have shown that the inverse of a biciroular quartic 

is a circular cubic, when the origin is a point on the curve. 

% 

Conversely, when a circular cubic is inverted from any point 
not on the curve, the inverse is a bicircular quartic, but if 
the origin is a point on the curve, it inverts into another cir- 
cular cubic. 

Let -f +Vq =0 

be the equation of a circular cubic. The inverse of this 
with respect to the origin is — 


k* j, , k^ 

-f— 



or, VqT* +k*T*v^ + k^{v^ + k^u^)=:0 

which passes through the origin and is a bicircular quartic. 

If the cubic passes through the origin, Vo=0 
inverse curve becomes — 

r^v^ + k^v^ = 0 , 

which is another circular cubic through the origin ; and 
the two curves are such that the tangent to one at the 
origin is parallel to the asymptote of the inverse. 

Again, if the line =0 is the asymptote, then must 
be a factor of i;,, so that Then the inverse 

curve is — 

V ^ + k^ u^u\ + k*u^ =0 

which shows that the origin is a point of inflexion on the 
inverse cubic. Hence we obtain the theorem ; — 

If a circular cubic be inverted front the point where the 
asymptote cuts the curve ^ the point will be a point of inflexion 
on the inverse curve and the asymptote will invert into the 
inflexional tangent^ 
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This also follows from the following geometrical 
consideration : — 

Since the asymptote passes through the origin, its 
inverse will be a line through the origin, and the origin 
inverts into itself. The two consecutive points of contact 
at infinity of the asymptote invert into two consecutive 
points at the origin on the inverse of the asymptote. 
Hence, three consecutive points at the origin lie on a right 
line, which is therefore a point of inflexion. 

Ex, 1. Show that the osculating circle at the origin of inversion 
on a circular cubic inverts into the asymptote of the inverse. 

Ex, 2. Prove that through any point on a circular cubic (or bi- 
circular qnartio) can bo described nine circles elsewhere osculating the 
curve, and of these circles three will be real and their points of contact 
will lie on a circle passing through the given point. 

[Invert a circular cubic and its nine inflexions.] 

Ex, 3. Prove that the centroid of four concyclio foci of a circular 
cubic is the foot of the perpendicular drawn from the singular focus on 
the real asymptote. 

Ex, 4. Show that the curve «(»* + y®) + aa?* + 6y® + c»=sO is self- 
inverse with respect to the circle + y* =c. 


204 Theorem ; 

The joints of contact of the tangents^ which can he drawn 
from the point where the asymptote meets the curve^ lie on a 
circle. 

From a point of inflexion, there can be drawn three 
tangents to a circular cubic, the points of contact lying on 
the harmonic polar. If now we invert with respect to the 
point of inflexion, the inverse will he a circular cubic, the 
inflexional tangent inverting into the asymptote and the 
tangents will invert into the tangents, while the harmonic 
polar will invert into a circle through the origin, which 
proves the proposition. 
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205. Theorem : 

The common nine-'points circle of the triafigles formed by 
joining any three of the centres of iivoersicm passes through the 
point where the cubic is cut by the asymptote. 

Suppose the nine-points circle meets the cubic in a fourth 
point O (Fig. §. 197) and let FO cut the cubic again in F". 
Then F'F^' and FF' are both parallel to the asymptote by 
§ 202, Hence F and F" coincide and FO is the tangent to 
the cubic at F. Similarly, EO and GrO are tangents at E 
and G respectively. We may then state the following 
theorem : 

The tangents at E, G meet at the point 0 where the nine- 
points circle cuts the cubic again. 

Since the points E, F, G lie on the nine-points circle 
which also passes through O, the point 0 is the intersection 
of the cubic with its asymptote, which proves the propo- 
sition. 

It is then evident that the four centres of inversion 
A, B, C, D are the centres of the three escribed and the 
inscribed circles of the triangle EFG, where E, F, G are the 
points of contact of the tangents drawn from the point O 
where the asymptote cuts the cubic. 

Eta. l. Show that the equation of the cubic can be put into the 
form — 

S(Z.» cos A + my cos E cos 0) 

= cos*-* K + m cos® By® 4 n cos® Ca®) 
where SS a cos A»® +b cos By® +c cos 0«® and Z + m + w = 0. 

[Take ABO as the triangle of reference.] 

Ex, 2. Show that the tangent at A is — 

y(m sin C ^ n cos A sin B) + 2 (w sinB + m cos A sin C)«0 

which is parallel to the asymptote. 
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206, Points of inflexion on a circular cubic : 

Let the equation of the curve be taken in the form — 

(Zo; + my + nz) ( ayz + bzx + cxy) 

= (ax +by+cz)(a'x^ + b'y^ + + ^fyz + + 2'fe.r?/ ) 

If the curve passes through B and C, we, must have — 
6'=c'=0, and the equation reduces to — 

(lx + my + nai) (ayz + bzx + cxy) 

=:(aic + by + cz)(ax^+2fyz + 2g'zx + 2h'xy) ... (1) 

Suppose the vertices B and 0 are points of inflexion on 
the curve, with BA and OA as the inflexional tangents. 

Therefore, if we put y=:0 or «=0 in the equation (1) 
it should reduce to .«^=0. 

Putting 2/=0, we obtain — 

b(lx+nz)zx=:(ax+cz)(a^x^ + 2g^zx) 

whence, we must have— 

bl^ca' — 2ag'=0 and bn — 2c/=0 

ca' •=:bl‘—2ag' ^b(cl—an)lc ... (2) 

Similarly, putting 2 = 0 , we obtain — 

ba'=zc(bl~-am)fb ... (3) 

Since the third real inflexion D must lie on the line BO, 
we obtain the equation of the line AD, by putting aj=0 in 
(1), in the form — 

(my 4- nz)a=i2f(by + cz) 

If, however, D be at infinity, AD is parallel to BC, and 
we must have mlb^njc 
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Hence from (2) and (3) we obtain — 

a'c® =:bcl^abn:=bcl-~acm:=za'b* 
whence a'(c®— 6*)=0, c=& 

and consequently 

The asymptote is thus given by lx-\-m,{y+z)=zO, which 
is a line parallel to BC. 

We thus obtain the theorem : 

If a circular cubic has three real inflexions^ one of which 
is at infinity y the tangents at the finite inflexions form an 
isosceles triangle with the inflexional line as base^ and the 
inflexional line is parallel to the asymptote of the curve. 


Ex, 1. P and Q are two points on a circular cubic such that the 
osculating circle at P passes through Q and vice versh^ prove that tho 
tangents at those points meet on the cubic. 

Ex. 2. The radius of curvature of a circular cubic is a maximum 
or a minimum at its intersections with the circles of inversion. 

EtD. 3. A chord is drawn through the point where the real 
asymptote meets a circular cubic. Prove that the iuterscctions are 
equidistant from the singular focus. 



CHAPTER XI 

Special Curves op Order Four 

207 . Special Quartics: 

We shall, in the present chapter, discuss the properties 
of a variety of well-known curves of the fourth order, which 
have acquired historical importance, having been associated, 
for the most part, with the names of some of the greatest 
geometers of past ages. All the projective properties of 
these curves can be easily generalised by projection, as we 
have already shown in the case of tricuspidal or tribiflec- 
nodal curves. 

208 . The Cassinian ; 

The locus of a point which moves so that the product of 
its distances from two fixed points is constant is called a 
Cassini’s oval or the Cassinian. This curve was originally 
studied by Dominicus Cossini in connection with problems 
in astronomy and is accordingly named after him.^ 

In order to obtain«the Cartesian equation of the curve, 
we take the middle point O of the line joining the two fixed 
points Fi and P, a^ the origin of a system of rectangular 
axes, and OF^ as the axis of x. If we denote the distaniie 
between F^ and F, by 2a and the constant by c*, the locus 
of a point P(*e, y) on the curve is given by — 

\/(a5— aj* +2/*. V(aj4-a)* =c* 
or 2a»(.£;*— y») + a*^c^=:0 ... (1) 


Cassim — Elements d*a8tronomie — (1749), p. 149, 
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whicli may again be written in the form — 

c *=0 ... ( 2 ) 

or, putting c*=4a®A;*, in the form — 

(a? • + 2/* + a’ ) * =4a*(aj» + ) 

showing that the curve is a bicircular quartic, and is 
symmetrical with respect to the two mutually perpendicular 
axes. 

The equation of the curve in polar co-ordinates can be 
put into the form* : 

r^— 2a*r* cos 2^-f a*— c*=0 ... (3) 



The curve always cuts the axis of jc in two real points — 
05= a/ a* -pc* 
and in two other points — 

aj= \/a*— c* 

which are real, only when a* > c». The axis of y meets it 
in two imaginary points and in two other points which are 
real, only when a® < c®. Thus it is seen that if a* > c®, 
the Cassinian consists of two detached ovals, each of which 
encloses one of the fixed points and F^. If a® < c®, 
it consists of a single circuit. The forms of the Cassinian 
are shown in the diagram. 

When a*=c®, the curve becomes a lemniscate of 
Bernoulli. 

* For detailed information the student is referred to Garlin — 
Nouvelles An. de Mat, (1866), p. 306; Darboux— Sur une olasse 
remarkable de oourbes, etc., Paris (1873), p. 78. 
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Writing the equation (1) in the form — 


— (a® — y*)}* — (c*— 4a*y*)=:0 


it is seen that if we put c^=4a*t/®, the equation reduces 
to a perfect square. Consequently, the lines +2/=^“ /2a 
are two bitangents of the curve, the abscisses of the points 
of contact being — 

, v'4a*—c'^ 

iB= + 

2a 

which will be real, only if c < a \^2, 

When c=aV'2, the two points of contact coincide, and 
we obtain a point of undulation. 

In order to determine the nature of the points at infinity, 
we take the circular lines and the line at infinity as the 
sides of the triangle of reference, z,e., we put — 

x + iy^ajy and x — 'iy^Ply 

and the equation (1) takes the form — 

(a®-a®y®)(y8®~a®y»)--cV=^ - W 

which shows that the lines 


aHhay=0, a'-|-^2/±a=0 

are tangents at the circular point (a=0, y=0), each 

meeting the curve in four coincident points, ^^e , they are 
inflexional tangents. 

Similarly, the lines /3^ayz=z0, or x--~iy + a:=zO are 
inflexional tangents at the other circular point (/3=0, y=0). 
Hence, the circular points are biflecnodes on the Oassinian* 


* Oayley — Note on the Cassinian — Mess, of Math., Vol. 4 (1876). 
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Ex, 1. A BCD is a parallelogram. The locus of a point P such 
that PA.PO : PB.PD is constant is a Oassinian curve. 

Ex. 2. Prove that the locus of the intersections of two circles 
touching a tangent and having their centres at the foci of a given conic 
is a Oassinian curve. 

Ex. 3. Show that the locus of the foci of an ellipse through a tixea 
point and having a'^given director circle is a Oassinian curve. 

Ex, 4. Show that the pedal equation of the Oassinian is — 
r* — 2a^pr=a* —c* . 

Ex, 5. Given base of a triangle 2c and rectangle under sides c®. 
Show that the locus of vertex is a Cassini’s oval, whose equation, 
referred to the middle point of the base as origin is — 

+ 1 /*— c®)®--4c*aj* = a®. 

Ex. 6. Prove that the Oassinian curve is the envelope of a variable 
circle whose centre moves along a hyperbola and which cuts the 
director circle of the hyperbola orthogonally. 


209. Other forms of equation op the Oassinian: 

If the two fixed points and Fj are taken as the poles, 
the curve may he represented in bipolar co-ordinates by the 
equation — 

pp'=a constant=fc* ... (1) 

The equation of the curve may further be expressed in 
terms of the angle 0 between the two radii p, p' joining any 
point P on the curve to the two fixed points F^ and 
and the radius vector drawn from the mid -point 0 to the 
point P. 

For, we have — 

P,F,*=PFi* +PP/-2 PFi.PF8 cos^ 

PP,.PPa=^^ PF,*+PF,«=2a* + 20P». 

/. 4a® =2a® +2p® — 2A;® cos 0 


^.e| 


p* cos $ 


( 2 ) 
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210, Foci op the Cassini an : 

The biflecnodal tangents meet at the two fixed points 
which are consequently the singular foci of the 
curve ; in fact, they are the two triple foci. 

In order to determine the ordinary foci, we have to 
find the tangents which can he drawn from the circular 
points. 

Consider the line a=:ky which meets the curve (4) 
of article 208 in four points obtained by putting a=J(y 
in (4), ^.e., the points are given by the equation — 

The line will meet the curve in two coincident points, 
if the expression within the bracket is a perfect square, 
which requires that — 

ak=‘ + 

so that the equation of the tangent becomes — 

aa=:+\/a* — c^, i.e,, + Va* — c^’ / a 

Similarly, the tangent drawm from the other circular 

point is — 

a?— ^2/= 4; c* I a 

These two conjugate imaginary tangents intersect at 
the two real points — 

a!=:4 v'a*— / a, y=0, if a® > c* 
and at the two imaginary points — 

ir=0, y=:^Va^—c^ I if a® < c® 

Hence, the ordinary foci lie on the line F^F^ joining 
the two triple foci, when the curve consists of two ovals, 
while they lie on the line through the mid-point O at right 
angles to F^F^, when the curve has a single circuit. 

Ex. 1 , Show that the orthogonal trajectories of a family of 
Oassinian curves with singular foci Fj and F 2 are rectangular hyper- 
bolas with F1F2 as diameter. 
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Ex. 2, The polar conic of a point P with respect to a given 
Cassinian carve has a constant eccentricity. Prove that the locus of 
P is a Cassini an curve with the singular foci of the given curve as 
ordinary foci. 

Ex. 3. Find the locus of inflexions of a system of Cassinian curves 
with given ordinary foci. 

211. Construction of the Cassinian : 

The Cassinian curve can be geometrically constructed in 
the following manner : 

With centre 0 and radius r describe a circle. Let A^, 
be two points on its diameter produced, equidistant 

from 0. Through A^ (or A^) draw any right line intersect- 
ing the circle in two points M and N. If now we describe 
two circles with F^ and F, as centres and A^M, and A^N 



respectively (or AgM, A^N) as radii, intersecting each other 
in points P, the locus of P will be a Cassinian curve. 
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Let O be the origin and the axis of x. If d be the 

distance of and A, from O, and w the angle which the 
variable line makes with the axis of x, then 

AjM=d!cos ft)+ sin*<t) 

and AjN=dcoso> — — d* sin*w 

Then the equations of the two circles are respectively-- 
+ 2 /® ~“2ra?=d*(cos®a) — sin* cd) — 2d coscov^r® — d* sin®o> 

+ y* +2ra?= d®(cos*<u— sin*o)) + 2dcos cD'v/r® — d* sin <o 

Eliminating <0 between these two equations, we shall 
obtain the locus of P. 

The two equations may be replaced by the following equi- 
valent forms ; 

i»* q-t/* =d*(cos® o) — sin® w) 
and r.»=d cos wVr® — d* sin*a> 


From the first of these equations we obtain — 


<*+v*+d* 

COS«a.= 


d® — a 


sin*w= — 


2d® 


Substituting these in the second, we obtain the required 
locus given by — 

— 2r®(i:*-t/®)=:d®(2r®-d®) ... (1) 

which is evidently a Oassiniaii curve. 

Since the equation remains unchanged when the sign 
of d is changed, it follows that the same curve will be 
obtained, if instead of the point we take the point A,. 

The equation (1) will be identical with (1) of § 208, 


if we put 


r=a, and d=A/a*-bc®. 


Hence, the line joining the singular foci is a diameter of 
the fixed circle and the two fixed points in which the 
Cassinian cuts this diameter are always real. The curve is 
unipartite or bipartite, according as d >, ==, or, <rV'2. 
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212 , The Tangent and the Normal: 

Several methods have been given for constructing the 
tangents and normals of the Cassinian. The following 
geometrical method for constructing the normal is im- 
portant.* 

Let the curve be defined in vectorial co-ordinates by the 

/=pp'=A- ... (1) 

^ + 9/. 9P'=0 

0p 05 9p' 9.s‘ 


equation — 
Then, 


Now, Let PT be the tangent at P, and i/^i=ZTPFi 
and i/r2=ZTPPj. 



^.cost/',+ cosi/f, =0 ... (2) 

op op 

Again, from any point R on the normal, draw RL and 
RM respectively parallel to F^P and P^P. 

Then, PL : LR=sinRPM ; sin RPL 

=008 : —cos 

: Af 

0p 0p' 


* This method may conveniently be applied for finding the normal 
to any curve defined in vectorial co-ordinates by an equation of the 
form /(p, p’) ■= constant. 
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Hence, if we measure on PFj and PF, lengths PL and 
PM which are in the proportion of 


^ 

0p* 0p'’ 


2.C., 


PF, : PF, 


then the diagonal of the parallelogram thus formed is the 
required normal at P. 

Again, let <^j = /RPFi and < 1 ^^= lRP¥^ 

Then - - - . 

sin 9 j sin 


At Fi, Fa draw two lines FjTj and FgTj at right 
angles to PP^, PFj respectively, meeting PT, drawn 
perpendicular to PR, in T, and T, respectively. 


Hence, PT^=: -r-~ , 
sin 


PT = 

sin 95, 


and consequently PT i = PT g . 

Thus we obtain the following construction for the tangent 
given by Steiner * : 

At F^ and Fg draw two lines at right angles to the 
respective radii. The line through P, the intercept on 
which by those lines is bisected at P, is the tangent at P. 


Ex. 1. If PN be the normal at P on a Cassinian, prove that — 
ZF,PO= /iPgPN. 

Ex. 2. If the normal at P meet FjFg in G, prove that 
FjP* ; FaP^ :: F,G : FgG. 


* Steiner — Einf ache Konstruction der Tangente an die allgemeine 
Lemniscate — Crelle, Bd. 14 (1835). 



264 


THEORY OF PLANE CURVES 


213. Points op inflexion * : 

The polar equation of the Cassinian is — 

2a*r* cos 2^4-a^ — c*=0 ... (1) 

If the angle which the tangent makes with the radius 
vector to the point of contact be denoted by if/, we have — 

sini/'=r^ and cosil/ = 

^ ds ^ ds 

Differentiating the equation (1) with respect to s, we 
obtain — 

r® cos i/^=a* cos (2^— i/^) ... (2) 

Eliminating r between the equations (1) and (2), we 
obtain — 

a® sin 2^=c®cos ... (3) 

Differentiating this with respect to s, we obtain — 

2a® cos 20 =— c®sini^~ 

0s ^ 0s 

____ 2a® cos 20 9^ ___ 2a® cos 20 
0s 0 ® sin 0s c® r 

If <#) is the angle which the tangent makes with the 
initial line, we have 0=<^+^. 

If p is the radius of curvature, we have — 

1 ___ 0<^ __ 00 _ ^ q. 2a® cos 20 

p 0s 0s 0s 0s c® r 

2a® cos 20 

r c®r 

From (2) and (3) we obtain — 

r® cosi/^=a®(cos 20 cos i/^+sin 20siin/^) 

„ / ozi I . c® cos xl/ sin xl/\ 

=a* I cos 20gosi/^+ T j 

r® =:a® cos 20+ c® sin iff 

* F. G, Teixeira — Tratado de las Ourvas Especiales Notables (1905), 

p. 111. 
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Combining this with the equation (1) of the curve, we 
obtain — 


cos W = 


r* -f-a* 


2a« 


and sin i/^= 


+ c* 
2c»r* 


P 


— a^+c* , 2a* c* 

2c®r® c*r * 2a*r* 

3y*+ a^—c* __ 3 r*~r* +2a*r^ cos 2 6 
2c*r® 2c*r® 


— + 2a*r* cos 2^ ^ r« -fg* cos 2^ 

2c*r® c*r 

At a point of inflexion, p=«>, and consequently 
r* 4-a® cos 20=0 

which is a lemniscate of Bernoulli, the inflexions of the 
Cassinian are its intersections with this curve, and since this 
latter equation is independent of the parameter c, it 
follows that all Cassinian carves with the same singular 
foci have their inflexions on this confocal lemniscate. 

The first polar of the origin breaks up into the line at 
infinity and the hyperbola - 

a* (a*— 2/*)—®*"“^* 

Eliminating c between this and the equation (1) of the 
curve, we find — 

/•* — «* cos 20=0 

Hence we ootain the following theorem : 

The 'points of contact of tangents to all Gassmians with the 

same sing idar foci drawn from the mid-point of the focal line 

lie on a lemniscate of Bernmdli.* 

* The rectification of Cassinian curves involves elliptic integrals, 
for which the student is referred to F. G. Teixeira— Tratado de las 
curvaSf etc. (1905), pp. 113-118. 

u 
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214. The Cartesian Ovals : 

We have seen that a bicuspidal quartic having two cusps 
at the circular points at infinity is called a Cartesian^ 
Descartes studied this curve and it is known after him as 
the Oval of Descartes, He defined it as the locus of a point 
P whose distances from two fixed points and P, are 
connected by the relation— 

Descartes gave the following construction of the curve : 

Let Pj and P, be two given points and r any line 
meeting PiP, in A. With centre P^ and any radius 
describe a circle, and let B be one of its intersections with 
PjP,. On r we now take a point C such that 

AC : AB=a constant \ 

On r we also measure AR=AP,, and describe a second 
circle with P , as centre and OR as radius, which meets the 
first circle in P. Then the locus of P is a Cartesian oval. 

We have — 

P,P=P,B=P,A+AB=P,A + AP,/X 
F,P=RC=:AC-AR=AC-AP, 

XJ\P-F,P = X.APj-AF, 
or, putting X=— p/v, pFiP + vPaP=pAFi— vAP, 
p.AF, -v.AFa =Z=pPF, +vPFa 
which is certainly of the form — 

... ( 1 ) 

It is easily seen that the locus passes through the 
point A. 

The bi-polar equation (1), when expressed in Cartesian 
co-ordinates, reduces to one of the fourth degree, and conse* 
quently represents a quartic curve. 
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The following particular cases should be noticed : 

(1) When Z=m, the equation becomes p 4: constant, 
which evidently represents an ellipse or a hyperbola. 

(2) If n=:0, we obtain p ; p'= constant, which re- 
presents a circle. In fact, when any one of the three 
quantities Z, m, n vanishes, the equation represents a circle. 

(3) When Z=^ or the locus is a lima^on. 

It is easily seen that the curve is bipartite, consisting of two 
ovals one lying inside the other^ the former con*esponds to 
the equation Zp4-wp'=u and the latter to Zp— wp'=n. 

215. Newton’s method : 

Newton defined a Cartesian oval as the locus of a point 
whose radial distances from two fixed circles are in a 
constant ratio. 

If (iCi, t/i) and be the co-ordinates of the 

points and P^, then the equation (1) can be written 
as — 

lV{x—Xyy + {y—yi)* ±mV{.i—x^y + {y—y,y =w...(2) 

Now, we can determine in an infinite number of ways 
two constants and r, such that — 

Zrj +mr^ =w 

The equation (2) can then be written in the form — 

V(x- + 

—rr — ±T **’ 

The numerator of this represents the distance of a point 
(fc, 2/) from a circle with centre ^i) and radius r^, 

while the denominator represents the distance of th^ same 
point from the circle with centre y^) and radius r,, 

whence the truth of the statement follows. 
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Ohasles has given a second method of generating the 
curve similar to that of Newton. 

Let Cj and Og be two circles with centres 0^ and 0^ 
and O the middle point of O^Oa. Suppose a radius vector 
drawn through 0 meets the circles in Pg and Qi*, Qg 
respectively. Then the radii O^Pi, O^Pa of meet the 
radii O^Q^, OaQa of 0^ in four points P, whose locus is a 
Cartesian oval. Consider the triangle OjOaP which is met 
by the variable line in 0, P^, Qj. Then, by the theorem of 
Menelaus, we must have — 


9jlP PPi -^1 

0a0‘ PQ, ' 0,P, 

If and r, be the radii of the two circles, we have — 


_pp,_qaO 
PQ^ 0,0 


constant. 


which, therefore, by Newton’s theorem, gives the locus of P 
as a Cartesian oval. 

This method is very useful not only for constructing the 
curve by points, but it supplies a very simple method of 
constructing the tangent. Chasles remarked that the 
tangent to the curve at P and tangents to the circles at the 
corresponding points meet in one point. It can also be 
seen from this theorem that the Cartesian does not consist 
of a single oval, as stated by Descartes and others, but of 
two conjugate ovals having no finite common points. 


E». 1. Prove that the locus of a point the tangents from which to 
two fixed circles are connected by a linear relation is a Cartesian. 

Ex. 2. Rays of light emanating from a luminous point are refracted 
from a surface separating two transparent media of different densities, 
and converge to a point. Find the nature of the separating surface. 

Ex. 3. The base angles of a variable triangle move on two fixed 
circles, while the two sides pass through the centres of the circles, and 
the base passes through a fixed point on the line joining the centres ; 
prove that the locus of the vertex is a Cartesian. 
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216. Other forms op the Cartesian : 

The fixed points being and F^ and the variable point 
P, let 

FiP=r,, F,P=r,, F,F,=c and 

We have ZF , P+mFaP=wc (say) 

/. Z*F,P»+>i*c*~2wcZF,P=m*FaP" ... (1) 

But F,P2=F,P«+F,F,2-2fc\P.F,F,.cos^ 

= ri® 4-e'^ — 2riC cos 0 

/. The equation (1) becomes— 

— 2nclr^ +c® — 2r^c cos 0) 

Z.e., rj® (Z® — m®) — 2crj(nZ— m® cos 0) 

H-c®(w® — m®)=0 ... (2) 

which may be written in the simpler form — 

a + &cos^)r,-f A:®=0 ... (3) 

If (.r, y) be the co-ordinates of P referred to F^ as 
origin, the Cartesian equation of the curve takes the 

form — 

{rj®(Z»— 7/i®)+2m® < ^(w®— m*)c*}®=4?^*c®Z®r,® ... (4) 

If now wo put 

V = (Z® — )r^ ® -f■2c??^®.r-l-(/^* — )c® 

and Usir*+2/® 

The above equation may be written in the form 
V-==4A'»U 

It follows then that the curve may be regarded as the 
envelope of 

4fc®Z®+2ZV + U=0 ... (5) 

where Z is a variable parameter, which represents a system 
of circles having their centres on the axis of .r. 
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217. Salmon’s method : 

The equation of the Cartesian may generally be brought 
to the form — 

C»=PL ... (i: 

when C represents a circle and L a right line, k being a 
constant. 

From this form of the equation it is evident that the 
intersections of C and k are cusps, the cuspidal tangents 
meeting in the centre of 0, which is consequently the triple 
focus of the curve, and the line L=0 is a bitangent. 

The curve can be regaraed as the envelope of the vari- 
able circle — 

X*A-L-h2AC + it®=0 ... (2) 

the centre of which moves along a line perpendicular to L. 

The equation (2) will represent a point-circle, if its 
discriminant vanishes, which, however, gives three values 
of \, corresponding to which there are then three foci of 
the curve. 

If A, B, C represent any three of the variable circles, 
the equation of the envelope can be written as — 

IV k-k m v'B-fw %/C=0 

w’hence where p, p', p" represent the 

distances of any point from the three foci. 

Since A® =0 represents a circle of the system corres- 
ponding to the value \=0, we may write the equation in 
the form — 

lp + mp'=znk. 

For further information of the different forms and the 
properties of an oval of Descartes, the student is referred to 
the paper by S. Roberts in the Proceedings of the London 
Mathematical Society, Vol. 3 (1869-71), pp. 106-127. 
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218. Casey’s metfiod: 

Casey,* as a particular case of bicircular quartics, gave 
the following method of generating a Cartesian : 

If a circle cuts a given circle orthogonally, ivhile its centre 
moves along another given circle, its envelope is a Cartesian 
oval. 

If in the equation (7) of § 169, we put a=zb, the 
equation reduces to — 

4a«{(x+/;« + (2/+Sf)‘} = (..’* + j/*-c)» ... (1) 

which may be put into the form C*=:/c®L, and therefore 
represents a Cartesian oval. 

The point (— /, — g), i.e., the centre of the fixed ortho- 
gonal circle is evidently a focus, and from what has been 
said in § 172, it follows that the limiting points of the two 
fixed circles are also foci of the curve. The Cartesian has 
therefore three foci which lie on a right line. 

219. Foci OF Cartesians : 

Take 0 the middle point of F^F, as origin and 
FiF,=2a, so that h\0=0F,=a 

The equation of the curve can then be written as — 

a)* -f m V'f.c-fa)* H-y® ... (1) 

Now, transform this equation by the substitution — 

X + iy=ia ly and .c — iy = 

SO that we obtain — 

ay) ay)(/?-f ay) =wy 

or, clearing the radicals this now takes the form : 

{ Z ® ( a — ay) ( j8 — a y ) — 771 ® (a + ay ) 1 -f- ay ) } * 

— 2w*y»{Z®(a— ay)(j8— ay) + m®(a+ay)(^-|-ay)} 

4.wV=^ ••• ^2) 


* Casey — Transactions of the Royal Irish Academy (1869). 
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This form of the equation shows that the two points 
(a='y=0 and )3=y=0), i.e., the two circular points are 

double points on the curve. 

The tangents at the point a=y=0 are given by — 

{Z®(a— ay)— m*(aH-ay)}* =0 


It is therefore a cusp, the equation of the cuspidal 
tangent being — 


* 


which in Cartesian co-ordinates becomes — 

“ ^ 

Similarly, the other circular point is a cusp and the 
tangent at that point is — 

Z*4*w* 

These two tangents evidently intersect at the real point — 


Z» + m® 


2/=0 


Z® — m® 

which is therefore the triple focus of the curve. 

In order to determine the ordinary foci, we consider the 
intersections of the line y=/ira with the curve, ^^e., we put 
y=:ha in equation (2), which becomes now divisible by a*. 
We then determine k so that the remaining factor, regarded 
as an equation in a/y has a double root. 

Thus h is found to satisfy the equation— 

(p* +2ajp)=0 

where psZ®(Wafe)-m® (1 + aA;), 

^ s Z“ ( 1 — ah) H- m* ( 1 + a/c). 



SPBCIAI* QXJAETIO CtJRVJttS 


E78 


This gives three values of k and the three tangents 
drawn to the curve from the circular point a=y=:0 are 
finally given by the equations : 

x^iy^a a, 


a; + it/= 


m*) 


Similarly, the three conjugate tangents drawn from the 
other circular point )8=y=:0 are — 


and 






a;— zy = — a 
2a(Z*— w») 


These tangents intersect at the three points- 
a;=a, t/=0, aj= — a, y=0, 


and 




y=0 


which are the ordinary foci of the curve and it is evident 
that the three foci are collinear. 

The first two are obviously the two fixed points F^, F,, 
and the third was first obtained by Ghasles * from geo- 
metrical considerations. He shewed that a third point F, 
could be found on the line F^F, whose distance p" from 
the variable point P satisfies a relation of the form 
constant, and the third point is a focus.t 


• Chasles — Ajperqii hisforique^ Note XXI, p. 352. 

t In fact, a biouapidal quartio having two cusps at the circular 
points at infinity has throe collinear ordinary foci. When these foci 
are real, the curve is th it studied by Descartes ; while when two are 
imaginary, the curve is still called a Cartesian, though Descartes’ 
mode of generation is no longer applicable. For a detailed study of 
the curve, the student is referred to the authors cited above and to 
Sylvester— Phil. Mag., Vol. 31 (1866), Liguine— Bull, des Sciences 
Math^matiques— Second series, Vol. 6 (1832), p. 40, Interm4diare des 
Math^maticiens, Vol. 3 (1896), p. 238, 

35 
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220 . Equation referred to the triple focus : 

From what has been said above, it is easily seen that 
the triple focus lies on the line on which the three ordinary 
foci lie. 

If now the origin is taken at the triple focus, the 
distances of the three foci from the origin 

can easily be calculated from the values obtained in the 
preceding article. 


Thus we find — 


w*) 




4 a*Z*m* + 


y 




2al*m^n* 


whence a new equation of the oval ia obtained * in the 
form — 

(aj’“+!^*~)8)* + 4y(2a— a)=0 ... (1) 

This equation can be derived directly as follows : 

Taking the line of the foci as the axis of x, the equation of 
a quartic with cusps at the circular points takes the form — 

(u:* +2/*)* + -by* +by^ +ilg«j + c)=:0. ... (i2) 


The curve is of cla.ss six and has one triple focus O and 
three real ordinary foci F^, Fj, Fg. 

If now 0 is taken as origin, the foci P^, F^, are the 
points (.«!, 0), (aJ,, 0), (.^3,0). 

The Unas y:^+ix are asymptotes twice over, whence 
from' equation (2) we must have — 

/fsssO and a=6 


See Pan to II — Th$ Educational Question 203ti 
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Again, the line p) will be a tangent to (2), 


if 4gf2>* + (4c— a*)p* — ^*=0 


This is a cubic in p, whose roots are the distances of 
Fj, F,, Fj from the origin 0, i.e,, x^, x,. 


a* — 4c 


4ig 




y=;gf/4 


whence gr=4y; a= — 2^ and c=j3*—4ay. 



The equation (2) becomes — 
(^a+y«)*-2/3(a;«+y*)+8y« + ()8*--4ay)==0 

ue, {j;* -f y* 

4-4.«iaj,5»3{2c— (ajj -H>, 4*{»3)}=0 ... (3) 

This equation is clearly of the form C*s=:/f®L and 
therefore represents a Cartesian ovah (§ 218) 

The equation is symmetrical in OJ*, a?, and conse- 
quently the curve stands in identical relations to the three 
foci Fj, Fa, Pj. It easily follows that the distances of 
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the foai from any p?iat on the Carb3?ian ai^a conaecfced by a 
linear homogeneous relation of the form — 

Ip + yiip + np " = 0 

as was otherwise stated in Article 217. 

The equation (3) shows that the line ^ d-iTa + Cs ) 
is the only bitangent to the curve, the points of contact 
lying on the circle — 

+ 2 /* 

221. Position of the foci relative to the curve : 

Let the curve be defined by the equation of the usual 
form pq-/xp'=a, where p, p represent the distances of any 
point on the curve from the foci h\, P^, while /x and a 
are constants, a > P^P.^, 1 > /x > 0. 

It is easily seen that the curve consists of two ovals, one 
lying inside the other, the former coiTesponding to the 
equation p-f-/xp'=:a and the latter to p— /xp'=a. 

Let the first oval cut the line PjFj in A and B, where A 
lies on the left of P^ (Figure of Art. 220). Then we have- — 

FiA+/xPj,A=a 

Fj A=a— '/xFgA=a— /x(Pj,F j -f FjA) 

whence where F:F,=c. 

1-fp, 

Similarly, P,B= ® and AB= . 

l + fx l+p> 

Since a > c and p, < 1, F^A and F^B are both 
positive, and consequently both the foci F ^ , F , lie inside 
the first oval. 

The two ovals do not intersect ; for in that case, the 
curve, which is a quartic, would have four double points. 
This is also seen from the fact that the only common values 
of p and p' satisfying both the equations are p=a, p'=0, 
which is absurd ; since when p'=0, p=c, and c < a. 
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Hence ifc follows that the first oval lies inside the second, 
and the two foci F^ lie within both the ovals. 

Again, let the second oval cut the line F^F^ in 0 and 
D, where C lies to the left of F ^ . 

Then, as before, from the second equation, we obtain — 

F,D=pi^ 

1— /A /^“) 

-pp XT TX ft.c)(u — c) 

FjFg > Fj^D, and consequently Fg lies outside both 
the ovals. 

It is to be noted that each oval is the inverse of the 
other with respect to the internal focus F^, and either oval 
turned through two right angles is the inverse of the other 
with regard to the central focus Fg, while each oval is its 
own inverse with respect to the external focus Fg. The 
two tangents drawn from Fg to the two ovals respectively 
are equal. The two ovals possessing these properties are 
called conjugate ovals. 

We have discussed here the case when the three foci 
are all real, for the case when two of them are imaginary 
and for further information the student is referred to 
Cayley^s Memoir on Caustics — Coll. Papers, Vol. 2, p. 336. 

Ex. 1. Prove that in a Cartesian the rectangle under the segments, 
made by the inner oval on any transversal from the external focus, is 
constant. 

Ex^ 2. Prove that the Cartesian — 

— 2(o + h co8^)r + c*=<*0 

has three real foci, or only one, according as a— h > or t c. 

Ex» 3. If a radius vector be drawn from the focus P, cutting 
two conjugate ovals in P and Q, show that the tangents at P and Q 
intersect at the middle point of the arc PQ of the circle passing 
through P, Q and the other two foci P,. (See Basset — Cuhics 
and Quartics^ § 268.) 
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222 . The inverse of a Cartesian : 

The equation of a Cartesian referred to its triple focus 
can be written as C*=A;®L, the centre of the circle being 
the triple focus, and the line L being the bitangent. Now, 
the focus of a curve is inverted into a focus of the inverse 
curve, and when the circular points are cusps, the origin is 
a focus. Hence the inverse of a Cartesian with respect to 
any point is a bicircular quartic having three foci on a 
circle passing through the origin, which is also a focus. 

Ex. 1. Prove that two Cartesian curves with the same real 
ordinary foci cut orthogonally. 

[Invert the curves iv, r. t. one of their intersections and we obtain 
two circular cubics with four concyclic foci and their real asymptotes 
perpendicular.] 

Eos. 2, Inverting the curves in Ew. 1, prove that any two bicircular 
quartios with the same four real concyclic foci cut orthogonally. 

Ex. 3. Prove that through any point can be drawn two Cartesian 
ovals having three given points in direction for foci, and the tw'o 
curves cut orthogonally. 


223 . The tangent and the normal at any point : 

The normal at any point of a Cartesian can be con- 
structed by the usual method applicable to all curves in 
bi-polar co-ordinates. 

In the case of the oval corresponding to the equation 
p-f ftp =a, on the radii PF, and PF 2 measure PA=1 and 
PB=:ft, and complete the parallelogram PANE. Then the 
diagonal PN will he the required normal at P. 

The equatio?! of the normal at the point P( ' , y) is— * 

Sr dy dy dy 



sj'jfiuiAL ^uAirric;. uunvi'^s 




But from the equation of the curve, we easily obtain 

Qr X 0p^ u? — c „ t 

dc p ds p 

=^=sin 0), ^ crsin w' 

9y p dy p 

where wr^/PF^jc, ^ PFg;*:. 

The equation of the normal becomes — 




Y-^y 


cos <0 4^ /A cos sin €(>4* /A sin 


The co-ordinates of N are given by — 

x^^jG — (cos 0 ) 4 “ p cos ( 1 )') and y ^ =y--(sin a)4-ft sin w') 

when N is found to be the fourth vertex of the parallelo- 
gram. 

A second construction is given as follows : 

Describe a circle through P and the two foci Fj, F^, and 
let Q be the second point in which F^P meets this circle. 
Then the line joining P to R, the middle point of the arc 
cut off by PQ'is the normal at P. 

This construction depends upon a theorem given by 
Prof. Crofton.* 


Ex. 1. Prove that the normal at any point of a Cartesian mp + np = c 
divides the angle between the focal radii into parts whose sines are 
in the ratio m’ n. 

Ex. 2. Show that the caustic by refraction of a circle is the 
evolnte of a Cartesian (Salmon — H. P. Curves, § 116, p. lOo). 

Ex. 3. Prove that the tangent at P bisects the angle between 
the focal distance PjP and the tangent at P to the circle PgPFg. 


Orofton — Transactions, London Mathematical Society (1866), 



280 


THBOBY OF PLANE CURVES 


224. Theorem : 

If any chord meet a Cartesian in four points^ the sum of 
their distances from any focus is constant. 

The polar equation of the curve, referred to any focus 
as pole, may be written as — 

r®-~2r(a+6costf) + c*=0 ... (1) 

Let r(Z cos sin tf) = l ... (2) 

be the polar equation of a chord. 

If now we eliminate 0 between these equations, we obtain 
a biquadratic in r, in which the co-effioient of r* is — 4a, 
and consequently, the sum of the roots, which represent 
the distances of the points of intersection from the pole, 
is constant, and this proves the proposition. 


225. Points op inflexion: 

Since a Cartesian is a bicuspidal quartic, Pliicker’s 
formula gives at once that a Cartesian has eight points of 
inflexion. 

We shall now prove that these eight points of inflexion lie 
on a circular cubic* 

Let the equation of a Cartesian be written in the form : 

+ ... ( 1 ) 

Since the curvature at a point of inflexion vanishes and 
changes sign, the radius of curvature becomes infinite at a 
point of inflexion. Hence the denominator in the expression 
for the radius of curvature, when equated to zero, gives the 
equation of the curve passing through the inflexions. 


* S. Roberta* -On the Ovals of Descartes — Proo, of the London 
Soo., Vol. 3 (1869-71), pp. 106-127- 
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Differentiating the equation (1) twice in succession, we 
obtain — 

4(r* — + Aj =0 ... (2) 

and 8( ( +2/1^)* — H-2 /Pi)=^ ••• (‘^) 

where p^,dyld<) and Pi^{dpld^) 

For a point of inflexion we obtain 

8(,r + 2 / 2 ^; * 4-.4(r® — 4*p* )=0 ... (3'; 

Eliminating p between (2), (3'), and simplifying by 
means of (1), we obtain the locus of inflexions in the form 

~8(A,,t>d-B,)(A,:i+2B,)^2A,*y»=0 
which evidently represents a circular cubic. 

226. Teie Lemntscate op Bernoulli : 

We have already seen (§ 208) that when a=c, the 
Cassinian curve reduces to a lemniscate of Bernoulli,* and 
its equation then becomes — 

(.r»+2/’)*~-2a*(.t;«~2/*) = 0 ... (1) 

This equation can again, by a simple transformation of 
the co-ordinates, be put into the form — 

... ( 2 ) 



* For the historical introduction, the student is referred to G, 
Loria — Sp, Alg, und irniifi. ehene Knrven^ Vol, I (1910), p. 215, 

36 
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The polar equation of the curve becomes — 

=2(1^ Goa 20 ... ( 3 ) 

The shape of the curve is that of the figure of eight, 
and the equation (1) shows that the origin is a double 
point, with a pair of perpendicular tangents bisecting the 
angles between the axes. These tangents are also inflexional 
tangents to the curve. Hence tlie origin is a biflecnode. 
Since a Cassini in has two biflecnodes at the circular points, 
we obtain the theorem : 

The lemni scale of Bernonlli is n curve of order four with 
three biflecnodes^ two of which lie at the circular 'points at 
infinity. 

It is easy to see that the lemniscate is the inverse of a 
rectangular hyperbola with respect to its centre. 

The curve is also the pedal of a rectangular hyperbola 
with respect to its centre. 

For, if the line Xcos sin is to be a tangent 

to the hyperbola it must be identical with 

the equation i!,X— y.y=a*Z, whence we obtain — 
a* (cos® 6— sin* ^)=p®. 

The polar equation of the pedal is — 
r® =a® cos 20 
which is a lemniscate of Bernoulli. 

Ex, 1. Prove that the envelope of circles described on the central 
radii of an ellipse as diameters is a lemniscate. 

Ex. 2. Show that i-ho locus of inHexions of a family of Oasainian 
curves with given singular foci is a loiuniscute of Bernoulli. 

E9. 3 The vertices of an equilateral hyperbola move along the 
circumference of a circle. Prove that the locus of the foci of all 
rectangular hyperbolas which circumscribe the triangle and have a 
given centre is a lemniscate of Bernoulli (Basset — loc. cit.^ § 256) 

Ex, 4i, Show that {</* + (a + »)*} {^* + («—») ^} — a* is a lemnis- 
cate of Bernoulli. 
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227 . Till'] Normal: 

Let the normal at any point {xy y) on the lemniscate 
represented by the equation (1) of the preceding article 
make an angle with the ii-axis. 


Then, tan<;^=— — 

dy 


a* — 


(14-2 cos 26) sin 6 
(1 — 2 cos 26) cos 6 


sin \]6 
cos 8^ 


= tan 80 


</> = 80 . 

Lc.y tfip angle made with the x-a.i’Ls hy the normal at any iioiyii 
is three times the angle made hy the radius vector to the point. 

This gives a very simple method of constructing the 
normal and consequently the tangent at any point of the 
lemniscate. The problem of the trisection of an angle can 
very easily be solved, simply by drawing the normal and 
the tangent in a given direction at any point of the lomnis- 
cate. Thus the points, the normals at wliich are parallel 
to the bisector of the angle between tlie positive axes, are 
given by 0=7r/12, 97r/12, 127r/12. Similarly, the points 
where the normals are parallel to the y-axis have 0=4;7r/(). 


228 . Pkdal form and kauius of curvatukk: 

Let ON be the perpendicular drawn from the centre O 
on the tangent at any point on the lemniscate 

=:a* cos 20 


Tf be the angle OPN, we have — 
tan PON =cot 

rou 


( 1 ) 
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From equation (1) of the curve, we obtain — 

2 log y = 2 log a + log (cos 2^) 

Differentiating this with respect to 6^ we obtain — 

tan 2d=— tan PON 

y90 

/. Z PON=2(9 

But, »=ON=OP cos PON=y cos 

a* 

whence we obtain y*=a®p ... (2) 

which is the pedal equation of the curve. 

The equation of the reciprocal polar curve is — 

y^ cos |^=a^ 

and the tangential equation of the curve is — 

27a* (\» +//,*)«= {4— a* (X» -in*} 8 ... (3) 

showing that the curve is of class six. The radius of 
curvature is obtained from equation (2) in the form 

_ ay _ a* 

' ap Sr' 


229. Parametric form : 

Since the lemnisoate is a curve of order four possessing 
three nodes, it is certainly a uuicursal curve ; and we can 
express the co-ordinates of any point on the curve as rational 
functions of a parameter A in the form — 


,tf=:a V2, 


A-f- A® 

f+A^ ’ 


\^2 


A-A* 

1+A* 


• • » 


(1) 


If we replace A by 1/A, it is seen that the value of x 
remains unchanged, while the value of y changes sign. 
Therefore the values A and 1/A give two points which are 
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symmetrical with respect to the .t-axis. Points symmetrical 
with respect to the centre correspond to two equal but 
opposite values of X. If the diameter makes an angle eft 
with the axis, we have — 


tan <;(!> = 


1 -A* 


1 — tan <!> 
1 + tan (ji 


( 2 ) 


giving two equal but opposite values of A. 

The equation of the line joining an}" two points (A) and 
(fjb) is obtained in the form — 

(l4’A/x){(A+/x,)® — )}x 

-f*(l — A/x){(A-f-/^)^ + (1 H” A^/x,* — 2 a/2 uA/<,(A4’/x) =0 (3) 


whence the equation of the tangent at any point A is — 
(ld-A»)(4A*~-l~A^),e 

+ (l~A*)(4A'^H-H-A‘)y~4A/2 aA^^O ... (4j 


If ‘ m ’ be the slope of this tangent, we have- 
(14-A‘^)(4A*-1-~A") 


•m- 


(1~A*)(4A* + I+A^) 


= constant 


This being of degree six in A, the curve is of class six and 
six tangents can be drawn parallel to any given direction. 

From equation (1), it can be written as — 


1 —3 tan* </> 
3 tan — tan ® 


= —m= constant 




tan 3 <^=: constant. 
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If be one root, the other two roots are— 



01 + 


27r 

~S 


Thus yve obtain the theorem : 

There are si o tangents to a lemniscate parallel to a given 
direction^ the points of contact lying on diameters mutually 
inclined at an angle tt/S. 

The condition of colli iieai-ity of three points takes the 
form — 

+^A2^3 +^3^1 +1A3^i +^1^2 +lAi^a 

and four points are concyclic, if — 

= 1. 

If, therefore, tiie osculating circle at a point (X) meets 
the curve at (p), we must have — 

X®/ii=l 

the point (p) is called the satellite of the point (X). 

The satellites of four concyclic points Xj, X.^, Xg, X^^ are 
then connected by a similar relation, whence we may say 
that the satellites of four concyclic points are concyclic. 

The equation says that for a given value of p there are 
three values of X, namely, X^, Xg, Xg, and we have — 

X^ “hXg •’I-Xg =0, XgXg -|-XgXj d-X^Xg — 0, X^X^Xg = !///» 

and these points lie on the line — 

(1 +p^ )sc + (l-^p^ )y^2V2 /x=0 

which is a line perpendicular to the radius vector through 
the point. Thus we obtain the theorem : 

Through each point on a lemniscate there pass three circles 
osculating the curve elsewhere^ and the points of osculation lie 
on a line perpendicular to the radius vector to the point. 
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Again, when the curve is defined in bi-polar co-ordinates, 
by the equation /)p'=:a*, we may put this in the parametric 
form — 

p = ae * = a(cosh u -f sinh n) 

p'=ae"“ =a(cosh sinh u') 
where u is a parameter. 

If PD be the bisector of the angle Fj PF^, we have — 
FiD + F,D=2a 


and 


f;d p'- 


Consequently, we must have — 

FiD=a(l-f tanh u)y F2D=:a(l— tanh 

and OD=a tanh u. 


But from elementary geometry, we obtain — 
t\F.F,P=:PD«+F,D. F,D 
i.e. pp'z=a^ =PD® -f a*(l — tanh*-*?^) 

whence PD=a tanh?t=:OD. 


Ex, 1 . Show that the quartic 

xyz^ — {x^ +y^)‘^ 

can be projected into the lemniscato of Bernoulli 
r^=a* sin 29. 

Ex. 2. P is any point on a leinniscato with Fj and F 2 as foci 
and O as centre. If PD be the bisector of the AF^PPg, prove that 
PD = OD. 

Ex. 3. Prove that the points of contact of the four tangents drawn 
to a lemniscate from any point of it are collinear. 

Ex. 4. Show that the biileonode at the origin is a doable focQS of 
a lemniscate of Bernoulli. 
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230. The Lima^on : 

The polar equation of a Cartesian oval is — 

r*— 2(a4-6 cos tf)r+/i*=0 

When A- =0, the equation reduces to — 

r=a4*6cos^ ... (1) 

which represents a curve having, in addition to the two 
cusps at the circular points, the origin for a node and the 
curve is called a Limaqon, The curve was first studied by 
Pascal, who so named it from a fancied resemblance to the 
foi’m of a nail. 

The equation (I) shows that the Lima^on is the inverse 
of a central conic with respect to a focus.* 

The polar equation of a conic, the focus being the pole, 
may be written as cos 6 

and that of its inverse is — 

r=a + 6cos^, ... (2) 

consequently, the curve is the inverse of an ellipse when 
a > 6 and is called an elliptic lima 9 on. When a <6, it is 
the inverse of a hyperbola and is called a Hyperbolic 
lima^on. When, however, a=:6, the curve is called a 
Cardioid from its heart- like shape, and is the inverse of a 
parabola with respect to its focus. The different species 
of the curve are shown in the diagram of § 234. 

When «=26, the curve is called the Trisectrix, a curve 
by means of which any given angle can be readily trisected. 


* C. Taylor— -A wcimf nnd Modern Geometry of Conics — Cambridge 
(1881), p. 366. 
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231. The Cartesian equation: 

The Cartesian equation of a liraa^on is obtained in the 
form : 

... ( 1 ) 

The tangents at the origin are 

a/ 6* — a* x^ay^O 

and the origin is an acnode or a eriinode, according as 
a> or, <6, i.e.^ according as it is elliptic or hyperbolic. 
If a =6, the origin is a cusp. It is a curve of order 
four, having the circular points as cusps ; the equations of 
the cuspidal tangents being — 

.r + ^-h 6/2=0 

Since the limagon is a quartic with two cusps and a double 
point, it is of the fourth class, and accordingly possesses 
one bitangent and two inflexions. It is a unicursal curve 
and its reciprocal is of the same species. 

If a<6, the curvature of the curve at O is given by— 

1/ a/ fe* — a*. 

Writing the equation in the form — 

we see that the bitangent of the liraai^on is the line 
46.0 — (T* =0 


the ordinates of the points of contact being given by 

46* — a* 

These points of contact are real or imaginary, according 
as a < or > 26, e.e., according as the curve is an elliptic 
or hyperbolic lima^on. 

When a =26, the two points of contact coincide, and we 
have an undulation at the point where the .r-axis meets the 
curve, ^.e., at the vertex A. (Fig. Art. 237,; 

87 
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Er. 1. On the radios vector to a fixed circle from a fixed point 
on it, a portion of fixed length is taken on either side of the circle. 
Show that the locus of the extremities of the length is a linia9on. 

[The polar equation is r=p cos + 

Ex, 2. Provo that the caustic by reflexion of a circle is the evolute 
of the lima^on. 

[The equation of the caustic is of the form r = p(l +c cos <w). See 
Theory of Plane Curves, Vol. 1, § 131.] 

3. Prove that the locus of the vertex of an angle of given 
magnitude, whose sides touch two given circles is composed of two 
limagons. 

Ew. 4. If the logs of a given angle slide on two given circles, 
prove that the locus of any carried point is a lima9on and the envelope 
of any carried line is a cinde. 

[See Williamson’s Diff. Calc., Chap. XIX.] 

Ex. o. Show that a liina^on may be generated as an epitrochoid * 
by the rolling of one circle upo another of equal radius. 

282. Points of iNKbExioN: 

Since the limacjoii has a node at the origin and a pair of 
imaginary cusps at the circular points, the curve belongs to 
the ninth species, and consequently there are only two points 
of inflexion. 

Tn order to determine the inflexions, we obtain from the 


polar equation 

r=:a + 6 cos 0 


the two followin 

g parametric forms : 



xzz.h cos* 0+a cos 0 


and 

yzzzh cos B sin O-^-a sin 0 .1 

or 

2x =zb + h cos 20 + 2a cos 0 " 

1 

[ ... (2) 


2y = & sin 2^-|-2a sin ^ .1 


* These curves belong to a general class called Roulettes which will 
be discussed in the next chapter. 
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The condition of collinearitj of three points (a), (/i), (y) 

b-\~h cos 2a + 2a c^s a h sin 2a-|-*^t^ sin ct 1 | =0 

b + b cos 2/3 + 2a cos b sin 2/3 + 2a sin /3 1 

b + b cos 2y + 2a cos y b sin 2y + 2a sin y 1 

which, on simplification and after rejecting a factor, reduces to 

4^3 uos^^-GOS ^37^ cos^^— ^+ aZ>{4cos ^-i^cos^'t ^cos^!^^ 


2 2 2 ' 2 2 2 
+ COS a + COS iS + cos y— COS (a + /3 + y)} + 2a“ =0. 

If now we put a=/3=y=X, wc obtain — 

42»*+a6(4 cos®A + 3 cos X — cos 2X) + 2(/*‘*=0 
i.r. 26® +oa6 cos X + a® =0 

The vectorial angle of the point of inhexion is then 
given by — 

26® +a® 


cos X = — 


3a6 


( 3 ; 


whence the existence of two inflexions is further manifesf. 
It is further seen that these are real, if 6 < a < 26. 
If the limagon has a node, tliey ai’e imaginary ; but they 
always lie on the real line — 

f46®+2a®)(6®— a®) 

9a® 6 

which is obtained by combiniifg (3) with the equation of 
the curve. 

The inflexions may further be obtained from the condition 
that the radius of curvature is infinite, and consequently — 



whence 


cos X = 


26® +a® 
3a6 


- ~2(6®->> a®) 

3a 


where r denotes the corresponding radius vector. 
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233. Parametric form : 

Since the iima^oii is a unicursal curve, the co-ordinates 
of its points can be expressed in terms of a parameter. 

The equations — 

u;=:6 cos*0*4-a cos ^ = ^ cos ^sin tf + a sin $ 

evidently show that the co-ordinates are expressed in terms 
of the parameter B, We may obtain an other form, if we 
put f—tan 6/2 

when sin 6/=2//(l cos ^=(1— 
and y= ^~^^-^{(a + 0) + (a-b)t‘} 

231. Construction of the limacon ; 

The limacon can be generated as a locus or as an envelope 
in a number of ways. 

Let OQD be a circle with centre K and diameter 



()D{ = 6 , Let a straight rod PP' of given length (2a) move 
in such a manner that its middle point R always lies on the 
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given circle, while the rod always passes through a fixed 
point 0 on the circumference of the circle. Then, the locus 
of the end points P cind P' is a lima(;on. The limaQon can 
thus be constructed mechanically. 

Taking 00 as the initial line, let (i\ 0) be the co-ordi- 
nates of P. 

Then. r=OP=:RP-fOR=a-f6cos 6» ... (1) 

Similarly, / = OP'=rt— 6 cos 6^, 

wliich is the same equation as (1), when 0 is increased by tt. 

Hence the locus of P and P' is the same curve defined 
by tlie equation (1) which represents a lima^on The form 
of the cui ve is shown by the dark line in the diagram. 

The tangent and the normal at any point can be easily 
constructed by Chasle’s method.'^ 

Through O diaw OQ perpendicular to the radius vector 
OP to the point, meeting the fixed circle in Q. Join PQj 
then P(^ is the normal at P. 

For rectification and other particulars, the .student is 
referred to P. G. Teixeira — loc, cit., pp. 152-153. 


235. A Second method : 

The LlmaQon is the pedal of a circle rvilh respect to any 
point in its plane. 

Let C be the centre of a circle and 0 any point in its 
plane. 

At any point A on the circle draw a tangent, and OP 
the perpendicular on the tangent. 

Let a be the radius of the circle, 

00=5 and ZAC0=7r— 


* Cliasles — Histoirede la Qeometrie, pp. 548'9. 
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From the geometry of the figure, we obtain 

OP=AC + OCcos ZPOC=:tt + 6cos 0. 



Therefore, the locus of P is given by r=za-^h cos 
which is an elliptic or hyperbolic lima<;oii, according as 
a > or < 6, according as O lies within or without the 
circle. When 0 lies on the circle, the locus is a Cardioid. 

The lima<^on can readily be traced by drawing from a 
fixed point on a circle any number of chords, and taking 
off a constant length on each of these chords, measured from 
the circumference of the circle. 


236. The pedal equation: 

The polar equation of the curve is r=:4 + 6cos6^ ... (1) 

If be the angle between the tingent at any poinfc P 
and the radius vector, then p = r sin 


and 




rQ5 r 

rent <l)z=:^b sin 0, 


^—= cosec *^=:l4-cot*^=l + 


5® sin ^0 


r* 

Eliminating 6 between (1) aiid (2), we obtain - 




-(r— a)® 


— a* -h2ar\ 

which is the required equation. 


( 2 ) 
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237, ThIC KOOI of the LIMACON’; 

(n order to find the singular focus we must deter- 
mine the tangents at tlie circular points. For this we 
transform the Cartesian equation (1) of § 231 into trilinear 
co-ordinates by putting — 


4- = a/y and .i; — iy = /?/y 

when the transformed equation becomes — 

[2aj8— fe(a-hiS)y}^=4a®aj3y® ... (1) 

Therefore the tangents at the two circular points 
(j3=:y=:0) and (a=y=0) are respectively — 

2^~6y=0 and 2a — ^y=:0, 
which in Cartesian co-ordinates become — 

2(.< — ^2/) — 6=0 and 6=0 

These two intersect at the point and ?/=0. 

/. The point S{hl2, 0) is the triple focus. 

To determine the ordinary foci, we have to find the 
tangents drawn from the circular points, ^.e,, find the condi- 
tion that the line a=fry meets the curve (1) in two 
coincident points. 

Putting a = Zy in (1) we must obtain an equation in 
P and y, w^hich is to be a perfect square. The condition for 
this will determine the value of Z*, for which a=Jcy will 
be a tangent. Similarly, the tangent drawn from the other 
circular point may be obtained. 
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These two tangents are found to intersect in the point 



which is an ordinary focus of the curve. 

If the vectorial angles are measured from the initial line 
OB, which meets the curve in B and A, we have 

OA=a— h, OB=a + ^ 

AB=2a 



=(a-6)*/26. 

Consequently, AP^ is positive and the point P^ lies 
outside the curve. 
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Ejs. 1. If P is atij point on the limagon with O as node and Pj 
as external focus, show that 

Z.OF,P-2AOPT 
where PT is the tangent at P. 

[Inverting w.r.t. the node wo obtain a conic with the tangent 
equally inclined to the focal distances of the point of contact.] 

2. Prove that a lima^on is self -in verse w.r.t. the circle 
through the node with its centre at the ordinary focus. 

[The equation referred to the ordinary focus is — 

4b*r*-45r(6* cos d) + -b*)" =0 

which is unchanged by replacing r by frt^--b*)-/46’r] 

Ex. 3. Show that the locus of inflexions of the family 
r =s a 4 6 cos 6 

when 6 is kept constant and a varies, is — 

r‘‘‘ +br cos d + 26* sin®0=O. 

Ex. 4. Show that the points of contact of bitangents in Ex. 3 
lie on the line 

r + 6 cos 0=»O. 

Ex, 5. Show that the distances ©f any point on a liina^oh from 
the node and the ordinary focus are rational functions of the co- 
ordinates of the point. 


238. The centre of inversion : 

The bi-polar equation of the curve, referred to O and Fj, 
is obtained in the form — 

2ar+26r'=a»~6* ... (1) 

where r'=PiP. 

The Cartesian equation of the curve may be obtained 
from this by substituting the values of r and 

Let ZPPiO=^', 


38 
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The polar equation of the curve, referred to is 

obt«aino(l in the form : 

-f cos B’ ) jb + s"^ ^0 

Jf now FJ’y be any chord, we liave — 

b\P+t\Q = (6*+a‘^ cos (9')/^ 

and h\l^A\ii=6‘^ 

If K be the middle point of PQ, we liave — 

2¥,K = h\P + h\q=:(h^^a^ cos O') lb 

whence the locus of the f mid-point K is the hyperbolic 
limagon — 

cos B')/h 

From equation (4) it is seen that the curve is its own 
inverse with respect to the focus F^ as origin, which is 
consequently a centre of inversion. 


t2) 

- (3, 

... 0 ) 


liJo. 1. Prove that triangle.-^ OP,P and F are similar and the 
circum-cirole of the triangle OPQ touches the lino OP j at O. 

PJ.c. 2. Show that the angles made by the tangents at P and Q 
with PjP are equal. 

[The curve is self-inverse v\r.t. F,.] 

Ec. 3. Show that the points of contact of the bibangent are given 
by cos d— — \c(lh and ^ a. 

A’r. 4 If T be tlie rniddlo point of the arc PQ of the circle cir- 
cunisoribing OPQ, show that TP and TQ are the tangents at P and Q. 

[Using the bi-polar equation and differentiating iv.r.t. s, we obtain 
a cos <^= cos <p't where (p and tp' are the angles which the tangent 
makes with the radii.] 

/?». 5. Show that r(l — A;-)=a(oos A;), 
where k is a parameter, represents a family of lima 9 ons with a common 
node and focus, 
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239. TtiL()Ki']M: 

The locuH of the point of iutersectioH of two tangents at the 
ed tremities of a chord through the node is a nodal circular cnhir. 

The equation of the lima^ou being of the form — 

+ ( 1 ) 
if we tind the equation of the first polar (polar cubi(0 of any 
point and transforming this to polar oo-ordinatos, 

eliminate r between this and the polar o(piatioii of the curve, 
we shall obtain — 

{ 4- 6/) tan 2 0 - ‘Ihf tan l9 + a ^ -f 

= a‘‘^(' 2 /' tan (9 + (1 +tan®^) ... (2) 

hiquation (2) then determines the vectorial angles of the 
points of contact of the four tangents drawn to the curve 
from the point (.d, f). 

Writing this in the form — 

{a^ s\x\’^6—2hi/ sin Ogoh ^4- (u* +6*'* — 6aj') cos ^0 

=:a{?/' sin ^ + ( ♦/— 26) cos ... (3) 

we sec tint if PP' be the extremities of. the chord POP', 
their vectorial angles are respectively 9 and and if 

P, P' be the points of contact of two tangents drawn from 
( /, y'), the equation (3) must be satisfied by ^ and 7r4-^. 

Tliis requires that both sides of (3) must vanish, 
i.e., {a^ +6.c/ j sin^^— 26?/' sin 9 cos ^4- 4-6^ —6 »/) cos®^=0 

and f sin ^4* —26) cos 0=0 

whence eliminating 0, we obtain — 

i,e. (a®4-6P)(.r'-26)*4-'y"(ft‘^--^^^>®+6./)=0 

Transforming the origin to the point (26, 0), the locus 
of (,P, f) is found to be the cmwe — 

6.('(,»;® d-y'**) 4- 4-26*)x® 4- ... (4) 

which is evidently a nodal (urcular cubic. 
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240. The Caedioid : * 

We have already seen that when a =6, the limaQon 
becomes a Cardioid. The Cartesian equation of the curve 
can therefore be written in the form — 

= ... ( 1 ) 

showing that the origin is a cusp. 

The polar equation may be written in the form — 

?'=a(l + cos^) ... (2) 

It is consequently a tricuspidal quartic and is the inverse 
of a parabola with respect to its focus. It is also the pedal 
of a circle with respect to a point on its circumference. 
It is easy to see from equation (2) that the length of a 
chord through the origin (which is a cusp) is constant and 
equal to 2a. 

Since the origin is a cusp, it is the limiting position of 
the three single foci of an oval of Descartes. Hence the 
cusp is the triple focus. 


241 1 Patumktrio form: 

The Cardioid is a tricuspidal quartic and consequently 
a unicursal curve. The co-ordinates of any point can be 
expressed as — 

2a(l-X» ) 4a\ 

(!+>■’)’ ’ ^ (1+X*). ■" ^ 

where X is a parameter. 

Prom Pliicker’s formula it is easily seen that the curve 
has no inflexion. The equation of the bitangent is— 
x + a/4=:0 

* Properties of this curve were discussed by Raymond Glare 
Archibald in his inaugural Dissertation — The Gardioide and some of tft 
related curves — (Strassburg 1906). 
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The equation of the tangent at any point {k) is obtained 
in the form — 

(3\2-l).r+X(X*-.3)i/ + 2a=:0 ... (2) 

Since this involves A in the third degree, for a given 
value of (»*, y), there are three values of A, and consequently 
the curve is of class three. 

The tangential equation of the curve, in Boothian co- 
ordinates, is obtained in the form — 

21 + V* ) 2) ^ =0 

The tangent (2) meets the bitangent at the point 

u \ 

4’ 4A ) 

The line joining this to the point (a/2, 0), which is the 
singular focus, is given by — 

Ay =a/2 

If this line makes an angle <o with the .c-axis, we have — 
tano)= — 1/A. ... (8) 

Now, let the tangent (2) make an angle a with the 
,t-axis, so that we have — 

^ 3A"-1 

*““=-x7Xrr3) ••• 


If A be eliminated between (3) and (4), we obtain — 


tan a= 


3 tan «)— tan®(o 
1—3 tan®a> 


=tan 3 (Of 


whence the three values of w are respectively — 
a ® ^ 4- 

3’ 3 "*"3’ 3 3 ’ 
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Thus, the points in which three parallel tangents to a 
Cardioid meet the bitangent are joined to the point (a/2, 0) 
by three lines making angles 

3’ 3 3’ 3 + T 

with the uj-axis. 

We thus obtain the theorem : 

Three parallel tange}its to a CanUoid meet the hitanyent in 
a triad of points ivhich are seen from the singular focus ai 
angles 7r/3 apart s 

242. CoLLlNKAR POINTS : 

The parameters of* the four points in which any line 
+ + 1=0 

izitersects the Cardioid are determined by the equation — 

X'*' -j- 2( I — aZ)\® •4"4a'ni-A,-|- 2rtZ -f* 1 "0 ... (1) 

which is obtained by substituting in the ecpiation of the 
line the values of x and y in terms of X. 

If X^, Xg, X,, X^ be tlio roots of this equation, we have — 

^X^ =0, SXiX 2 = 2 ( 1 — al), SXjXgXg = — 4ani 

XjXgXgX,,, = 1 + 2aZ- 

Eliminating X^ and I between these, we obtain the 
condition of collinearity of any three points in the form — 

XiX.X^rXi -f-Xz +X3) + X,« +X,* 

f-X^Xg d-XgXg ^-XgX^ +'^=0 ... (2) 

The parameters of the points of contact of the three 
tangents drawn from any point (a*/, //'; are found from the 
equation of the tangent (2) of the last article to satisfy the 
equation — 

x'>+ x»-3A-f- ?5 :;l*'=o 

y y 


( 3 ) 
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If vve divide the left-hand side of (1) hj^ that of (8), and 
denote the quotient by Q and the remainder h^ H, we 
obtain — 

y 

R=t 5-2«Z+9 ~ --"V 

V y* / \ y y J 

+ (‘iai + l + S ”' . 

\ y y / 

The eonditions that the three points of contact of the 
tangents drawn from the point ( >•', y^) lie on the line (1) are 

5-2a(! + 9 =0, 4«w-8''4- -/=0 

y ’ y y 


and 2a/- + l+ — , .^—^=0 

y y 

The first two determine the paiiimeters I, m of the line, 
and by eliminating I from the third, we obtain — 

-p^'2 ... (4) 

wliich, when y' ) are regarded as variables, represents a 

circle whose centre is the point {’—al2. Oj and radius (t/2. 
Hence we obtain the theorem : 

The 'points of contact of the three tangents drawn from a 
point on the circle with centre (—a/2, 0) and radius aj^ lie 
on a right Ime, 

The fourth point where the line through the points of 
contact meets the curve again is given by the parameter— 
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243. Theohiim: 

The tangeyits at the e It'emities of a chord through the 
origin ^ cusp) intersect at right angles on a fit ed circle whose 
centre is the triple focus. 

From equation (3) we obtain 

A-i +X2 4- A, = — 3 » ^1^2 4“ ^2^3 +^3^1 ~ 

and AjXjXg = — (2a— ... (5) 

Substituting these values in (2) we obtain the locus of 
( t\ y') in the form — 

^fa 4ai/=0 

as was otherwise obtained in the preceding article. 

The equation of the tangent at any point (/x) is — 

(3/x* — 1) — 3;y + 2a=0 ... (6) 

If this is perpendicular to the tangent at the point (\), 
we must have — 

+ — 3(A® 4/x* ) +8A^+ 1} =0 

which shows that the orthoptic locus of a Cardioid is a 
degenerate curve, in fact, a sex tic consisting of a circle and 
a quartic. 

If now the tangents at A^ and A^ are perpendicular, we 
may take A^Agrr: — 1, and consequently 

A3=(2a— Aj + A^ = — 2(a + .6' 

Substituting these values in the second of the equations 
(5), we obtain the locus of (•»', y') as — 

+y* — ar = 2a* 

which is a circle with centre (a/2, 0) and radius fa. The 
point (a/^j 0) is the triple focus, and it is easily seen that 
the chord joining the points A^ and A, passes through the 
origiHj which proves the proposition. 
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244, Reciprocal polar op the Cardioid : 

Let A be the vertex, P the cusp and PY the perpendi- 
cular on the tangent PT at any point P on the Oardioid 

r=:a(l+cos^) ... (1) 

The equation (1) may be written as— 

r=2acos*|, i.e., r*=: (2a)®oos | . 
whence the pedal equation may be written as— 

=(2a)^p, or, r*=2ap* ... (2) 

and if ZAPY=a), the equation of the pedal or the tan- 

gential polar equation * is— 

p=2acos®^a) ... (3) 



The reciprocal polar is the curve given by — 

r® cosi^=(2a)^, or, rcos® ^0=2a 
The chord of curvature is given by 
9r , 


... (4) 


Ex, Show that 

r=tt(l — 008 ^) and r=6(I+C03 6) 

represent two systems of curves catting at right angles for all values 
of a and 1. 


39 


Williamson — Dilf. Calc., § 190. 
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245. Theojkem : 

The envelope of the directrix of a parabola^ touching a given 
circle and having its focus at a fixed point on the circle^ is a 
Gardioid. 

Let 0 be the centre of the fixed circle of radius a and 
F the focus of the parabola touching the circle at P. 
From F draw the perpendicular FX on the directrix. 

If now, ZXFP=^, ZXFC=i/^ and also FO=a 

then Z XFO- Z XFP=i/.-«>=CFP=OPP=itf * 

2i/.=3(9 

Also, FX=FP+FPcos^=:FP(H-cos 0) 

=2a cos ^ , 2 cos*-^ 

=4a. cos^ 0 
=4a cos® 

which is the tangential polar equation of the Cardioid, 
whence the proposition is proved. 

AfOj. 1. Prove that the evolute of a Cardioid is another Cardioid. 

Ex. 2. Show that the Cardioid is the locus of a point on the cir- 
cumference of a circle which rolls on the inside of another circle of 
half its diameter. 

Ex. 3. Prove that the entire length of the Cardioid is eight times 
the diameter of the generating circle. 

Ex. 4. The orthoptic locus of a Cardioid is a circle and a lima9on. 
Ex. 6, Show that the quartic, with on© real and two unreal 
cusps, 

(»® + 

can be projected into a Cardioid by a real projection. 


* Salmon’s Conics, § 217. 
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246 , TiIK CONCflOTD OP ISTfCOMEDES : 

Nicomedes, the Greek Geometer, for the purpose of tri* 
secting an angle, invented an interesting curve of order 
four, which is called the Conchoid or Cochloid. The curve 
has been defined as follows : 

If through any fixed point O, a secant Op'p be drawn 
meeting a fixed right line AB in V, and on this two points 
p and jp be taken such that Vjp-=: Vp'=a constant length Z, 
then the locus of ^ orp' is called the Conchoid. 

Draw OA perpendicular upon AB, and let OA=tt. 

C 



Now taking O for pole and the line OX, parallel to AB, 
for the initial line, the polar equation of the locus is — 

7'=: a cosec ^ Hr Z (1) 

The curve consists of two branches, having the line AB 
for a common asymptote. 

In the above equation, the + sign refers to the branch 
more remote from AB, and the — sign refers to the branch 
nearer to AB. These two branches are called the sujperior 
and the inferior branch respectively. 

The Cartesian equation of the curve is — 

which includes both the branches. 
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The origin is a double point, the tangents being given by 
+ — Z ® j 2/®=0 ... ( 2 ) 

It is, therefore, a node, a cusp, or a conjugate point, 
according as a is <, or > Z; z.e., OA is <, =, or > Vp. 

The conchoid is a curve of order four, which passes 
through the circular points. It has a real tacnode at 
infinity, with AB as the tacnodal tangent ; in fact, the base 
AB is an asymptote to the two branches. 

A circle which passes through the double point cannot 
intersect the curve in more than four points. When Z > a, 
the curvature of both the branches at the origin is given by 

a/Z a/Z® — a® 

The curve was used for trisection of an angle, and the 
insertion of two mean proportionals between two given 
straight lines. 


247. Trisection op an angle : 


We shall now show how the conchoid can be employed 
for trisecting a given angle POM. 



Let P be any point on OP, and from Q, the middle 
point of OP, draw QM (=«), perpendicular on OM, and 
let OQ = Z. 

Through P draw the Conchoid r=a cosec ^+Z, 0 being 
the origin and OM the initial line. With Q as centre and 
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OQ as radius, describe a circle, cutting the other branch of 
the conchoid in P'. Then OP' trisects the angle POM. 

Let L POM=^ and Z P'OM=0. 

Then, OP' = a cosec since P' lies on the lower 

branch of the curve. But QM=fl^=Zsin 

and OP'=:OP cos POP'=22 cos 

2Z cos (^— cosec ^ 

^.e,, 2Z cos sin Z sin (^=Z sin ^—Zsin (/). 

2 cos (^— </>) sin ^=sin sin <j!» 

or, sin — ■ 2fl >) = sin (jy 

Consequently, OP' trisects the angle POM. 

The trisection of an angle can also be effected by means 
of the Trisectrix. (§ 94) 

248. Points of inflExNion : 

In order to determine the inflexions we consider the 
formula — 



Substituting from the equation of the curve, we obtain 
the equation 

Zsin^^+^^®^^^^+2a=0 ... (4) 

Now, putting sin ^=1/Z, the equation becomes — 

2f2aZ^ 4-3aZ— Z=0 

which gives three values of Z, which are all real, if a >Z; 
but one of them is to be rejected, since the roots must not lie 
between +1 and —1. If a < Z, only one root is real. 
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Hence a Conchoid with a node has two real inflexions, 
with an acnode four and with a cusp only two inflexions. 

From the equation (1) we obtain for the ordinate of an 

inflexion sin and substituting this in equation (4) 

V 

we obtain — 

2/® -~3a^?y + 2a(a® — Z^) =0 ... (5) 


This shows that the ordinates of the inflexions are deter- 
mined by an equation of the third degree, which, however, 
reduces to a quadratic, if we put Z^=:2a® 

^.e., (y + a)(y® — ay— 2a^)=0 * 


249. Parametric form : 

Since the Conchoid of Nicomedes is a unicursal curve, 
the co-ordinates of its points may be expressed in terms of 
a parameter. From equation (1) we may write — 

aj = a cot ^ + Z cos ^ y=a + Z sin 

Again, we may write — 

— {y + l—a) = {y — l—a)t^ 

_ a— Z + (a+Z)Z* 

y 

and = 


* A geometrical construction for the inflexions was given by 
Huygens — (Euvres de Huygens — Vol. 2, pp. 245-46. For complete 
discussion the student is referred to G. Loria, loc. cit., pp. 140-141. See 
also F. G. Teixeira, loc. ciLy pp. 188-190. 
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250. The Conch ale : * 

We shall now consider a class of curves which may be 
defined in the following manner : 

Let F be a fixed point and r a fixed straight line. Then 
the locus of a point P such that the product of its distances 
from F and r is constant, is a curve studied by O. 
Schlfimilch, which was, however, given by Ruber many years 
ago. This is called a Conchale in virtue of the afiinity it has 
with the Conchoid of Nicomedes. 

From F draw FA perpendicular on the fixed line r. 
Let 0, the middle point of FA, be the origin and the line FA 
as the axis of .r. Let FA=2a. 

If (oj, y) be the co-ordinates of the point P, and ah be the 
constant product, we have — 



+ ... ( 1 ) 

which is the Cartesian equation of the Conchale. 

The equation shows that it is a curve of order four 
symmetrical with respect to the oj-axis. The abscissae of 
the four points in which it is met by the u;-axis are 

* A systematic investigation of the properties of this curve has been 
given by G. Huber — Die Konchalen, ihre orthogonalen Trajeotorien nnd 
die Oissoiden vierter Ordnnng— Monatshefte Math. Phys., Vol, 6 (1896). 
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+ Va(a4:^), while the y-axis meets it in points at distances 
+ V'fc®— a* from the origin. 

Of the four points, four or two are real, according as 
k is < or >a, while both are real or imagixiary, according 
as & is < or > a. 

When &=a, the equation reduces to 

+ — 2 a *)=0 ... ( 2 ) 

The origin is a node, with the tangents y:=z^x\/2^ and 
it intersects the oj-axis in points ie=:±^aV2. 

In the general case the curve passes through the circular 
points, and has a taonode at infinity on the axis of y, the 
tacnodal tangent being ie-ha=0, which is the fixed line r. 
The different forms of the curve corresponding to the values 
of the constant a and h are exhibited in the figure. 

When k < a, the curve consists of two infinite branches 
and an oval. 

When k^a, it consists of a serpentine and a nodal 
branch. 

When k > a, it consists of two infinite branches. 

The tangent at any point P of a Conchale can be con- 
structed as a special case of a general method given by 
A. Hurwitz * as follows : 

Join PF and at F draw p perpendicular to PF. Then 
join P with the point Q where p meets the given line r and 
draw a line through Q which is the harmonic conjugate of 
this line w.r,L p and r. This line will then be parallel to 
the tangent required. 

For other particulars of this curve, the student should 
consult G-. Loria, loc. cit., pp, 204-208. 

* A Hurwitz — Uber TangentenkonatnMionen — Math. Ann. Bd- 23 
(1883). 
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251, Orthogonal trajectories : 

If k is regarded as a parameter, the equation (1) 
represents a singly infinite system of curves; the differential 
equation of their orthogonal trajectories is — 

dy[2x{x — a) + — t/(a; + £i)diu=0. 

Integrating we obtain — 


— 4a, 

{y* -2a(^x-a)}* 


= constant 


whence the trajectories are rational curves of order four 
with F as a common double point and a tacnode at infinity 
on the axis of x, the line at infinity being the corresponding 
tacnodal tangent. 


252. The Virtual Parabola : 

A special quartic curve, belonging to the class of curves 
known as symmetric polyzomal curves of order four, was 
originally studied by Gr. Saint Vincent,* and is called the 
virtual 'parabola. This was subsequently discussed, under 
different forms and names, by other workers, such as 
Cramer ,t Magnus, J Schl5mich,§ Huygens, || etc., and as 
many as six methods of constructing the curve were given 
by them. 

The curve studied by Vincent is defined by the equation — 

(a?*— 6y)®=a*(aj*— 2/*) ••• W 


* Gr. Saint Vincent — Opus geometricum quadraturae^ etc. (1647). 
t Cr&mor— Introduction d V Anal'yse des Lignes coiirbes (1750), 
p. 461. 

I Magnus — Sammlung von Aufgahenund Lehndtzen^ etc. (Berlin) 
1833, p. 286. 

§ Sahldmichr^Ubungebuch zutn Studium der hbheren Analysis. 
(Leipzig) 1878, p. 87, 

II Huygens — CEuvres de Huygena-^Tl (1889), p* 70. 

40 
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The equation shows that the axis of y is the axis of 
symmetry of the curve. Solving the equation for y we 
obtain — 

6a:* 4-aa5A/a* +6® — vC® /o\ 

y= - + - 


whence 


02/ _ 26a! a (a’‘+6»— 2a!») 

0,e “ o* + 6* — («*+6*) Va* + 6* I-7» 


Thus the origin is a double point and the tangents are 
given by the equation — 

a.c 

-v^a* + 6» 


If X lies between 0 and 6*, to each value of x 

correspond two real values of y ; one is positive and the 
other negative in the interval a:=0, a?=:a, when 2 /= 0 ; while 

both are positive in the interval ic=a to a; = Va^ +6* 



If aj> v'a®+6®, y is imaginary and at the point B, 
the tangent is parallel to the y-axis. The co-ordinates of B 

are (\/a*+6* , 6), 

The points of maximum and minimum ordinates are 
determined by putting ^=0. 
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But from the equation of the curve we obtain — 

8t* (a* 4-2)* )2/ — 

/. 26?/-f a*— 2.t;* =0. 

Eliminating ^ between this and the equation of the curve, 
we obtain — 


6+ 

y=—^ 

which give the maximum and minimum values of the ordi- 
nates. The abscissae of the four points are given by — 

Ji'=±^Q- V(a’‘ +b^)±b -^a^ + b”- 

A 


The equation (2) shows that the parabola given by — 


2/ = 




i 


bisects the chords of the virtual parabola parallel to the axis 
of w'. 

The virtual parabola is a unicursal curve ; the co- 
ordinates of its points can therefore be expressed in terms 
of a parameter. 


Writing 


xrz + 6 *. 


^* 4-1 ’ 


from equation (2) we obtain — 
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253. Construction op the virtual parabola: 

The following construction of the curve was given by 
Cramer. 

Let OL be a variable chord of a fixed circle through a 
fixed point 0 on its circumference. Take 0 to be the origin. 
Through L draw LN parallel to the axis of meeting the 
axis of y in N, and on this make NP equal to OL, Then 
the locus of P, as OL varies, is a virtual parabola. 

Let us take the equation of the circle in the foim 
X‘+T*-aX-5Y=0 
and let (.», y) be the co-ordinates of P, 

Now OL*=X»+y*=:NP»=.D» and y=Y. 

Substituting these values of X and Y in the equation of 
the circle, we obtain — 


oj ■ — = a X = a * — y * 


^.e., (a;*— 6y)*=a*(a;*— y®) 

which represents a virtual parabola. 

If in the equation of the curve we put 6=0, it 
reduces to — 


=a}®(a®— .c*) 

which is a special virtual parabola, called the Lemniscate of 
Gerono by Gabriel Marie. 

G. Saint-Vincent gave a number of propositions in 
Vol. X of his work, describing the several methods of 
constructing the curve, for a detailed account of which the 
student is referred to G. Loria— ioc. cit,^ pp. 186-191. 
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254. Points op inflexion: 


At a point of inflexion 




= 0, and from the equation 


of the curve we obtain — 


_ 26 ac 3(a^ + 6^)— 2.c ” 

whence the abscissae of the points of inflexion are given 


This is an equation of the third order in and 
gives three values of and six values of r, two and 
two equal but of opposite signs. Corresponding to each 
value of .r, we obtain from equation (2) two values of y — one 
referring to the point of inflexi and the other to the 
second point on the curve having the same abscissa as the 
first. 


255. The Lemniscate op Gerono : 

If in the equation of the virtual parabola, we put 6=0, 
the equation reduces to — 

aj^=a®(,(j^ -y^) ... (1) 

which, therefore, represents a special virtual parabola, 
and is known as the Lemniscate of Gerono.* This curve 
has sometimes been confounded with Bernoulli’s Lemniscate, 
owing to its form being that of a figure of eight. The origin 
is a biflecnode, and the axis of x meets it in the two points 
(± 0 , 0 ). 


* Gabriel Marie — Exerciser de Qeometrie Deacriptive. 
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Differentiating twice the equation (1) we obtain — 

9 ?/ — - 2 . 0 *) 

a.«» 


When 


*1’ = i ct) 


92/- 

9^ 


oc ; and if .0 = 


^ V^2 


®^=o 

0.0 


and 


2/ = ± 


a 

2 


Also, when a?=0, =0. 

0.«* 


Therefore, the tangents at the points 0) are 

perpendicular to the axis of x and at the points 


( 




) 


the ordinate is a maximum and the tangents are parallel 

to the axis of x. In fact, the lines are bitangents 

to the curve. The origin is a biflecnode, the tangents 
making an angle of 45° with the .r-axis, 

The curve has four imaginary inflexions at the points 
whose abscissae are and it has a tacnode at infinity. 


For, if we transform the equation ( 1 ) to trilinears by 
bstituting ^ and i for ^ 
formed equation becomes — 


substituting ^ and 5 for io and 2 / respectively, the trans- 


=a*{y* — ... (2) 


which represents a quartic with a tacnode at the point y=0, 
with the line /?=0 as the tacnodal tangent, z.e., there 
is a tacnode at infinity on the axis of x. 
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256. Construction op the lemniscate : 

Lef; O be the origin and centre of a circle of radius 
OA=a, and AT the tangent at A ; and on AT take a 
point D such that AD < OA. Through D draw DN 
parallel to OA, meeting the circle at C. 



Draw the ordinate CM = DA, meeting OD in P(a?, y). 
Then the locus of P will be a lemniscate of Gerono. 

From the triangles OMP and OAD, we have — 

OM_ OA 
PM CM 

But CM*=:a®-.r'* i.e., CM= 

y 

whence x^(a^ 

is. 


which is the equation of a lemniscate of Gerono, 
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257. A SECOND method: 

Let C be the centre of a circle of diameter OB=a. 
Through 0 draw a chord OG and through G draw GM 
parallel to OB, meeting OY, the tangent at 0, in M. Now 
on GM take a point P such that MP=GB. Then the locus 
of P is a lemniscate of Gerono.* 



Taking OB and OY as the axes of x and y, let (i«j, y) be 
the co-ordinates of P and Z GOM=a). 

a 3 :=MP=BG=:a cos CO and 2 / = 0M=0Gcosw 

=asin cocos CO 

Eliminating w we obtain ), which is a 

lemniscate of Gerono. 

This may again be written in the form — 



This curve has been discussed by Cramer in his Intro- 
duction. 

There are various other curves of the fourth order 
possessing interesting properties and forms, for which the 
student should consult Teixeira’s book cited before. 

* G, Saint-Vincent— Ojnts geometricim quadraturae cirmli a 
sectionum coni (Antwerpiae 1647) Bd. 2, p. 482. 
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Transcendental Cdryes 

258. Roulettes : 

We have so far discussed the properties of curves whose 
equations are reducible to a finite number of terms involving 
positive integral powers of .r and y. In this chapter we 
shall study the properties of curves represented by tran- 
scendental equations, which involve functions expressible 
by an infinite series of algebraic terms. All transcendental 
curves may be considered as curves of infinite degree. Any 
straight line cuts it in an infinite number of points, and it 
possesses an infinity of multiple points and multiple 
tangents. We shall consider, however, only the principal 
properties of some of the most remarkable of them. The 
most remarkable of the transcendental CTirves are those 
known as the Roulettes^ When one curve rolls, without 
sliding, upon another, any point invariably connected with 
the rolling curve describes another curve called a rouleMe, 
The rolling curve is called the generating curve and the fixed 
curve is called the directing curve or the hase<, For a^ 
complete discussion of these curves, the student should 
consult Dr. Besant’s '^otes on Roulettes and Glissettes (1890). 

259. The Cycloid : 

The simplest of these curves is the Cycloid, which holds 
the first place among transcendental curves, both for 
historical interest and for the variety of its physical appli- 
cations. 

Definition : The Cycloid is the path, traced out by a 
point on the circumference of a circle which rolls along a 
right line. 

41 
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Let LPO be any position of the rolling circle, 0 being 
the point of contact with the fixed line. Take AO equal to 
the arc PO. Then A is the position of the generating point 
when in contact with the fixed line. If A A' be equal to'‘the 
circumference of the circle, A' is the position of the genera- 
ting point at the end of one complete i evolution of the 
circle. 



Draw DQ perpendicular to AA' at its middle point 
D, and let DQ = 2a = diameter of the circle. 

Then evidently Q is the highest point in the cycloid. 

Draw PM perpendicular to A A', and let (.r, y) be the 
co-ordinates of P referred to rectangular axes through A, so 
that ,r = AM, i/=PM. 

Denoting the angle PCO by 0^ where C is the centre of 
the circle, we have— 

.i;=AM=AO-MO=a(6>-sin 0) 

?/ = PM=CO— PC cos ^=a(l— cos^) 

Then 6 evidently represents the angle through which the 
circle has rolled, starting from the position when the moving 
point lies on the fixed line. 

« 

Hence the position of a point is determined when the 
angle 0 is known. 

Eliminating 6 between the two relations (1), we obtain 
the equation of the curve in the form — 

a— y==:a cos ^ I ... (2) 

It is, however, more convenient to express the equation in 
the form (1). 
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The point Q is called the verteja^ and it is sometimes 
convenient to express the equation referred to the tangent 
and normal at the vertex Q as axes of co-ordinates, and 
then the equations become — 

ii?=QN=a(^' + sin^'), 2 / = PN = a(l-cos ... (3) 

where ^'= Z PCL=:7r-^ 


260. The tangent and NORjvfAE to cycloid : 

It can be easily seen that at any instant of the motion of 
the generating circle, the lowest point is at rest and the 
motion of every point of the circle for tlie moment is the 
same as if it described a circle about tlie point (). Hence 
the normal to the locus of must pass through 0, Ze., PO 
is the normal, and its tangent must always be parallel 
to LP. 

The same result also follows from the equations (1). 

Por, ^ = a ( 1 — cos d) and = a sin d 

=cot =cot \ L POO =cot, PLO 

Qv/j 1— cos^ 2 

The tangent, therefore, makes with the -axis an angle, 
the complement of PLO, and accordingly, LP is the tangent 
and PO is the normal to the curve at P. 

Further, we have — 




?l=2a sin ^ =PO=: length of the normal. 

2 
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261. The radius of curvature and evolutk : 

If p denotes the radius of curvature at the point P and 

ZPOA.=.^=|- 

Then p=|^=2|=4asin|=2PO 

z.e.f the radius of curvature is double the normal. 

In order to determine the centre of curvature, we produce 
PO to P', such that OP'=OP. Then P' is the centre of 
curvature at P. Produce LO to O', until 00'=0L. 
Describe a circle through O, P' and O'. This circle touches 
A A' and is equal to the generating circle LPO. 



Now, the arc OP'=aro OP=AO. 


/. arc 0'P'=0'P'0-P'0=AD- A0 = 0D=B'0' 


Hence the locus of P', i.e., the evolute of the cycloid is a 
curve generated bj the rolling of this new circle along the 
line B'O', which is, therefore, a cycloid. 

The same result also follows analytically. 

If (vu', y^) be the co-ordinates of P', t.e., the centre of 
curvature, we have — 

a;'=a(fi-f*sin ^), y=a( — 1 + cos^) 

whence, by eliminating tf, we obtain the equation of the 
evolute. 
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But 6 is an independent variable and we may easily 
replace 0 by 7r+tf, since this does not alter the nature of the 
curve. The equations thus reduce to — 

sin d), y'=a( — 1— cos 6) 


If now we transfer the origin to the point B', whose 
co-ordinates are (ira,— 2a), we obtain — 

/=a(d~sin6), ?/'=a(l— cos 

whose locus is evidently an equal cycloid. 

Hence the evolute of a cycloid is another equal cycloid^ 
having B' as a cusp and A! as vertices. 

It is easily seen that the evolute of the cycloid AB'A 
consists of the two semi-cycloids AB' and B'A, as is shown 
in the figure. Convei^sely, the cycloid ABA' is an involute 
of the cycloid AB'A'. 


262. Theorem : 

The arc BP of the cycloid is double the chord LP of the 
circle, and the area of the cycloid is three times the area of the 
generating circle. 

If a and ^ be the limits of B, the arc s is obtained, ns 
usual, by the formula — 


s = I Vdf^+dy^ =2a jsin~ 


dB 


=4a ^ cos ^ —cos ^ ^ 
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If now we take P=ir, we obtain the length of the arc 
PB=4acos^. 

a 


But PL=2acos ? 

A 

5=arc PB=2 X chord PL.* 

If we take a=0 and fi=::27r, i>*=8a, i.e., the length 

of the complete arc ABA' of the cycloid is equal to eight 
times the radius of the generating circle. 

Again, the area of the portion PM A is given by — 

C 

S=a^ I (1— COS 2 sin ^4*i Bin 2(f] 

0 

If now ^=27r, we obtain the area between the base 
and the complete arc ABA' 

=:a^ ['j]27r=37rcA* 

/.e., the area of the curve is three times that of the gene- 
rating circle. 


Ejo. 1. If a circle roll on a right lino, the envelope of any diameter 
is a cycloid. 

Ex. 2. Show that the radius of the generating circle of the cy<*loid 
in Bx. 1 is half of the rolling circle. 

Ex. 3. Prove that the envelope of any right line, carried by a 
circle which rolls on a right line, is the involute of a cycloid 

E». 4. Show that the intrinsic equation of the cycloid is s==4a sin 0. 

Ex, 6. Prove that s=» \^8ay , where y is the distance of P from NQ. 

Esi, 6. If two tangents to a cycloid intersect at a constant angle, 
prove that the length of the portion which they intercept on the 
tangent at the vertex of the cycloid is constant. 


* Huygens — Oeuvres^ Vol. 432, p. 3. 
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263 . Trochoids : 

From the mode of generation of the cycloids it is natural 
to investigate the locus of a point in the plane of the gene- 
rating circle carried round with it. Such loci are usually 
called Trochoids. 

When the tracing point lies inside the circle, the locus 
is called the 'prolate cycloid, when it lies outside the circle, 
it is called the curtate cycloid. The forms are exhibited 
in the figure. 



Let (.f’j 2/) be the co-ordinates of the tracing point P, 
referred to the axes AD and AT, where A is the position 
for which the moving radius OP is perpendicular to the 
fixed line. 

Let a be the radius of the circle, h be the radial distance 
of P from the centre C, and /OCP=^, then we have 

0?= AM=AO — OM=a^— 6 sin^ 
y = PM=a— 6 cos ^ 

Eliminating 6 between these, we obtain the Cartesian 
equation of the curve, which is a curtate or a prolate cycloid 
according as h is greater or less than a. 

The method of drawing tangents given for the cycloid 
applies equally to the trochoids. It can be easily seen that 
these curves may be generated by a point P on the 
circumference of a circle, rolling such that the arc PO is in a 
constant ratio to the line AO. 
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264. Epicycloid and Hypocycloid: 

As a natural extension, it is necessary to discuss the 
curves traced by a point connected with a circle rolling on 
the circumference of another circle instead of a line. 

When the point is on the circumference of the rolling 
circle, the curve generated is called an Epicycloid or 
Hypocycloid, according as the rolling circle touches the 
exterior or interior of the circumference of the fixed circle. 
If, however, the generating point be not on the circumference, 
the locus is called an EpitrocJioid or Hypotrochoid. 

Let the radii of the rolling circle and of the fixed circle 
be respectively a and h. Let 0 be the centre of the fixed 
circle, Q the point of contact of the rolling circle and P 
the carried point. Suppose A is the point with which P is 
originally in contact, D the centre of the rolling circle. 
Join OD, cutting the rolling circle in E. Join QP, DP and 
EP, the latter cutting the initial radius OA in T, Take 



OA as the axis of ar. The point P traces the epicycloid as 
represented in the figure, which represents the curve when 
a : 6=1 : 3. 
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Let ZQOA=e, ZQDP=.^ and ZPTX=i/(. 
Now, since are QP=arc QA, we have b(j>=a6 

zdep=|=| 

•od 

Again, DP makes with tlie as-axis the angle 

e+<f>=^e. 

6 

Hence the equations of the Epicycloid are — 
ai=:ON=OL4-NL=(a-H6) cos 0-h cos {0+<f>) " 

=(a4-6) cos 6 cos 

0 

[ ... (1) 

i/ = PN=DL — DP=(a4-&) sin ^—6 sin 

= ( a + 6) sin 6 — h sin- ^ - ^ 

^ j 

where L is the foot of the ordinate of D. 

In the case of the hypocycloid, the generating circle rolls 
on the interior of the fixed circle, and it can be easily seen 
that the expressions for a? and y are derived from those in 
(1) by changing the sign of 6. Thus 


a3=(a— 6)cos 6-k-h 

h 


sin ^—6 sin - - 6 
0 


When the radius of the rolling circle is a multiple of that 
of the fixed circle, the tracing point, after the circle has 
42 



330 


THBOEY OF PLANE CURVES 


rolled once round the circumference of the fixed circle, 
evidently returns to the same position and will trace the 
same curve in the next revolution. If the ratio of the radii 
is commensurable, the tracing point, after a certain ntimber 
of revolutions, will return to its original position ; in this 
case, the curve is closed and of finite algebraic dimensions. 
On the other hand, if the ratio is incommensurable, the point 
will never return to the same position, but will describe an 
infinite series of distinct arcs, and the curve is transcendental. 
The successive portions of the curve are, however, equal 
to each other in every respect ; the path described by the 
tracing point, from the position in which it leaves the fixed 
circle until it returns to it again, is often taken instead of 
the complete epicycloid, and the middle point of this is called 
the veriest of the curve. 

It is to be noted, however, that the points A, B, C are 
cusps on the epicycloid ; in fact, every point in which the 
tracing point meets the fined circle is a cusp on the roulette. 
It follow s therefore that if the ratio 6:a=w, there are 
cusps on the corresponding epicycloid or hypocycloid ; and 
thus the se curves are designated by the number of their 
cusps, such as the three-cusped, four-cusped, etc., epi-, or 
hypo-cycloids. 

265. Double generation op Epi - and Hypo-Cycloids: 

If in the equations (2) of the hypocycloid, we write 

for 6, and forl^, we obtain — 

2 d 


a—d a + d, , a+d a—d, 
*=- 2 - 2 ^ """ 


a — d . a + d. a + d . a~~d , 

>=-r -r* 


... (3) 


and it is evident that a change in the sign of d does not 
alter these equations. Hence it follows that the same 
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hypocycloid can be generated by tlie rolling of either of the 
circles whose radii are on a circle of radius a. 

Again, if we write a + tZ for h and for in the 

(X 

equations (2), the equations of the hypo-cycloid reduce to — 

a3 = (a+(Z) cos <^--^Zcos ^ 'I 

a I 

h ... (4) 
^ = (a-{-tZ) sin cZ sin J 


which are evidently the equations of an epicycloid. It 
appears, therefore, that when the radius of the rolling 
circle is greater than that of the fixed circle, the hypocycloid 
generated may be regarded as an epicycloid generated by 
the rolling of a circle whose radius is the difference of the 
original radii.* The same results may be obtained from 
geometrical considerations, for which the student is referred 
to Williamson’s Diff. Calc., Art, 280. 

By writing 

m=(a4*(Z)/(Z 
these equations can be written as — 

aj=cZ(m cos <l>jrC 08 m^) 
y=zd{m sin <j[> + sin mff)) 

the lower sign answering to the case when the axis of 
X passes through the generating point when it is on the 
fixed circle ; the upper sign, when it is at its greatest 
distance from it. 


* The student should carefully note the anomaly that every epi- 
cycloid is a hypocycloid but only some hypocycloida are epicycloids ; 
while, in fact, no epicycloid is a hypocycloid, though each can be 
generated in two ways as has been shown. For correct representa- 
tion, see Proctor’s Geometry of Cycloids. 
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266. Particular cases : 

As has already been remarked, if the ratio a : 6 is com- 
mensurable, there will be a finite number of cusps, the curve 
returning into itself. 

If, for example, a =26, the equations (2) of the hypo- 
cyoloid become — 

a’=acos^, 

which represents a diameter of the fixed circle. 

Thus, in this case the hypocycloid reduces to a diameter 
of the fixed circle. 

If a=46, we have — 

x==~(3 cos d-f-cos 3^)=a cos® ^ 

i/=f(3 sin sin®0)=a sin®^ ) 

whence eliminating we obtain the equation — 

2^2 

which represents a four-cusped hypocycloid. 

If in the equations (1) of the epicycloid, we put 6 = a, 
the equations become — 

x=a(2 cos d— cos 26 ) 

y =a(2 sin ^—sin 20) 

whence, eliminating 0, we obtain — 

(£B* 4-y®— a)* + y*} 

and when the origin is transferred to the point (a, 0;, the 
equation becomes — 


which is a Cardioid. 
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Ex. 1 , Obtain the equation of the epicycloid when the radius of 
the rolling circle is half that of the fixed circle. 

Eef. 2. When the incident rays are parallel, show that the caustic 
by reflexion at a circle is an epicycloid formed by the rolling of one 
circle upon another of twice its radius. 

Ex. 3. A is a fixed point on the circumference of a circle. Points L 
and M are taken such that arc AL — m arc AM, where m is a 
constant. Prove that the envelope of LM is an epicycloid or hypo- 
cycloid, according as the arcs AL and AM are measured in the same or 
opposite directions from the point A. 

Ex. 4. Show that in Ex. 3 LM is divided at the point of contact in 
the ratio m : 1 internally or externally according as the envelope is an 
epicycloid or hypocycloid. 

Ex» 6. Show that in Ex. 3 the given circle is circumscribed to or 
inscribed in, the envelope, according as it is [an epicycloid or hypo- 
cycloid. 


267. E.ADIUS OF CURVATURE : 

From the equations (1) of the curve, we obtain — 

= (a + 6) -cos 0+^1 + -^ ^ cos (e+ff) I 
^ =(rt+fc) I -sin 0+(^ ] + 2 j sin {$+$') | 

where 

0 

The radius of curvature p may be calculated from the 
formula — 

^ v+ f vr 

dO / \ dO / j ^ 4i( a + h) a Hints' 

^ Qr ^dy 9^^ ? a+2?) 

We ' dB^ 0 ^ ’ dB^ 

2k(a+h) 



where /c=QP. 
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Thus the radius of curvature in an epicycloid is in a 
constant ratio to the chord QP joining the generating point 
to the point of contact of the circles. 

Since the denominator in p can never be zero, it follows 
that the curve has no points of inflexion. 


268. The evolute op an epicycloid : 

We shall now show that the evolute of an epicycloid is a 
similar epicycloid.* 

Let P be the tracing point in any position, and A its 
position on the fixed circle. 

Join P to O the point of contact of the circles, and 
produce PO to P', such that 

ppf^Qp 

d 26 

Consequently, P' is the centre of curvature, and 


OF=OP. 


a 


Now, draw P^O' perpendicular to P'O and circumscribe 
a circle about the triangle OP'O', and describe a circle with 
C as centre and CO' as radius. This circle evidently touches 
the circle OP'O'. 


But 00 OE = OP' : OP=a : a-f 26=CO : CE 
CO-00' : CE-OE=CO : CE 
or CO' : CO=CO : CE 


^.e., the lines CE, CO and CO' are in geometrical pro- 
portion. 

Now, join C to B', the vertex of the epicycloid and let 
OB' meet the inner circle at D. 


* This proof is taken from Williamson’s Diff. Calc., § 281. 
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Then, arc O'D : arc OB = CO' : CO=CO : CE 

= 0'0 : EO=arc P'O' : arc OQ, 



But arc OB=arc OQ /. arc 0'D=arc P'O'. 

Hence, the path described by P' is that generated by a 
point on the circumference of the circle OP'O' rolling on 
the inner circle, and starting when P' is in contact at D, 
Thus the evolute of the original epicycloid is another epicycloid^ 
as is shown in the figure. 

Since CO : OE = CO' : O'O, the ratio of the radii of the 
fixed and generating circles is the same for both the epi- 
cycloids, and consequently the evolute is a similar epicycloid. 

The same result may be deduced analytically by writing 
the equations of the tangent and normal at any point. 

Eor cos m<j> cos^(m + l)<^ 

’ 9.» — (sin 0 + sin m</)) sin !)</> 

or siniim-f 1)0 ... 

cos m + l)0’ *** ^ ^ 

whence the equation of the tangent becomes — 

SB cos |(m 4 - 1)0 + 2/ sin|(m + l)0 

= (m+l)6 cos |(m— 1)0 ... (2) 
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when the axis passes through the generating point at its 
greatest distance from the centre of the fixed circle ; 

or a? sin + cos 

= (m + l)hsin Y('W^— 1)<)!) ... (3) 

when the jc-axis passes through the generating point at 
its least distance from the centre of the fixed circle. In this 
latter case, the equation of the normal becomes — 

£ccos|(m + l)<j[» + ?/ sin + 

= (w— 1)6 cos !)<(!> ... (4) 

Comparing this form with the equation (2), wo see that 
the envelopes of (2) and (4) are of the same nature, in fact, 
they are similar epicycloids, since the radii of the circles are 

altered in the ratio ~ — . 

m+l 

269. The reciprocal op an epicycloid : * 

Since the equation of the tangent at any point may be 
written as — 

X cos i(?w4'l)<^-f y sin 

= (m-|-1^6 cos ^(m— 1)<^ 
the perpendicnlar on the tangent makes an angle 

with the r-axis and its length is — 

(m + l)6 cos 


* The invention of epicycloids is attributed to the Danish. Alstrcmomer, 
Roemer, who was led to consider these curves in the year 1674 for 
examining the best form of teeth of wheels. The rectification, etc., 
were given by Newton, Principia, Book !♦ 
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TEe locus of the foot of this perpendicular is then given 
by- 

P=0» + l)&cos( 0 .) 

and the reciprocal curve is given by — 

r cos ^ — \ (o 

\ m+1 / 

Ex. 1. Prove that the radius of curs'ature of an epicycloid varies 
as the perpendicular on the tangent from the centre of the fixed circle. 

Eee. 2. Prove that the locus of intergecticn of tangents to a cycloid 
which intersect at a constant angle is a prolate trochoid. 

Ex. 3. If a variable circle touch a given cycloid and also touch 
the tangent at the vertex, the locus of its centre is a cycloid. (Casey.) 

Ex. 4. Prove that the equation of the reciprocal polar of an epicy- 
cloid with respect to the fixed circle is of the form rsin ww — const. 


270. Epitrochoid and Hypotrochoid : 

The equations of these curves may be obtained as in 
§ 264 in the following manner : 

Let d be the constant distance of the generating point P 
from the centre O of the rolling circle of radius b. 

Take for the axis of .e that position of the common 
diameter of the two circles which passes through the 
generating point. Let C be the centre of the fixed circle of 
radius a, and D the point of contact in any position. Then 

we have CD=a, OD=6, OP=(^. 

Let OP meet the rolling circle at Q and the axis of x 
meet the fixed circle in A and B. From 0 and P draw OM 
and PN perpendiculars on ACB, and draw PE perpendicular 
on OM, and let 

ZD0B=^, 


43 


ZQOD=<^. 
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Since BD = DQ, we must have aO^Ixf) and 
OPE=180^--(6> + c)!>) 

/. The co-ordinates of the point P are — 
iB=:(a + &) cos cos 

2/ = (a-h6) sin sin (0+'l>) 

?))cos $ — d 

0 

yz=z(a-^b) sin ^?sin ^^^^0 



If now we put a-f 6=m6, we obtain — 

x^mb cos cos m6 
mb sin df sin md 


( 2 ) 


Eliminating 0 from these equations the equation of the 
curve can be obtained. These curves are not necessarily 
transcendental, and as has already been remarked, they are 
transcendental only when the circumferences of the circles 
are not commensurable, 

The equations of the epicycloid can be obtained from (2) 
simply by putting d^+b. The equations of the hypotro- 
choid are obtained by changing the signs of b and d in (1). 

Thus the equations of a hypotrochoid are obtained in 
the form : 



( 3 ) 
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In the particular case when a=2b^ Le.y when a circle 
I’olls inside another of double its radius, the equations (3) 
become — 

.6'=:(6-f-6^)cos^, 2 / = (6— tZ) sin 0 

whence the equation of the hypotrochoid is — 

4 - ^ =1 

(b^d)^ ^ (b-d)^ 

which represents an ellipse whose semi-axes are the sum 
and the difference of b and d» This reduces to the diameter 
y, when 6=^ in the case of the hypocycloid. 


Ex. 1, If the distance d of the generating point from the centre 
of the rolling circle be equal to the distance between the centres of the 
circles, prove that the polar equation of the epitrochoid becomes — 

r — 2(a + h) cos — . 

^ ' a + 26 

Ex. 2. Hence deduce that the curve r—asin 7n9 is an epitrochoid 
when m< 1, and a hypotrochoid when w>l. 

Ex, 3. Prove that the locus of the intersection of the tangents to 
an epicycloid which intersect at a constant angle is an epitrochoid and 
the corresponding locus for a hypocycloid is a hypotrochoid (Chasles). 


271. The thrbe-cusped iiYrocYCLOU) : 

This curve, as already remarked, is traced out by a point 
on the circumference of a circle which rolls inside another 
circle of three times its radius. 

If in the equations (2) of the hypocycloid (§ 264) we put 
a =36, they reduce to — 


( 1 ) 


rr/6 = 2 COS ^ + C08 20 

y/6=2 sin sin 20 

The Cartesian equation is obtained by eliminating 0 
between these equations. 
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Thus, squaring and adding, we get — 

cos3tf=:6* cos tf(4cos*tf— 3) ... (2) 

But uj + &=26cos ^(1-f cos 

Dividing (2) by (3), we obtain^ — 

r* — 56* 4cos*tf — 3 

26(^' + 6) 1 + cos 

Substituting the value of cos*^ from (3) in (4), we get — 
(l-fcosd)(r*+86^+36*)=2(.^ + 6)(2^+36) ... (5) 

Now, eliminating 6 between (3j and (5), we obtain — 

(r * + 126.ti + 96* ) * = 46 [2.e f 36) » 
i.e., + 186*y*— 86.t* + 246.cy® =276* 

or * +t/*)* + 86u (3y* — .«*) 

+ 186*Gc»4'2/*)-276*=0 ... (6) 

which is a tricuspidal quartic. 

By putting tan -J-d=— the equations (1) may be put 
into the following form — 


( 3 ) 

... W 


so=b 


-^*~ 6^*+3 


2/==— & 


St^ 


1 ’ 


( 7 ) 


whence 


0.t* 0^ *0^ 


The tangential equation of the curve is obtained in the 
form — 

|*4-i;»=6|(3i7*~|*) 

showing that the line at infinity is the only bitangent 
touching the curve at the circular points. For further 
details, see G. Loria, loc. cit., pp. 161-167, and Teixeira, 
pp. 442-457, 
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272. The tangent to a thrbe-cusped Hypocycloid : 
Using the equations (1) of. § 271, the equation of the 
tangent to the curve at any point (a) can be obtained in the 
form — 

{t/— 6(2 sill a— sin 2a)} 


cos g— cos 2a 
—sin a— sin 2a 


— 6(2 cos a+cos 2a)} 


which easily reduces to— 

• a , a j • da / < \ 

c sin ~+ 2 ^cos ^ = 6 sin — ... ( 1 ) 


Transferring the origin to the cusp A, we put 36 
for X and obtain from (7) of § 271 


46^>(^»+3) , 8^8 

TTW’ 


The equation of the tangent at any point (aj, y) is — 
Y-y=^(X-a;) 

which referred to the new origin becomes — 




4bt ^ 

^8 + 1 


If this passes through any point (u^ y*) we have — 

{4b+x')t^ -yH^ +a5'^-y'=0 ... (2) 


This is a cubic equation in t and gives the slopes of the 
tangents, all three real, or one real and two imaginary, 
which can be drawn from (j>\ y') to the curve. 


If now 

we put ^j=tana, 

=tan 

f3=tany 

we have 


and 
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whence we obtain — 

tan a+tan /?-f-tan y=tan a, tan /3. tan y. 




tan 


tan g+tan J3 
1—tan a tan J3 


tan (a+/?). 


or 


a+^4-y=W7r. 


If now we take the cuspidal tangent as the axis of .t*, we 
obtain the theorem.* 

The three tangents drawn from any external point to a 
three-cusped hypocycloid make with a cuspidal tangent three 
angles whose sum is a multiple of tt. 

The condition that two of these tangents are at right 
angles is that ^^# 2 + 1 = 0 . 


But since 


rr — f obtain — 

46 + 0 .' 

t - - y' 

* 46 +^ 5 ' ‘ 


Again, t^ is a root of the equation (2). Substituting 
this value of t in that equation, we obtain — 


(46+a,')’ 46+*' 


+ 1=0 


(3) 


If now we consider («', y^) as variables, this represents 
the locus of points from which perpendicular tangents can 
be drawn to the hypocycloid. The equation can, however, 
be written in the form — 

We thus obtain the theorem of Painvin ; 

The locus of points from which perpendicular tangents can 
he drawn to a three-cusped hypocycloid is a circle of radius h 
and centre minciding with that of the hypocycloid. 


Lagaerre — Nouvelles Annates de Mathimatiques (1870), p. 254. 
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273. The converse theorem : ^ 

Every quartic curve of class three having the line at infinity 
as the hitangent with the points of contact at the circular 
points is a three-cusped hypocycloid. 

Consider the equation ^ ^ ... (1) 

where f are the co-ordinates of a line. This represents 
a curve of class three, having the third side of the triangle 
of reference as a bitangent, with the corresponding vertices 
as points of contact. 

This equation may he expressed in the following para- 
metric form — 

The equation of a tangent to the curve may be 
written as — 

... ( 2 ) 

Differentiating this w.r.t. X, we get — 

2\x+y+S\^z-0 ... ( 3 ) 

Combining (2) and (3), the co-ordinates of any point on 
the curve are found to be proportional to 1— 2X* : X*— 2X : 

If now we put X=(^/v) then — 

^ y _ ^ 

V*— 2/A®V /X.*— 2l/*/i 


Ifagain v=pe ^ ^= 1 . 

^2 a mz a 

Then X=a(co8 20+2 cos 0), Y=:a^sin 2 sin 0). 

This, by suitable transformation, may be put in the forms : 
X=a(cos 2tf+2 cos 0), Y=a(28in sin 20) 
which are the equations of a three-ousped hypocycloid. 

* L. Cremona — 8ur Vhypocycleide d trois rehronssements — Crelle, 
Rd. 64 (1866). 
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274. Theorem : * 

The envelope of the pedal line of a triangle is a three-cusped 
hypocycloid^ the centre of which is the centre of the nine^points 
circle. 

Let P be any point on the circumscribing circle with 
centre O, and let PK, PL be the perpendiculars on the sides 
AC, AB and NY the perpendicular from N, the middle 
point of AC, on KL, which is called the pedal line. 

Let /ONY=<^ and ZCOP=^ 

Then, (7r/2)~<^= Z YNK= Z LKP= Z LAP=A-i^ 
and NK=OP sin OPK = Rsin 

rrRsin (^4-B)=R sin (B + 2A + 2 <)!>— tt) 

NY=NK sin ^ 

= R sin sin (B + 2A+2<jf>— tt), where OP=:R 

==(R/2-[cos{<)!>-~(C~A)}--co8{30-~-(C-A)}3 

Now, if O' be the centre of the nine-points circle, 
ZONO'=C~A 

and if p be the perpendicular from O' on LK, 
p= — 5 cos{ 3^— (C— A)}= ——cos 
changing the initial line.* 

This is the tangential polar equation of a three-cuaped 
hypocycloid, generated by a circle of radius (R/2), rolling 
inside a circle of radius (3R/2;.t 


* Besant — Notes on Roulettes and Qlisettes § 26(3). This theorem 
seems to have been first discovered by Steiner, 
f Edward’s Diff. Calc., § 410. 
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275. Theorem : 

If a rectangu lar hyperbola circumscribe a tria^t^gle^ the 
envelope of its asymptotes is a three-cusped hypocycloid. 

Let be the centre of the hyperbola, O' that of the 
nine-points circle of the triangle ABC, and N and M the 
middle points of the sides AC and AB. Then from a 
known property, the point Oj lies on the nine-points circle ; 
and if D be taken on AC such that ND = Oi]Sr, O^D is an 
asymptote of the hyperbola.* 

Draw O'Q perpendicular to O^D and let 0'Q=jo and 

ZOiDN = <(!». 

Then, p-^U cos 0,0'Q 

and OiO'Qts^TT — 0'0jN-|-<3!>=0iMN4-<^ 

Again, since Z MO^NssA, 

Z0,MN=7r-A~-0,NM 
=C-A + 2<^ 

0,0'Q = C-A+3^ 

Hence, p=^R cos (^3<^-hC— A) 

which represents a three-cusped hypocycloid. 

Again, the centre of a rectangular hyperbola with 
respect to which a triangle is self-conjugate lies on the 
circum- circle of the triangle, and the curve passes through 
the centres of the inscribed and the escribed circles of the 
triangle. Hence we obtain the theorem : 

The envelope of the asymptotes of all rectangular hyperbolas 
to which a given triangle is self’Conjugate is a three-cusped 
hypocycloid^ whose centre is at the circum-centre of the triangle. 

For other properties of a three-cusped hypocycloid, see 
G. Loria, Zoc. cit,^ pp. 161-167, and Teixeira, pp. 442-457. 

* Salmon— C'omcs, § 174, 
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E9, 1, Show that the tangent to the three-cusped hypocycloid at 
any point (a) meets the curve again in the two points 

(»- I ) 2 )• 

E9. 2. Show that the sum of the parameters of the points of 
contact of three concurrent tangents to a three-cusped hypocycloid is 
equal to four right angles. 

Ex. 3. Obtain the equation of the normal at any point (a) of the 
three-cusped hypocycloid in the form — 

a 3a 

« cos y sin — — 3o cos -- . 

2 2 2 

Ea. 4. Shew that the evolute of a three-cusped hypocycloid is a 
similar three-cusped hypocycloid, and the orthoptic locus is a circle. 

Ea. 5. The radios of curvature at any point (a) of a three-cusped 
hypocycloid is 8b sin (3a/2). 

Ex, 6. Show that the portion of the tangent of the three-cusped 
hypocycloid intercepted by the curve is of constant length. 


276. The eour-cusped hypocycloid : 

If in the equations (2j of § 264 we put a=46, 

the equations of the curve become — 

aj=:36 cos 6+h cos S0 = a cos*^ 


y=:3b sin ^—6 sin sin*^ 

Eliminating 6 between these, the equation of the four- 
cusped hypocycloid is obtained in the form — 


or, rationalising this becomes — 


... ( 1 ) 


(a*-.o>-j/*)»=27o*{e»2/’ 


... ( 2 ) 
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The characteristics of the curve can be easily investi- 
gated by means of the reciprocal curve, whose equation 
can be written in the form : 

^-2 ^ y -2 ^^-2 

The curve has a complex biflecnode at the or’giii and a 
pair of real biflecnodes at infinit}^ situated cn the axes of 
X and y respectively. It is of order six and class four, and 
consequently belongs to the seventh species. The charac- 
teristics of the curve are therefore ?/> = 6, 8=4, fc=0, 

m=4, T=0, t=0. 

A.11 the four nodes are imaginary and situated on the 
lines + 

277. Thkorem : 

The envelope of a straight line of constant lengthy which 
slides between two straight lilies at right angles to one another^ 
is a four-cusped hypocycloid. 

Let a straight line AB of constant length a slide between 
two lines at right angles intersecting at 0. Let C be the 
mid-point of AB, and join OC and produce OG to D making 
0C=CD, From 0 and D draw OL and DP perpendiculars 
to AB. Now, since DA, DB are evidently perpendicular 
to OA and OB, PB is the direction of motion of P, and 
consequently AB touches its envelope at P. 

Let (x, y) be the co-ordinates of P, and L AOL=^, 
Then, =BP sin 0=AL sin 0 

=a sin®^ and y=za cob^O 
The locus of P is obtained in the form— 

8 3. it 

The lines OA and OB are the two real cuspidal tangents, 
and we may accordingly state the theorem : 

The portion of the tangent to a fuiir-cusped hypocycloid which 
is intercepted hy two real cuspidal tangents is of constant length. 
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278, The Catenary: 

The Catenary is the form assumed by a flexible inelastic 
string of uniform density, when suspended from two points 
under the action of gravity. 

The form of equilibrium of a flexible chain was first 
investigated by Galileo, who declared that tbe curve was a 
parabola. His error was detected in 1669 experimentally 
by Joachim Jungius, a German geometer. The true form of 
the catenary was, however, obtained by James Bernoulli 
only in 1691. 

The equation of the curve may be easily deduced from 
mechanical considerations. 

Let A, B be the points of suspension and O the lowest 
point of the string. Let T be the tension at any point P of 
the curve. If then w is the weight of a unit of length, wc 
is the tension at the lowest point 0, where c is a constant. 

Let s be the length of the arc OP and yj/ the angle which 
the tangent at P makes with the horizontal line through 0. 

Then the equations of equilibrium of OP are 
T cos T sin 

tan xj/ ••• (1) 

which is the intrinsic equation of the curve. 

Take the vertical line through O as the axis of y and the 
horizontal line at a distance c from the lowest point 0 as 
the axis of x. 

Now, tan and -f 

ox 



or 


0c= 



-f c* ) 

c 


} 


( 2 ) 


the constant being taken so that 6’ and x vanish together. 
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From (2) we may write the equation of the catenary 
in the form : 


X X 

+ e"- 


2v'(s»+c») 

c 



c 


( 3 ) 


Similarly, we obtain from the equation of the curve 


:=z( ^ ^ 
5 * \dy ) 


i.e.s 9y== 


2/^=5“'+^*? if ^ = c when .v or ,1 = 0. 
Thus we get 


y- 


(.^ . ) = 


G cosh — 
c 


... (4) 


which is the Cartesian equation of the curve. 


Also 5=csinh 

c 

The equation (4) shows that the axis of y is the axis 
of symmetry of the curve and the tangent at the lowest 
point is parallel to the axis of x. As x varies from 0 to 
-f (X , 2/ varies from c to oe , and the curve is convex to the 
axis of .r. 


279. Construction of the tangent to the catenary : 
From the equation 

V y* _c» = «= f — e'"'’ ^ 

we obtain, 

ac 2 V ' / c 

With the origin C as centre and radius c describe a 
circle and draw the tangent MT to this circle from the point 
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M on the axis of ?/ at a distance from the axis of x equal 
to the ordinate of the point P. Then 

MC= 2 /, CT=c, MT= 

If L is the point where TS drawn pai'allel to the x’-axis 
meets MC, we have 

tan Z MCT=tan Z MTS 

_ V ( y* — c* ) Qy 

G dx 



Thus, the tangent PS at P is pai’allel to MT. 

Also PS=MT = the arc from P to the lowest point. The 
axis of jc is called the directrix of the catenary. The locus 
of the point S is the involute of the catenary ; and if SN is 
drawn parallel to TO, SN^ is the tangent to the involute, 
since PS is normal to the locus of S The involute of the 
catenary is consequently a curve such that the intercept 
SN on its tangent between the point of contact and a fixed 
right line is constant, and is called a Tractri e. 

Let the tangent and the normal at P meet the axis of x 
in G and H respectively. PN is evidently the ordinate of P 
and NS is perpendicular to FG. Then 


dy 

do 


tan 


19 ^ 

G 


cos ij/ 


whence 2 /=g sec Also 2/=:PN=NS sec 
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NS = c and s=€ tan »/^=NS tan i/^=PS, showing that 
the locus of S is the involute of the catenary. 

If p be the radius of curvature at P, then 

P = (Q5/0i//)=:c sec*i/^=PN^ seci/^=:PH 

i.e,, the centre of curvature at P is a point O' on HP 
produced such that PO'=PH. 

Thus the radius of curvature at any point is equal but 
opposite to the normal at that point. 

280. Theorem ; 

If a parabola roll on a straight line^ the locns of its focus is 
a catenary. 

Let F be the focus of the parabola in one of its positions, 
touching the fixed line OP at P. ;>ince the curve rolls 
without sliding, the point P may be supposed to remain 
stationary for the time being, so that FP rotates about P, 
and the direction of motion of F at that instant is at 
right angles to FP. Thus the line FO, drawn at right 
angles to FP, is the tangent to the locus of F. Let FO make 
an angle ij/ with the fixed line, which is taken as the .iJ-axis. 

Draw the ordinate FM, and let i/) be the co-ordinates 
of F. 

Then, cos il/=(d>v/ds):=:(FM/FF) 

But from the equation of the parabola, we have — 
p* ar, i.e,, FM^=a.FP 

(9a?/95) = (a.FM/FM* j = (a/FM )=z(aly) 

whence «(92//S*j)= ^^2/ ^ 

and (Afa)=log, (y-\- a*)-f C 

Let ;r,=0, when t/=a C = — log^a 

Thus ^=acosh^ 

^hich is a catenarj^. 
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281. The Tractkix : 

We have already seen that the involute of a catenary is 
a cur ve called the Tractrix or Tractory. The equation of 
this curve may be obtained without much difficulty. 

Let (a , y) be the co-ordinates of S. If Q be the 
of the ordinate of S, we have 

QN« QN=: 

By making y =0 in the equation of the tangent, we 
find that this length = — (2/8^762/ \ 

Hence the differential equation becomes — 

- 

dy 

This may be easily made rational by putting z^=c^--y^, 
and we obtain 




ir=c log 
£i’—c log 




j c+ j _ 


a/(c*— y’) 


This curve is easily found to consist of four similar por- 
tions, as shown by the dotted curve in the figure of § 279. 

The tractrix is a particular case of the general problem 
of equitangential curves, t.e., curves such that the intercept 
on the tangent between the curve and a fixed directrix shall 
be constant. 

In order to obtain the intrinsic equation, we see that 
2/=ccos ^ and SP=c tan »/^ = (05/9(/^) ; whence .9= clog sec 
which is the intrinsic equation of the curve. 

The locus of a point D on the tangent SN dividing it in 
a constant ratio is called the Syntractrix, 



TRANSCENDENTAL CURVES 


353 


282. The Involute of a Circle, 

The locus traced by a point in the plane of a straight 
when the line rolls on the circle is called an involute of the 
circle. The locus may be represented by the equations 

£13= (a + ^) cos sin 

yz={^a+t) sin a<^ cos ^ 

where t is the length of the perpendicular drawn from the 
point on the line. 

For ^=0, we obtain the ordinary cusped involute, which 
is a transcendental curve. If a thread be unwound from 
a circle, any point of the unwinding thread traces out an 
involute of the circle whose equation can be easily obtained. 



If PQ be the tangent at any point P of a circle of radius 
a, and on this tangent a portion PQ be taken such that it is 
equal to the arc AP measured from a fixed point A, then the 
locus of Q is the involute of the circle. 

Let O be the centre of the circle and OQ=r, Z POA=</>, 
ZQOA=:0. 

Then, OQ cos QOP=a, Le., r cos ... (1) 


* The locus may be obtained as a particular case of an epi trochoid 
by considering the rolling circle as of infinite radius, i.e.y putting 
d — h=iOo and t==b — d in the equations (1) of § 270, 
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Also, rt<^=:arc AP=PQ=y sin (0— 0)= V'(r*—a*) ... (2) 

and + cos'" ^{afr) 

.*. Eliminating </» we obtain the polar equation of the 
curve in the form : 

a^ + ftccs”^~ =v'(r* — a*) ... (3) 


If QM be the ordinate of Q, the co-ordinates of Q are 
given by — 

a5 = OM=a cos c^+PQ sin 
=a cos sin 

2 / = QM=a sin a</) cos 


It is to be noted, however, that PQ is the normal to the 
involute and if p is the perpendicular on the tangent at Q 
to the involute, p=PQ=a<^; and since OQ*=OP*+PQ*, 
the pedal equation of the involute is r*=a®+p*. 

Again, if AQ=:s, we have (05/Qc^)=PQ=a<^, from which 
the intrinsic equation is obtained in the form s=(a<^*/2). 

It will be noticed that the involute of the circle is the 
locus of the intersection of tangents drawn at the points 
where any ordinate to OA meets the circle and the corres- 
ponding cycloid having its vertex at A, 

Again, if the involute of a circle roll on a straight line, 
the locus of the centre of the circle of which it is the 
involute is a parabola. 

For if ( ,r, y') be the co-ordinates of the centre of the 
circle referred to the point on the line with which A was 
originally in contact, then 


y=v* 


tan <^= 


Q.c V y 

dy p*) ~ a 


whence we obtain y*=2ax. 


t 0oe Bfisset, loc, cit,^ p. 209. 
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283. The Curve of Sines, Harmonic Curve, Companion 
TO THE Cycloid : 

A large class of transcendental curves is obtained by- 
taking the ordinate some trigonometrical function of the 
abscissa. The shape of these curves can be easily derived 
from their equations. 

The curve defined by the equation y = sin .c is called 
the mrve of sines. 

This curve has positive and constantly increasing ordi- 
nates until after which the ordinates decrease, 

until a;=7r. At this point the curve crosses the axis of at 
an angle of 45°. For values of jr between tt and 27r, the ordi- 
nates are negative, and the curve has a similar portion 
on the negative side of the axis. The curve, therefore, 
consists of an infinity of similar portions on alternate sides 
of the cC-axis. There are points of inflexion wherever 
the curve cuts the a;-axis and it lies entirely between the 
lines 2/= + l, 

The curve defined by the equation 2/='Wi sin .u is some- 
times called the harmonic curve, and only differs from the 
curve of sines in that its ordinates are each m times the 
corresponding ordinates of the latter. 

In a like manner we may consider the graph of the 
equation y—tdnux. Here the ordinates increase regularly 
from .u=0 to when y becomes infinite and the line 

ic=^7r is an asymptote. For greater values of jo from 
to TT, y changes from negative infinity to 0. Thus the curve 
consists of an infinity of infinite branches, possessing an 
infinity of asymptotes ic=^7r, .* =y7r, etc. There are 

inflexions at the points u:=7r, .}j=27r, etc. 

Curves represented by the equations y=cos x, y = seo .r, 
etc., can be studied in a similar manner. 

The curve known as the Gompanion to the cycloid is 
generated by producing the ordinates of a circle, not as 
ill the case of the cycloid, until the produced part is equal 
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to the arc, but until the entire ordinate is equal to the arc. 
The curve may be represented by the equations 

x^aOy — cosd) 

(.C IT \ 

a~2 ) 

and therefore the locus is fche harmonic curve. 


284. The Logarithmic Curve : 

We have so far discussed curves depending on trigono- 
metrical functions. We shall now mention those depending 
on exponential functions. Such a curve, known as the 
logarithmic curve ^ is characterised by the property that the 
abscissa is proportional to the logarithm of the ordinate, and 
the equation of the curve, t belief ore, is — 

log y or y:=za* 

In the simplest form, it may be taken as — 

‘V=loge y or yz=:e\ 

When X is negative and very large, the ordinate dimi- 
nishes without limit, and the a?-axis towards — oc becomes 
asymptotic. It cuts the axis of y at a distance equal to the 
unit length, and x and y then increase together to positive 
infinity. The subtangent of the curve is constant ; since 

sub tangent = 

The subnormal is given by— 

y(8y/0^)=(y*A^) 

The radius of curvature is given by— 

my 
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285 , The Equiangular or Logarithmic Spiral : 

We shall now consider a class of curves known as spirals. 
When referred to polar co-ordinates, the radius vector 
is not a periodic function of the angle, but one, which 
gives an infinity of different values when the angle is 
increased by multiples of 27r. Consequently, a straight line 
meets the curve in an infinity of points and the curve is 
transcendental. 

We shall first discuss the Logarithmic Spiral, which 
possesses the characteristic property that the tangent makes 
a constant angle with the radius vector. This curve was 
imagined by Descartes and some of its properties were 
discovered by him. The properties of its reproducing itself 
in various ways were discovered by James Bernoulli. The 
curve is sometimes called the equiangular spiral. 

Let u) be the angle which the radius vector makes with 
the tangent at any point on the curve. Then we obtain the 
following differential equation — 

=tan ( 0 = constant 
0r 

which, on integration, gives the equation of the curve in the 
form : 

" ... ( 1 ) 

Taking the constant C to be unity, the equation can be 
written in the simple form : 

0 cot 

In this curve, r increases indefinitely with 0) when ^=0, 
r=l, and diminishes further for negative values of 6, but it 
does not vanish until B becomes negative infinity. Hence 
the curve has an infinity of convolutions before reaching 
the pole* 



THEORY OF PLANE CtTRVES 


286. Properties of the Looauithmic spiral: 

Let 0 be the pole, PT the tangent at P, OH the per- 
pendicalar on PT, ON the polar snb-normal. Let ZOPT=:v 
Then the perpendicular p=OH=r sin w 
The polar subnormals (0r/0S)=r cot oj 
T he polar subtangent =r^(0^/0r)sr tan w 
The length of normal sPNsr cosec to 



The radius of curvature — 

p=:r(0r/0p)=r cosec wslength of the normal. 

Thus, the perpendicular, subtangent, subnormal, length 
of normal and the radius of curvature are all proportional to 
the radius vector r. 

If and rj be the co-ordinates of N, we have 

r 1 =ON =r cot o>=:cot ca / ^ 

and = Z NOX=tf+(7r/2) 

Eliminating 0 between these, we obtain — 

cotw(di--^) ca^-c^ + log c 

r^sscoto) e ^ =e ^ , where c=cot o) 

Putting =^3 4* ^ we obtain 

A 0 # 
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Hence, the evolute of the logarithmic spiral is another 
equal logarithmic spiral referred to the same pole. 

Again, ;,=OH=rsin<o=^-=^^. 

Also, ZPOH=ZOPN=a constant ^ a)^ = a 


Thus, if (r\ O') be the co-ordinates of H, 


'^l-fCOb’ 6) 


and ^'=^—a 


Combining this with the equation of the curve we obtain 
the equation of the pedal in the form — 

^cot <0(0' + a) 

^1-fcot* w 

which is a logarithmic spiral. 

Hence, the pedal of the logarithmic spiral is also a 
logarithmic spiral equal to the first. 

Thus, the first positive pedal, and consequently all other 
pedals are equal equiangular spirals. 

For similar considerations, the inverse and the polar 
reciprocal with regard to the pole are equal spirals. The 
caustics by reflexion and refraction, the light emanating 
from the pole, are also logarithmic spirals. 

Since (0r/0s)=cos w, we have r^s cos w 

when the arc is measured from the pole where r=0. 

If K be the point where the tangent meets the line NO 
produced, we have PK cos (i)=r s=PK 

Hence, any arc is equal to the difference of the ex treme 
radii vectores multiplied by the secant of the constant angle. 

It will be easily seen that if the spiral rolls along a fixed 
line, the locus of the pole and also of the centre of curvature 
of the point of contact is a straight line. 
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287. The Parabolic Spiral : 

The system of curves represented by the equation 
(r— a)* =2pa^ 

are called Parabolic Spirals.* 

If in the equation we put p=(6*/a.), and then make 
a=0, the equation reduces to r^=2b*tf, which represents 
the Spiral of Fermat. 

The parabolic spiral consists of two branches, the first 
ABCD... corresponds to the equation — 

r=a-f V'2pa^ 

and starts at the point A where fl=0 and r=OA=a and 
makes an infinite number of turns round the origin, receding 
indefinitely from the point. 



The second branch AOE KG... corresponding to the 

equation — 

r=a— 

starts at the same point A and gradually approaches 
towards the point O, until a/2p, and then receds 

indefinitely from the same point. 


* The»e were studied by James BeruouUi, 
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The tangent tb the curve at the origin O forms an angle 
equal to (a/2p) with the axis of and the axis of x is the 
tangent to the curve at the point A. 

If denotes the angle which any tangent makes with 
the radius vector to the point of contact, we have 


tan 


rdS ^T(r^a) 
”” ap 


and the sub tangent 


g ) 

ap 


In order to determine the double points on the 
curve, it is necessary to find two values of 6 which 
differ by (2w + l)7r, where w is a positive integer, and 
the corresponding values of r are equal, but of opposite 
signs. 

At a double point, then, we must have — 

r=a+ V2pa$, — r=g4* ^/2pg[^+(27^ + l)7^J 

or, r=g— V2,pa0, — r=:g— A/2pa[^+(2?i + l;7r] 

showing that at the double point two branches of the 
curve intersect or the same branch crosses itself. 

Eliminating r between the above values, we obtain — 
[4aa~2j»a{2^+(2w + l)7r} ]* = 16;?»g«^[^ l (2n + l)7r] 


whence 


. r2a— i?(2w + l)7r]* 

Sap 


n being a positive integer. This gives the vectorial angle of 
the double point. 

46 
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For determining tlie points of inflexion, wo make ase of 
the formula — 






and obtain — 


This equation combined Avith the equation of the curve 
gives the values of r and 6 cori-esponding to the points of 
inflexion, and it follows that there is at least one real point 
of inflexion. 

It can be easily seen that the real points of inflexion of 
the curve are situated in the interior of a circle of radius 
ft with centre at the origin, and the value of r at these 
points are positive. 

The system of curves represented by the equation t—aB* 
is also called parabolic spirals, — tlie most remarkable of 
these are the following : 

When ?z=l, it represents the Archimedean Spiral, 

n = — 1, ,, „ ,, Hyperbolic or Recipro- 

cal Spiral, 

«= — a. ,, „ Lituus. 


The family of curves represented by this equation is such 
that the tangent approaches more nearly to being perpen- 
dicular to the radius A^ector, the further the point recedes 
from the origin, since 


tan 


9^ _B 

dr n 


The tangent of the ansrle which the tangent makes 
with the radius vector increases as 6 increases, but does not 
actually become infinity until 0 becomes infinite, 
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288. The Spiral op Archimedes: 

This curve is represented by the equation / 



This is the path described by a point receding uniformly 
from the origin, while the radius vector on which it travels 
moves also uniformly round the origin.'’^' 

This curve is the locus of the foot of the perpendicular 
on the tangent to the involute of a circle (§ 282); for the 
tangent to the locus of Q is perpendicular to PQ and the 
length of the perpendicular on that tangent from 0 will be 
equal to P( ) = «</>. 

Again, if a circle be drawn with centre at the pole 0 
and radius a, any radius vector of the curve is equal to the 
arc of this circle measured from the initial line to the point 
in which the radius vector cuts the circle. 

The sub tangent = 

The subnormal =(0/70^)= a. 

The length of tlie normal N= v' 
and tan <j[>=(r00/0r) = (r/a). 

Tlie radius of curvature is given by — 

^ r®+2a* 

* This curve is due to Canon, who died before he completed his 
investigations of its properties, which, however, were continued anti 
completed by Archimedes. 
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289 . The Hyperbolic Spiral: 

The inverse of the Archimedean Spiral is called the 
hyperbolic or the reciprocal spiral and is represented by 
the equation rO:=:a, 

The curve is the reciprocal polar of the involute of a 
circle. 

The name hyperbolic is derived from the analogy between 
the form of its equation and that of the hyperbola referred 
to its asymptotes in Cartesians. 

The curve has an asymptote parallel to the initial line 
at a distance a from the same. 

If (j'j y) be the Cartesian co-ordinates of any point on 
the spiral, we have — 

. ^ a sin 6 
y=:r sin d= — g — 

which, when 6 vanishes and r becomes infinite, has the finite 
values a. 



The same also follows from the fact that 
tan <^= 

dr 

and the length of the perpendicular drawn from the origin 
ar 

on the tangent = and this is eqnal to a, when r 

becomes infinite. 



TfeANSCENDJfiNTAL CURVES 


366 


If a circle be drawn with any radius OA, where A is any 
point on the curve, and the centre at the origin, the arc of 
the circle intercepted between the curve and the initial line 
the arc AB is of constant length. 

The polar subtangent =r*v 0^/0?*) ~ 

The polar subnormal= — (a/^*) = — (r®/a) 

The radius of curvature is given by — 

_r(a*+r*)^ _ N» 

P ■ a» r“ ’ 

where N is the length of the normal. 

The pedal equation of the curve is 

(l/^>) = (l/r«) + (l/a*). 

290 The Lrruus: 

Another spiral curve defined by the equation 
called the lituus^ is of some considerable importance.* 

This curve has the initial line for an asymptote. 



One remarkable property of the curve is that the area 
of the circular sector with centre at the origin and bounded 
by the initial line and the radius vector is constant. 

For this area=^r*tf=(a*/2) 


* Cotes — Harmonia inonsurarum. 
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At the points A, B, 0, D the values of B are respectively 
( 7 r/ 2 ), TT, (3/2}7r, 27r, etc. 

and the corresponding values of r are — 

OA=a OB=a 00=« , etc. 


The polar subtangent at the point (r, B) 

Qr r 

whence we can construct the tangent to tlie curve. 

The radius of curvature is given by — 

_ r(4a^ 

^“'■2a*(c*-4a*) 

For determining the points of inflexion we make use of 
the formula — 


02y 



=0 


whence 1=0, and consequently + J 

Coi’responding to the value 0=— y’ is imaginary. Hence 
Ihe curve has only one inflexion at the point Mg, where 

(9=-i, r=a^/2. 

Besides the spirals described in these articles, there are 
other curves belonging to this class such as the spiral of 
Galileo, spiral of Fermat, etc. They are equally interesting, 
and the students should consult the famous book of Teixeira 
for detailed accounts of these and other similar curves. 
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Notes on Sextactic Points of a Cuhtc 

111 article 21 , it lias been stated that there are twenty-seven 
points on a cubic tlie osculating conic at each of which has 
six-pointic contact with the curve. Pliicker and Steiner 
gave a method of ctmstructing such points for a curve of 
the third order. Salmon,"^ by using an identity, obtained 
the equation of a conic through five consecutive points of a 
cubic ; but Cajley,t in an elaborate memoir, discussed the 
conic of five-pointic contact for a general curve of any ordei*, 
and thence deduced a method of constructing the sextactic 
points. In another memoir { he pursued the enquiry as to as- 
certain what conditions must be fulfilled by the co-ordinates 
of a point in order that the contact ma^" be six-pointic. 

Cayley has shown that the sextactic points of a cubic 
defined by the canonical form — 

+ GZ.f?/: =0 

are determined by the equation — 

combined with the equation of the curve, showing that the 
twenty-seven sextactic points form nine groups of three 


* Salmon — Phil. Transactions (1858), p. 635. 

t Cayley — On the Conic of Five-pointic Contact at any point of a 
Plane Curve — Coll. Works., Vol. 4, pp. 207-239. 

t Cayley — Sextactic Points of a Plane Curve, — Coll, Works, Vol. 5 
pp. 221-257. 
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each, such that the three points of a group have for their 
common tangential one of the nine inflexions. 

If (0 be a cube root (real or imaginary) of unity, the 
three sextactic points of one of the groups are given by 

+ 2 /® 

The co-ordinates of the tangential of any one of these 
points are — 

A\\yy:z^=x{y^—z’‘) ; y{z^—x^) : z{x^—y^) 

— 2 ;®) : — ^ 

whence aj^ -f = 0 , 0^=0; 

z,e., the point (^’i, ^i, 2'i) is one of the points of inflexion. 
This in fact is the construction given by Pliicker and 
Steiner. 

The conic of five-pointic contact meets the cubic in a 
sixth point which is called the point of simple intersection, 
and it is shown that the point of simple intersection of the 
cubic and the five-pointic conic is the third point of inter- 
section with the cubic, of the line joining the point of contact 
with the second tangential of this point. 

The construction for the sextactic points follows at once 
from that for the point of simple intersection. Consider 
a point having for its tangential a point of inflexion ; but a 
point of inflexion is its own tangential and the second tan- 
gential of the point is consequently the point of inflexion. 
The line* joining the point with the second tangential is, 

* Salmon has shown that the lino joining the point of five-pointic 
contact and the point of simple intersection meets the cubic again in 
the second tangential of the point of contact. 
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therefore, the tangent at the point, and the point of simple 
intersection coincides with the point itself, t.e., the point 
becomes a sextactic point. 

Cayley, by using his general formula, obtained the 
equation of the five-pointic conic for a cubic, which was 
afterwards simplified by means of Salmon's identity. He 
gave the equation of the conic for the canonical cubic in the 
following form — 

aX» + &Y«+cZ»+2/YZ + 2^ZX + 2AXy=0 
where ar=aj' ^ -f 

+ (5 + 120Z*)aj^2/®«® 

— lOlx^y^z^ — 4til^y^z^ 


(», 2/j 2 ) being the co-ordinates of the point. 

The investigation for the cubic was, however, extended to 
a curve of any order in his first memoir referred to above, 
and thus the problem was completely solved. 

Salmon'* has given the following method of deducing 
the equation of the five-pointic conic for a cubic defined by 
the general equation. 

In the equation U=0 of a cubic, substitute aj+Aaj', 
2 / + A?/', 2 -I- As' for X, y, z respectively and the result t 

becomes — 


U+3AAU-f3\*A»U+X«U'r=0 


* Salmon— H. P. Curves, §§ 236 and 237. 
t See Theory of Plane Curves, Vol. I, § 67. 


47 
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^.e., of the form — 

U+3XS+3A*P+X«U'=0 ... (1) 

Writing the result of a similar substitution in the Hessian 
H=0 in the form — 

H + 3X5 + 3\«n+\«H'=0 ... (2) 


it is easily verified that 

3(Sn-2P)=H'U-.HU' 


Hence when (x', y\ J) is a point on the cubic U, U'=0, 
and U may be written in the form — 

sn-.SP=o ... (3) 


Now, since S touches the cubic, >nd P is the common tan- 
gent, the general equation of a conic touching U at (a;', y\ 2 ') 

is S-LP=0, 

where L s aa? H- i s an arbitrary line. 

By means of the identity (3), the equation of the cubic 
may be written in the form — 

n{S-~LP)=P(2-Ln) 

Thus the four points where S— LP meets the cubic again 
are its intersections with S—LII; and if the latter conic 
pass through (a;', y\ z') the former will pass through three 
consecutive points on the cubic. But putting a;', y\ J for 
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X, z we obtain S^=n'=H', and the condition that 
2— Ln should pass through (x\ y\ «') is L'=l. 

Next, for S— LP to pass through four consecutive points, 
2— Ln must have P for a tangent at (aj', y\z). 

But the tangent to 2--Ln is — 

2n-L'n-Lri'=o 

which is the polar of {x,y\ z'), and since L' = l, and n'=H', 
this reduces to 11 — H'L, which is to be proportional to P. 

L=ep+ X n 

JnL 

Consequently^ the general equation of a conic through 
four consecutive points is — 

s_^ps>_ ^ pn=o ... (4) 

xl 

And S-^Pn- ^ n»=o 

H 

passes through the two points where the first conic meets 
the cubic again, since the equation of the cubic is reducible 
to the form — 


n(s-ep»-45Pn)=p{2-0Pn-4n») ... (5) 

xl xl 

Since P is a common tangent to the two conics, the 
expression obtained by adding their equations multiplied by 
suitable constants will be divisible by P, z.e., we shall 
require to find the value of /x such that — 

i^s+s- -1 n* 

may represent two right lines, ^.e., the discriminant of this 
must vanish. 
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The disopiminant is found to be— ' 


which is to be zero. 


If now 



we have 


/tS+2-g-7n»=P.M 


( 6 ) 


where M is a linear factor. 

The equation of the cubic (5) may be put into the 
form — 

(n+/4P)(S-0P -^,Pn)=P‘{M-g,n-0(n+,.P)} 

The equation shows that n+juP is the tangent at the 
tangential of the given point on the cubic, and that 
M— (/A/H')n passes through the second tangential of the 
given point. 

Next, in order that the conic may pass through five con- 
secutive points, the co-ordinates (»', y\ z') must satisfy the 
equation — 


M-^,n-<?(n+/iP)=o ... (7) 

Differentiating the equation (6) and substituting the 
co-ordinates x', y\ J for (a?, z) in the result, we obtain — 


for 


0.c' 9.»' ' 9.c' 0.6' 
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Hence, when (/, y\ z') are put for (^, i/, z) in (6;, we 
obtain — 




but /A= 


W 

H'* 


e=- 


40' 

H'« 


Substituting this value of 6 in the equation (3 ) we obtain 
the equation of the conic of five-pointic contact in the 
foi*m— 


S + ^P> 


pn 


H' 


.. ( 8 ) 


Prof. Cayley, however, in his memoir referred to, investi- 
gated this conic of a curve of order m, and then determined 
the conditions which must be fulfilled by (a;', y', s') in order 
that the contact may be six-pointic.* 

His result is that (x\ y\ s') must satisfy the equation — 
(m-2)(12m~27)HJ(U, H, 4>) 

-3(m~l)HJ'(U, H, 4>) 

+ 40(m-2/J(U, H, 0)=P 

where, by J(U, H, is meant the Jacobian of these 
three functions, and by J' is meant that, in taking the 
Jacobian, ^ is to be differentiated on the supposition that the 
second differential co-efficients of H, which enter into the 
expression for are constant. The equation represents a 
curve of order 12m— 27 whose intersection with U deter- 
mines m(12m— 27) sextactic points. 


Cayley— Coll. Works, Vol. 6, p. 221. 
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William Spottiswoode * gave a method of determining 
the sextactic points by applying a method discussed in his 
memoir .t He obtained for the equation of condition, in place 
of Cayley’s condition, one of order (18m —36), which con- 
tained other extraneous factors. Then removing these factors 
he obtained the sextactic points as the intersections of a 
curve of order 12m— 27 with the given curve of order m. 


* W. Spottiswoode — On the Sextactic Points of a Plane Carve — Phi\. 
Trans. (1865), pp. 653-669. 

t W. Spottiswoode — On the Contact of — Phil. Trans., (1867), 

p. 41. 
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Notes on the Bicircular Quartic 

Dr. Casey, in his remarkable memoir on bicircular 
quarfcics,* gave a number of interesting methods of genera- 
tion of bicircular quartics, and thus obtained various proper- 
ties of the curve. His results form mainly the contents of 
these notes. 

The most general equation of a bicircular quartic may 
be written in the form — 


U={a, 6, c, /, (/, /3, y)’*=0 ... (1) 

where a=0, /3=0, y=0 are the equations of three given 
circles. By analogy to the trilinear system, the circles 
a, /3, y are called the circles of reference. 

The equation 

ica-b2//3-l-2y=0 ... (2) 


where £c, y, z are variable multiples, represents a circle. 
This will touch the locus (I), provided 


a li g 


=0 


h b f 

9 f 0 


( 3 ) 


x y c . 0 I 

that is to say, the locus (I) is the envelope of the circle (2), 
provided the condition (3) is satisfied. 


Casey — Proo. of the Royal Irish Academy, Vol. 10 (1869), p. 44. 
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Now, if A, B, C be the centres of the three circles 
a, /3, y, it is evident that the centre 0 of the circle (2) 
is the mean centre of the points A, B, C. Also the circle 
(1) is co-orthogonal with the three circles a, /?, y. 

Let (.-Cl, 2/i, Sj), (*2,2/2, 2,), 2/s. *3) 

be the co-ordinates of A, B, C, respectively, and (X, Y, Z) 
those of the point O. 

Then, X = -f 

Y=t.2/, +2/2/, +2-2/8 

Z=a!.2i+^.2, +2.23 

Therefore, X, Y, Z are proportional to u?, 3/, 2:, when 
they are regarded as areal co-ordinates of 0, referred to 
ABC. Thus the locus of (X, Y, Z) is given by (3), 
and we obtain the theorem, as was otherwise obtained 
in § 168 

If (a, 6, c, /, h)(a, /i, y)»=0 he the equation of a 

hicircular quartic, this quartic is the envelope of a variable 
circle, co-orthogonal with a, y, whose centre moves along the 
conic whose equation in areal co-(yrdinates is the determinant 
(3), referred to the circles a, y. 

The conic (3) is the focal conic of the bicircular quartic. 

The equation (a, 6, c, /, g, h)(a, /?, y)® =0 can be thrown 
into the form SVj = A:SiV, where A; is a constant, and 

V, Sj, Yi are four circles. Now, SV^ =A:SiV is the 
result of eliminating \ between the equations — 

s+as,=o, 

Y+XV^-O, 

Now, by varying X, S + ArXSj gives a pencil of circles 
coaxial with S, S^, and V+XVj is a homographic pencil 
coaxial with V, V^. 



-APPENDIX 


377 


Hence the following theorem is easily deduced : 

A hicircular quartic may he described by the intersection 
of the homologous circles of two homographic pencils of circles. 

From this, an equally simple method of describing a 
bicircular quartic is easily derived : — • 

Consider two systems of coaxial circles through the 
points A, B and C, D respectively. 

Institute a homographic relation between the circles of 
the two systems such that, to the circle with centre O 
corresponds the circle with centre O' ; the centres E and E 
of the corresponding members are then determined so that 
ZEAO=ZE'DO'. Let these homologous circles intersect 
in the points P, P'. Then the locus of P and P' is a bicir- 
cular quartic. 

Now, Z APB- Z CPD=-J- Z AEB-i Z CE'D 


=iZAOB-iZCO'D 
= constant. 

Thus, the bicircular quartic may be regarded as the 
locus of the common vertex P of two triangles APB, CPD, 
such that the difference of their vertical angles is constant. 

Hence we obtain the following theorem : 

The locus of the common vertex of two triangles whose bases 
are given arid whose vertical angles have a given difference is « 
bicircular quartic. 

Similarly, when the sum of the vertical angles is given, 
the locus is a bicircular quartic. 

Classification of bicircular quartics: 

Dr. Casey takes as the basis of his classification the 
species of the focal conic, which may be (1) an ellipse or a 
hyperbola, (2) a circle, (3) a parabola. Curves correspond- 
ing to each of those divisions have definite and marked 

48 
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distinctions, whieb have been disctrseed in some details 

(1) The case when the focal conic is an ellipse or a 
hjperbola has been considered in the body of the text. 

(2) When the focal conic is a circle, the bicircnlar 
quartic becomes a Cartesian oval. 

We have seen that the foci of the focal conic are the 
double foci of the bicircnlar quartic. J^Tow, when the two 
foci coincide, the focal conic becomes a circle, and the 
tangents to the quartic at the circular points at infinity 
coincide, or, in other words, these points become cusps and 
the quartic becomes a Cartesian aval. 

Hence, a Cartesian aval is a hicircular quartic whose 
focal conics are circles. 

In the case of the Cartesian oval, the four confocal 
(focal) conics become three concentric circles and a right 
line through their centre.* 

The centres of inversion of a Cartesian oval are the foci of 
the curve. 

Let the equations of the focal circle J and the circle 
of inversion P be — 

(4? + a)* +2/* ,r*-f-y*=r* 


respectively. Then the perpendicular OT let fall from 
0, the centre of P, on a tangent to J is equal to r— a costf, 
where 0 is the angle which OT makes with the axis of .r. 
Then P, P, two points on OT, such that 

OT* -TP* =:0T» -TF* 


are points on the Cartesian oval. 







If now we denote OP by f , we obtain — 
k* +p* =0T» + (OT+TP)» =20T.0P. 

2(r--a cosd)p=A;* +p*, 

which may be written in the form — 

2rp=C, where C is a circle concentric with 

4rV=C% or, 4r*(.r®+2^’)=<^*- 

Hence, the cii^cular lines a'^h^ 2/=0 are tangents to the 
curve, so that the centre of the circle of inversion P is 
a focus. 

The equation of a Cartesian oval shows that it is the 
envelope of the circle — 

(aj* 4 2/®) +pC =0. 

This circle has double contact with the oval. When 
1, the circle becomes a right line, which shows 
that the oval has a bitangent. The expression for the 
radius of the circle is of the third degree in p, and 
consequently, there are three values of p which reduce it 
to a point-circle. Hence there are three collinear single 
foci of the curve (§ 219). 

(3) When the focal conic is a parabola, the quartic 
reduces to a circular cubic and the line at infinity. Since 
the focal conic is a parabola, some of the methods given 
before require modifications ; and, moreover, some methods 
are applicable to circular cubics, which have no analogues in 
bicircular quartics. 

Thus, the locus of the common vertex of two triangles 
whose bases are given, and whose vertical angles are equal, is 
a circular cubic. 

Dr. Casey thus deduced a number of interesting proper*- 
ties of circular cubics. 
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(1) The osculating circles at the centres of inversion are the 
inverses of the asymptote with respect to the circles of inversion 
corresponding to these points. 

For, the inverse of the asymptote wcrd. a centre of 
inversion is a circle through the origin and the two 
consecutive points at infinity on the asymptote invert into 
two consecutive points at the origin. Hence the asymptote 
inverts into the osculating circle. 

(2) The niyie-points circle of the triangle formed hy any 
three f the four centres of inversion of a circular cubic passes 
through the point where it meets the asymptote (§ 205). 

Let D, E, F, be the feet of the perpendiculars of the 
triangle. Then the nine-points circle passes through these 
points. 

Suppose the nine-points circle meets the cubic in a fourth 
point V, and is the point where EF meets the cubic again; 
then DO' is parallel to the asymptote,* and if DV meets the 
cubic in O", then O'O" is parallel to the asymptote. 
Hence 0" coincides with D and DV is a tangent at D ; 
consequently V is the point where it intersects the 
asymptote. 

(3) The tangents at I), E, F intersect at a point on the 
nine-points circle, where the asymptote meets the cubic. 

From this was immediately deduced the following 
theorem : — 

(4) The circle described through any three of the centres of 
inversion of a circular cubic meets the curve again where the 
cubic is met hy the osculating circle at the fourth centre of 
inversion. 


* For A, B, C, O being the four centres of inversion, A, F, E, 0 lie 
on the ruble as well as on a circle, and O^D is parallel to the asymptote. 
In fact, if the sides DE, EP, PD of the triangle DEP meet the cubic 
again in P', T)\ E' respectively, then DD', BE', FP' are parallel to the 
asymptote (§ 202). 
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220, 243, 249, 252, 297, 378 
Circuit of cubic 77, 87, 148. 
Circular cubics 93, 95, 96, 100, 101, 
112, 190, 223, 231, 234, 239, 241, 
280, 299, 379. 

as inverses 94. 

as degenerate bioircular quartic 
239. 

self -inverse 241. 
foci of, 244, 
with given foci 247. 
coney die foci of, 247. 
inverse of, 250. 
inflexions on, 253. 

Circle of inversion 206, 208, 2C9, 
214, 215, 264. 379. 

„ (real) 242. 

mutually orthogonal 210, 226. 
Circle of reference 376. 

Class cubics 34. 

Cissoid 96, 106, 107, 108, 111. 

geometrical construction of, 109. 
Cochloid 807. 


Coincidence point 18, 87. 

Collinear points 47, 78, 79, 81, 302. 
Companion to the cycloid 356 
Complementary point 68. 

Complex (Cayley) 3. 

„ (Steiner) 153, 160, 161. 
Complex singularities 133. 
Conchoid of Nicomedes 307, 311. 
points of inflexion on, 309. 
parametric form of, 310. 

Conchale 311. 

Coucy'clic foci of a bicircular qnar- 
tic 229. 

Conjugate poles 54, 58, 69. 
Contravariant of cubic 122, 123. 
Conics associated with a trinodal 
quartic 175. 

Corresidual of tangents 162. 

Clitic centre 37, 39. 

Cross-ratio 60, 51, 54, 76, 89. 95, 
119, 246. 

Crunode 197, 232. 

Crunodal cubic 80, 99. 

Cubic curves 1. 

general equation of, 1. 
classification of, 1. 

Newton’s method 2, 

Chasles’ classification 4. 
classification based on deficiency 

5 

characteristics of, 6. 
through nine points 6. 

Chasles* method of generation 20 
with unit deficiency 83. 
covariants of, 113, 116, 121, 122. 
cubic covariant of, 116. 
Schrdter’s method of generation 
59. 

Cubical parabola 110, 111. 

Curve of sines 853. 
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0 uspidal cnbic 4, 6, 23, 46, 63, 70, 
76, 81, 82, 87, 91, 99, 107. 

Curtate cycloid 327. 

Cyclic points 221, 249. 
inverse of, 227, 384. 

Cycloid 321, 337, 354 

tangent and normal 323, 
radius of curvature 324. 
evolute of, 324. 

D 

Deferent conic 206. 

Discriminant 118, 145, 371 \\ 

Divergent parabola 2. 

Double focus 287- 

Duplication of the cube 109. 

E 

Epicycloid 828, 331, 333. 
double generation of, 330, 
radius of curvature 333. 
evolute of, 334, 335. 
reciprocal of, 336. 

Epitrochoid 290, 328. 337, 339, 353. 

Equiangular spiral 357. 

Equianharraonic pencil 39, 42, 67. 

Equianharmonic cubic 53, 54, 119. 

Evectants 122, 123. 

Evolute of cycloid 324, 325. 

F 

F- conic 120. 

Flecnode 136, 138, 140, 141, 143, 
144, 196, 198, 235, 236. 

Focal conic 206, 207, 208, 215, 220, 

221,222. 

Foci of circular cubicsll2, 243. 

„ bicircular quartica 209. 

„ Cartesians 271. 

Focus (triple) 270. 

Folium of Descartes 103, 104. 

geometrical construction of, 106. 

Four-cusped hypocycloid 346, 347. 

49 


G 

Grassmann’s construction of cubics 

21 . 

Geiser’s method of studying bi- 
tangents 161. 

K 

Harmonic cubic 53, 117. 

Harmonic curve 356. 

Harmonic polar 19, 26, 28, 29, 31, 
32, 45, 62, 69, 83, 87, 142, 143, 
251. 

properties of, 30. 
configuration of, 33. 
equation of, 40. 
of biflecnodes 142. 

Harmonic properties of cubics 23. 

„ „ quartics 139. 

Harmonic pencil 191. 

Harmonic range 28, 139. 

Harmonic triangle 173. 
Harmonizant 153. 

Hart’s theorem 51. 

Hesse’s theorem 41. 

Hessian 25, 41, 44, 45, 46,53,67, 
68, 59, 60, 61, 63, 64, 68, 69 
80, 115, 116, 117, 119. 

Hesse’s method of studying bi- 
tangents 156. 

„ notation for bi tangents 158. 
Homographic pencil 133. 
Hyperbolic spiral 362, 364 
Hypo-cycloid 186, 328, 329,331, 
332, 333, 339. 
double generation of, 330. 
radius of curvature of, 323, 
Hypotrochoid 328, 337, 338 

1 

Inflexions on cubics 36. 
co-ordinates of, 37. 
configuration of, 38. 
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Inflexions on rational oubics 72. 

„ circular oubics 253. 

„ quartics, 168. 

Inflexional lines 32, 34, 39, 42, 43, 

45. 

Inflexional triangle 32, 33, 34, 38, 

42. 

Intersections of a conic with a 
cubic 14. 

Intersections of a line with its pole 
conic 67. 

Intersections of a cuspidal cubic 
with an w-io 82. 

Invariants and covariants of 
cubics 113. 

Invariant 8 of a cubic 114. 

» T „ „ 116. 

Inverse of Cartesians 273. 

„ „ circular cubics 250. 

,, „ bicircular quartics 223. 

„ „ ojolio points 227. 

,, „ foci 224. 

Involute of a circle 353, 354. 

Involution 42, 64, 70. 

Irreducible contravariant of cubic 

124. 

Irreducible oovariant 122. 

J 

Jacobian 56, 150, 151, 156, 204, 
219, 373. 

K 

Kumraer’s configuration of bitan- 
gents 164. 

L 

Lemniscate of Bernoulli 198, 232, 
265, 281, 282, 287, 317. 
normal to, 288. 
pedal form of, 283. 
radius of curvature 283. 
parametric form of, 284. 


Lemniscate of Gerono 316, 317, 31 
points of inflexion on, 317. 
construction of, 319, 320. 

Liraa9on 170, 232, 288, 289, 290, 
293, 297, 298, 299, 306. 
equation of, 289. 
points of inflexion On , 290. 
parametric form of, 292. 
construction of, 292. 
pedal equation of, 294. 
foci of, 295. 

centre of inversion of, 297. 

Lituus 362, 365. 

Logarithmic curve 366. 

Logarithmic spiral 367. 
properties of, 358. 
evolnte of, 69. 
pedal of, 368. 

Logocyclic curve 96, 97, 98, 

104, 106. 

M 

Maclaurin’s theorem 27. 

N* 

Net of polar conics 56. 

Newton’s method of construction 
of cissoid 109. 

Nine-points circle 262, 379, 380. 

Nodal cubic 5, 18, 29, 32. 43, 44, 
45, 75, 80, 82, 102, 170, 190. 

Non- singular cubics 5, 23, 37, 41, 
42, 77, 83. 

Non -singular quartics 152. 

o 

Orthogonal trajectories of con- 
chale 313. 

Orthoptic locus — 

of Cardioid 304, 306. 
of a three-ousped hypocycloi< 
346 

Osenode 135, 194. 
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Osculating circle 261, 379, 380. 

Oval of Descartes 266, 280. 

Oval of Cassini 266. 

Conjugate ovals 277. 

P 

Parabola cuspidata 4. 

Parabola divergent 2. 

Parabola nodata 4. 

Parabola punctata 4. 

Parabola pura 3. 

Parabolic spiral 360, 362. 
double points on, 361. 
inflexions on, 362. 

Pedal line 344. 

Pedal of a conic 233. 

Pedal form of lemniscato of 
Bernoulli 283, 

Pencil of tangents of a cubic 60. 

Pencil of conics through four points 
on a cubic 16. 

Pippian 123, 

Polar line and polar conic 23. 

Poles of a right line 24. 

Pole and polar w. r. t. a triangle 

24. 

Pole conic of a right line 65, 66, 67. 
properties of, 66. 

Projection of a nodal cubic 98. 

Prolate cycloid 327. 

Prolate trochoid, 337. 

Q 

Quadric inversion 140, l70, l74. 

Quadrifolium 128, 

Quartio curves 125, 132. 
general equation of, 125. 
homogeneous forms of, 126. 
classifloation of, 126, 
classification based on the nature 
of the points at infinity 127. 


Quartic curves (contd.) 

chissification of Zeuthen 128. 

„ based on deficiency 129. 
generation of, 130. 

„ by two projective 
pencils of conics 130. 
Quartics with a node and two cusps 

189. 

Quartic.s with complex singularities 

192. 

„ ,, oscnode 194. 

„ „ triple point 194, 196. 

„ with deficiency one or two 
199. 

„ „ (special) 265. 

Quippiau 123. 

B 

Radical centre 203, 

Radius of curvature — 

of lerani cate of Bernoulli 282. 
of cycloid 324, 

„ epicycloid 333. 

„ hypocycloid 333. 

Rational cubios 7l. 

„ quartics 169. 

Real bitangents of quartics 166. 

„ inflexions and undulations 168 
„ circle of inversion 242. 
Reciprocal spiral 362. 

Rhamphoid cusp 134, 140. 

Roulette 290, 321. 

s 

Satellite of a right line 8, 11. 

,, „ point 286, 

Semicubioal parabola 111. 

Sextactic point 17, 18, 19, 86, 87, 

367. 

Sextic covariant of cubic 119, 120, 

122 . 

Simplex 3. 
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Singular cubic 5. 

,, foci of circular cubios 245. 

,, ,, ,, bicircular quartics 

222, 223. 

Singular point 129. 

Special curves of order four 255. 

,, quartics 256. 

Spiral of Fermat 360. 

Steiner’s Group 163, 164, 164, 165, 
properties of, 156. 

Steiner’s complex 153. 

Steiner’s polygon 12, 89, 91. 

,, pair 12, 89, 91, 92, 
Steinerian of a cubic 55. 
Symmetrical cubics 99. 

Syntractrix 352. 

System of gs^^erating conics of 
quartics 145, 146. 

System of generating cubics 147. 
Syzygetic cubios 41, 64. 

Syzygetic bitangents 163, 155, 160, 
161, 162. 

T 

Tacnode 133, 140, 192, 308, 312, 

318. 

Tacnode-cusp 135, 194. 
Tact-invariant 173. 

Theory of bitangents of quartics 

149. 

Three-ousped hypocyoloid 188, 339, 
342, 343, 345, 346. 
tangent of, 341. 


Tangential of a point 8, 11, 14, 16, 
23, 59, 70, 87, 357, 368. 
co-ordinates of, 42. 

Tractrix 360, 352. 

Transcendental corves 321. 
Tricuspidal quartic 129, l70, 186, 
188, 300. 

Trifolium 126. 

Trinodal quartic 128, 133, I7l, 173, 
174, 176, 176, 177, 178, 185. 
conics associated with, 175. 
Triple focus 270, 272, 295, 300, 

304. 

Triple point 127, 136, 194, 195. 
Trisection of an angle 308. 
Trisectrix of Maclaurin 100, 101, 
102, 288, 309. 
geometrical construction of, 102. 
Trochoid 327. 

u 

Undulation 137, 188, 140, 168, 289. 
Unicursal cubic 73, 78, 79, 88, 140. 
quartic 169, l70. 

,, with flecnodes and 
biflecnodes 196.’ 

Unifolium 138. 

Unipartite curves 361. 

„ cubics 76, 77. 

V 

Virtual parabola 313, 317. 
construction of, 361. 











